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Part I 
Using This Book to Improve Your AP 
Score 

* Preview: Your Knowledge, Your Expectations 


* Your Guide to Using This Book 
* How to Begin 


PREVIEW: YOUR KNOWLEDGE, YOUR 
EXPECTATIONS 


Your route to a high score on the AP Calculus AB Exam depends a lot on 
how you plan to use this book. Start thinking about your plan by responding 
to the following questions. 


1. 
Rate your level of confidence about your knowledge of the content 
tested by the AP Calculus AB Exam: 


A. 
Very confident—I know it all 


B. 
I’m pretty confident, but there are topics for which I could use help 


C. 
Not confident—I need quite a bit of support 


D. 
I’m not sure 


2. 
If you have a goal score in mind, circle your goal score for the AP 


Calculus AB Exam: 
5 4 3 2 1 Imnotsure yet 


3. 
What do you expect to learn from this book? Circle all that apply to 


you. 


A. 
A general overview of the test and what to expect 


B. 
Strategies for how to approach the test 


C. 
The content tested by this exam 


D. 
I’m not sure yet 


YOUR GUIDE TO USING THIS BOOK 


This book is organized to provide as much—or as little—support as you 
need, so you can use this book in whatever way will be most helpful for 
improving your score on the AP Calculus AB Exam. 


The remainder of Part I will provide guidance on how to use this book 
and help you determine your strengths and weaknesses. 


Part II of this book contains Practice Test 1 and its answers and 
explanations. (Bubble sheets can be found in the very back of the book 
for easy tear-out.) We strongly recommend that you take this test before 
going any further, in order to realistically determine 


O your starting point right now 


O which question types you're ready for and which you might need to 
practice 


O which content topics you are familiar with and which you will want 
to carefully review 


Once you have nailed down your strengths and weaknesses with regard 
to this exam, you can focus your test preparation, build a study plan, and 
be efficient with your time. 


Part III of this book will 


O provide information about the structure, scoring, and content of the 
AP Calculus AB Exam. 


O help you to make a study plan. 


O point you towards additional resources. 


Part IV of this book will explore the following strategies: 
O how to attack multiple-choice questions 
O how to write a high scoring free-response answer 
O how to manage your time to maximize the number of points 


available to you 


Part V of this book covers the content you need for your exam. 


» Parts VI and VII of this book contain four additional Practice Tests, 
their answers and explanations, and an Appendix containing formulas 
you should know. If you skipped Practice Test 1, we recommend that 
you do all five (with at least a day or two between them) so that you can 
compare your progress between them. Additionally, this will help to 
identify any external issues: if you get a certain type of question wrong 
both times, you probably need to review it. If you only got it wrong 
once, you may have run out of time or been distracted by something. In 
either case, this will allow you to focus on the factors that caused the 
discrepancy and to be as prepared as possible on the day of the test. 


You may choose to use some parts of this book over others, or you may work 
through the entire book. This will depend on your needs and how much time 
you have. Let’s now look at how to make this determination. 
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six practice t one online), as 
well as the f 


HOW TO BEGIN 


Take a Test 
1. 


Before you can decide h ou need to take a practice 
test. Doing so will give you strengths and weaknesses, 
and the test will also help you make an effective study plan. If you’re 
feeling test-phobic, remind yourself that a practice test is a tool for 
diagnosing yourself—it’s not how well you do that matters but how 
you use information gleaned from your performance to guide your 
preparation. 


So, before you read further, take the AP Calculus AB Practice Test 1 
starting at this page of this book. Be sure to do so in one sitting, 
following the instructions that appear before the test. 


Check Your Answers 


2. 


Using the answer key on this page, count how many multiple-choice 
questions you got right and how many you missed. Don’t worry about 
the explanations for now, and don’t worry about why you missed 
questions. We'll get to that soon. 


Reflect on the Test 
3. 


After you take your first test, respond to the following questions: 


How much time did you spend on the multiple-choice questions? 


How much time did you spend on each free-response question? 


How many multiple-choice questions did you miss? 


Do you feel you had the knowledge to address the subject matter of 
the free-response questions? 


Do you feel your free responses were well organized and thoughtful? 


Circle the content areas that were most challenging for you and draw a 
line through the ones in which you felt confident/did well. 


O 


Functions, Graphs, and Limits 


O 


Differential Calculus 


O 


Integral Calculus 


O 


Applications of Derivatives 


О 
Applications of Integrals 


Read Part III and Complete the Self-Evaluation 
4. 


Part III will provide information on how the test is structured and 
scored. It will also set out areas of content that are tested. 


As you read Part III, reevaluate your answers to the questions above. At 
the end of Part III, you will revisit the questions above and refine your 
answers to them. You will then be able to make a study plan, based on 
your needs and time available, that will allow you to use this book most 
effectively. 


Engage with Parts IV and V as Needed 
5. 


Notice the word engage. You'll get more out of this book if you use it 
intentionally than if you read it passively, hoping for an improved score 
through osmosis. 


Strategy chapters will help you think about your approach to the 
question types on this exam. Part IV will open with a reminder to think 
about how you approach questions now and then close with a reflection 
section asking you to think about how/whether you will change your 
approach in the future. 


Content chapters in Part V are designed to provide a review of the 
content tested on the AP Calculus AB Exam, including the level of 
detail you need to know and how the content is tested. You will have 
the opportunity to assess your mastery of the content of each chapter 
through test-appropriate questions and a reflection section. 


Take Another Test and Assess Your Performance 
6. 


Once you feel you have developed the strategies you need and gained 
the knowledge you lacked, you should take Test 2. You should do so in 
one sitting, following the instructions at the beginning of the test. 


When you are done, check your answers to the multiple-choice 
sections. See if a teacher will read your long-form calculus responses 
and provide feedback. 


Once you have taken the test, reflect on what areas you still need to 
work on, and revisit the chapters in this book that address those topics. 
Through this type of reflection and engagement, you will continue to 
improve. 
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There's one-more practice test in your student 
tools so you can be extra prepared! 


Keep Working 


, continue the 

ice Test 3 on this 
page. You want to be increasing уд 
considering the types of questions уд Wrong and how you 
can change your strategic approach to атте parts of the test. Take 
Practice Tests 4 and 5, making sure you note which sections you are 
feeling most confident about, and which need improvement. 


As we will discuss in Part III, there are other resources available to you, 
including a wealth of information on the College Board's AP Students 
Website: https://apstudent.collegeboard.org/apcourse/ap-calculus-ab. 
You can continue to explore areas that can stand to improve and engage 
in those areas right up to the day of the test. 


Another Course? Of Course! 
If you can't get enough AP Calculus AB and 


want to review this material with an expert, we 
also offer an online Cram Course that you can 
sign up for here: https:// 
www.princetonreview.com/college/ap-test-prep. 


Part II 
Practice Test 1 


* Practice Test 1 
* Practice Test 1: Answers and Explanations 


Practice Test 1 


Click here to download a PDF of Practice Test 1. 


The Exam 


AP® Calculus AB Exam 


SECTION I: Multiple-Choice Questions 


DO NOT OPEN THIS BOOKLET UNTIL YOU ARE TOLD TO DO 
SO. 


At a Glance 


Total Time 
1 hour and 45 minutes 
Number of Questions 


45 

Percent of Total Grade 
5096 

Writing Instrument 
Pencil required 


Instructions 


Section I of this examination contains 45 multiple-choice questions. Fill in 
only the ovals for numbers 1 through 45 on your answer sheet. 


CALCULATORS MAY NOT BE USED IN THIS PART OF THE 
EXAMINATION. 


Indicate all of your answers to the multiple-choice questions on the answer 
sheet. No credit will be given for anything written in this exam booklet, but 
you may use the booklet for notes or scratch work. After you have decided 
which of the suggested answers is best, completely fill in the corresponding 
oval on the answer sheet. Give only one answer to each question. If you 
change an answer, be sure that the previous mark is erased completely. Here 


is a sample question and answer. 
Sample Question 
Chicago is a 


(A) 
state 


(B) 
city 


(C) 


country 


(D) 
continent 


Sample Answer 


Q0 ОО 


Use your time effectively, working as quickly as you can without losing 
accuracy. Do not spend too much time on any one question. Go on to other 
questions and come back to the ones you have not answered if you have 
time. It is not expected that everyone will know the answers to all the 
multiple-choice questions. 


About Guessing 


Many candidates wonder whether or not to guess the answers to questions 
about which they are not certain. Multiple-choice scores are based on the 
number of questions answered correctly. Points are not deducted for 
incorrect answers, and no points are awarded for unanswered questions. 
Because points are not deducted for incorrect answers, you are encouraged to 
answer all multiple-choice questions. On any questions you do not know the 
answer to, you should eliminate as many choices as you can, and then select 
the best answer among the remaining choices. 


CALCULUS АВ 
SECTION I, Part A 
Time—60 Minutes 

Number of questions—30 


A CALCULATOR MAY NOT BE USED ON THIS PART OF THE 
EXAMINATION 


Directions : Solve each of the following problems, using the available space 
for scratchwork. After examining the form of the choices, decide which is the 
best of the choices given and fill in the corresponding oval on the answer 
sheet. No credit will be given for anything written in the test book. Do not 
spend too much time on any one problem. 


In this test : Unless otherwise specified, the domain of a function f is 
assumed to be the set of all real numbers x for which f(x) is a real number. 


1, 
If f(x) = 3x2 — 10x + ln(x — 3), then f (4) = 
(A) 
8 
(B) 
9 
(C) 
14 
(D) 
15 
2, 
5x°-3x+1 


Ши —— 
х— 4x^-- 2x + 5 is 
(A) 


If fix) = 3x^ — x, then (х) is 


3. 
3x! x 


(B) 


(C) 


(D) 


(A) 


(B) 


(C) 


(D) 


(A) 


(B) 


(C) 
6 
(D) 
The limit does not exist. 
3. 
dy 
If y = sin(xy), find dx. 
(A) 
cos(xy) 
(B) 
ycos(xy) 
1 — xcos(xy) 
(С) 
хсо8(ху) 
(D) 
ycos(xy) 
1-х 
D. 


4 


E a right Riemann sum with four subintervals, approximate `o 3x? 
+ 1 dx. 


(A) 
45 

(B) 
46 

(C) 
94 

(D) 


95 


T: 
If h(x) = f(x)g(4x), then h'(2) = 


(A) 
70818) 

(В) 
702868) + 4f(2)g (8) 

(C) 
F88) + f(2)8 (8) 

(D) 
Af (2)g (8) 

8. 


E 
An equation of the line normal to the graph of y = (3х + 2X) at (2, 
4) is 


(A) 
4x + Ty = 20 


(B) 
—Ix + Ay = 2 


(С) 
7х + 4y = 30 


(D) 
4х + 7у = 36 
9. 
4 J csc2 x dx = 
(A) 
—4cot x + C 


(B) 
1 


—4cot x - C 


(C) 


3 -С 
(D) 
Ё 4с8с x 
3 +C 
10. 
If f(x) = cos? x, Шеп/(7) = 
(A) 
—2 
(B) 
0 
(C) 
1 
(D) 
2 
11; 
5 
If f(x) = x^ + | and g(x) = 3x, then g(f(2)) = 
(A) 
EJ 
37 
(B) 
3 
(C) 
5 
(D) 
37 
5 
12. 


ЇЕ lix dx= 


= 3 
3(1 + х2)2 + С 


4 


2 3 
3(1-х22-0 


1 
—(1+x2)-2+C 
1 
= 1 
-4 (1 +x2)2 + С 
13. 


(A) 


(B) 


(C) 


(D) 


The slope of the line tangent to the graph of 3x2 + 5 In y = 12 at (2, 1) is 


-7 


14. 
л 


The equation y = 2 — 3 sin 4 (x — 1) has a fundamental period of 


B 
8 


(A) 


(B) 


(C) 


(D) 


(A) 


(B) 


a |> 


(C) 


(D) 
Эт 


15. 
The graph of f is given below. At which point is f continuous but not 
differentiable? 


(A) 
a 

(B) 
b 

(C) 
C 

(D) 
d 


16. 
For what value of x does the function f(x) = x3 — 9x? — 120x + 6 have a 
local minimum? 


(A) 
10 

(B) 
4 

(C) 
-4 

(D) 
-10 


17. 
The acceleration of a particle moving along the x-axis at time f is given 


by a(t) = 4t — 12. If the velocity is 10 when f = 0 and the position is 4 
when / = 0, then the particle is changing direction at 


(A) 
1251 
(В) 
1-3 
(C) 
t=5 
(D) 
t=landt=5 
18. 
What is the area of the region between y = 222 and y = 12 - x2? 
(A) 
0 
(B) 
16 
(C) 
32 
(D) 
48 
19. 
J (e3 In + езх) dx = 
(A) 
p 
3+ 3 +C 
| (В) 
CM 
4 +3e3x+C 
(C) 


20. 


E3 [555 


21, 
If f(x) = 53x, then f(x) = 


53x (In 125) 


53x 
3ln5 


3 (52x) 


3 (53x) 


22. 


(D) 


(A) 


(B) 


(C) 


(D) 


(A) 


(B) 


(C) 


(D) 


A solid is generated when the region in the first quadrant enclosed by 


the graph of y = (x2 + 1)3, the line x = 1, the x-axis, and the y-axis is 


revolved about the x-axis. Its volume is found by evaluating which of 


the following integrals? 
8 
В| 1 (x2 + 1)3 dx 
8 
Л (х2 + 1)6 dx 
| 
В| (х2 + 1)3 ах 


1 
Е (x2 + 1)6 dx 


23. 
"EE 
in| + 2 -1 
lim 
x0 X = 
=] 
0 
1 


The limit does not exist. 


24. 
dy (3x +2) 
If dx = y and y = 4 when x = 2, then when x = 3, y = 
18 


58 


(A) 


(B) 


(C) 


(D) 


(A) 


(B) 


(C) 


(D) 


(A) 


(B) 


26. 


If f(x) = cos? (x + 1), then f(z) = 


27. 


3tan-1(x) + С 


1 
Огап- (х) + C 


-3 cos? (7 + 1) sin (7+ 1) 


3 cos? (zr + 1) 


3 cos? (zr + 1) sin (7 + 1) 


0 


(C) 


(D) 


(A) 


(B) 


(C) 


(D) 


(A) 


(B) 


(C) 


(D) 


| cr 


м | Ww 


2(x+3) 
3 +C 


2 
= 5 3 
5(x + 3)2 – 2(х + 3)2 + С 


3 
3(x+3)? 
2 -С 


3 
Ax’ (x43)? 
3 +C 


28. 
If f(x) = In(In(1 —x)), then f'(x) = 


IE 
-In(l-x) 


1 
(P= x) In) 


шэн 
cam): 


1 
-(1 — x) ша - x) 


(A) 


(B) 


(C) 


(C) 


(A) 


(B) 


(C) 


(D) 


(A) 
(B) 
-1 
(C) 
1 
(D) 
30. 
| tan®x sec? x dx = 
(A) 
tan’ x 
7 +C 
(B) 
tan!x вес? х 
+ 
7 3 +C 
(C) 
tan” xX sec? x 
21 +C 
(D) 
7 tan” x + C 


END OF PART A, SECTION I 


IF YOU FINISH BEFORE TIME IS CALLED, YOU MAY CHECK 
YOUR WORK ON PART A ONLY. 


DO NOT GO ON TO PART B UNTIL YOU ARE TOLD TO DO SO. 


CALCULUS АВ 
SECTION I, Part B 
Time—45 Minutes 

Number of questions—15 


A GRAPHING CALCULATOR IS REQUIRED FOR SOME QUESTIONS 
ON THIS PART OF THE EXAMINATION 


Directions : Solve each of the following problems, using the available space 
for scratchwork. After examining the form of the choices, decide which is the 
best of the choices given and fill in the corresponding oval on the answer 
sheet. No credit will be given for anything written in the test book. Do not 
spend too much time on any one problem. 


In this test: 


I. 
The exact numerical value of the correct answer does not always 
appear among the choices given. When this happens, select from 
among the choices the number that best approximates the exact 
numerical value. 


2: 
Unless otherwise specified, the domain of a function fis assumed to be 
the set of all real numbers x for which f(x) is a real number. 


31. 
л 0 


4 т 
| sinxdx+° 4cosxdx- 


(A) 
-1 

(B) 
0 

(C) 
1 

(D) 


32: 


A particle is moving along the y-axis. The position of the particle at 
time t > 01$ given by y(t) = y? — 4y2 + 7. Which of the following 


expressions gives the total distance that the particle traveled in the first 


four seconds? 


8 4 
3 8 
| АС 3y3 — 4у2 +7 dy 
8 4 
Uu : 
—Joy3—-4y-7dy* 3 y3? — 4y2 + 7 dy 
8 4 
ЇР 
o 3у2 — 8y dy – `з3у? – 8y dy 
8 4 
J, : 
—Jo 3у2 – 8y dy +` з 3у2 – 8y dy 
33. 


8 


If Ї fix)dx = 10 and А fix)dx = –23, what is Ї fix)dx? 
—33 
-13 
13 


33 


34. 
If f(x) = 38ш x + 2 cos x and КО) = 5, find f(x). 


—3cos x + 2510 х + 5 


(А) 


(А) 


(C) 


(D) 


(A) 


(B) 


(C) 


(D) 


(A) 


(В) 


—3cos x + 2sinx + 8 


(C) 


3cos x -2sin x +2 


(D) 
3cos x - 2sinx +5 


25. 
The graph of fis shown below. Which of the following is true about the 


function at x 2 5 ? 


(A) 
f (5) is undefined. 

(B) 
f (5) is undefined. 

(C) 
f(5)20 

(D) 


None of the above is true. 


36. 
The function fis defined by f(x) = e 4. What is the area between f and 
the x-axis from x = –1.65 to x = 1.65? 


(A) 
0 

(B) 
1.341 

(C) 
2.682 


(D) 


3.950 


21, 
The average value of the function f(x) = In? x on the interval (2, 4] is 
(A) 
1.204 
(B) 
2.159 
(C) 
2.408 
(D) 
8.636 
38. 
d 3% 
E o cos(f)dt = 
(A) 
sin 3x 
(B) 
cos 3x 
(C) 
3 sin 3x 
(D) 
3 cos 3x 


39. 
The graph of the function f shown in the figure below. For which of the 
following values of x is f'(x) positive and decreasing? 


(A) 


a 

(B) 
b 

(C) 
C 

(D) 
d 

40. 


The radius of a sphere is increasing at a rate proportional to itself. If the 
radius is 4 initially, and the radius is 10 after two seconds, what will the 
radius be after three seconds? 


(A) 
15.81 
(B) 
16.00 
(C) 
25.00 
(D) 
62.50 
41. 
Suppose f(x) = | (13 + t)dt. Find f (5). 
(A) 
130 
(B) 
120 
(C) 
76 
(D) 
74 


42. 


| In2x ах = 


(А) 

In2x 
2x +С 

(B) 
xlnx-x 4C 

(C) 
xln2x- x 4 C 

(D) 
2x ш2х - 2x + C 

43. 
|а + 3bx +14;x <2 
Given f(x) = Зах + 5b; x > 2 , find the values of a and b that 
make f differentiable for all x. 

(A) 
a=-6,b=2 

(B) 
a= 6, b = -2 

(C) 
a=2,b=6 

(D) 
a=2,b=-6 


44. 


A circular shock wave is spreading from its point of origin at the rate of 


2 
m 


640 s . How fast is A point on the boundary of the shock wave 


moving outward (in S ) when the boundary is 100 m from the origin? 


(A) 
1.019 


(B) 
2.037 

(C) 
3.201 


(D) 
6.400 


45. 
Find the distance traveled (to three decimal places) in the first four 
seconds, for a particle whose velocity is given by v(t) = 7e-2, where t 
stands for time. 


(A) 

0.976 
(B) 

6.204 
(C) 

6.359 
(D) 

12.720 


STOP 
END OF PART B, SECTION I 
IF YOU FINISH BEFORE TIME IS CALLED, YOU MAY CHECK 
YOUR WORK ON PART B ONLY. 
DO NOT GO ON TO SECTION П UNTIL YOU ARE TOLD TO DO 
SO. 


SECTION II 
GENERAL INSTRUCTIONS 


You may wish to look over the problems before starting to work on them, 
since it is not expected that everyone will be able to complete all parts of all 
problems. All problems are given equal weight, but the parts of a particular 
problem are not necessarily given equal weight. 


A GRAPHING CALCULATOR IS REQUIRED FOR SOME PROBLEMS 
OR PARTS OF PROBLEMS ON THIS SECTION OF THE 
EXAMINATION. 


You should write all work for each part of each problem in the space 
provided for that part in the booklet. Be sure to write clearly and legibly. 
If you make an error, you may save time by crossing it out rather than 
trying to erase it. Erased or crossed-out work will not be graded. 


Show all your work. You will be graded on the correctness and 
completeness of your methods as well as your answers. Correct answers 
without supporting work may not receive credit. 


Justifications require that you give mathematical (noncalculator) reasons 
and that you clearly identify functions, graphs, tables, or other objects you 
use. 


You are permitted to use your calculator to solve an equation, find the 
derivative of a function at a point, or calculate the value of a definite 
integral. However, you must clearly indicate the setup of your problem, 
namely the equation, function, or integral you are using. If you use other 
built-in features or programs, you must show the mathematical steps 
necessary to produce your results. 


Your work must be expressed in standard mathematical notation rather 
5 


than calculator syntax. For example, | 1x2 dx may not be written аз fnInt 


(X2, X, 1, 5). 


Unless otherwise specified, answers (numeric or algebraic) need not be 
simplified. If your answer is given as a decimal approximation, it should 
be correct to three places after the decimal point. 


Unless otherwise specified, the domain of a function fis assumed to be 
the set of all real numbers x for which f(x) is a real number. 


SECTION II, PART A 
Time—30 minutes 
Number of problems—2 


A graphing calculator is required for some problems or parts of 
problems. 


During the timed portion for Part A, you may work only on the problems in 
Part A. 


On Part A, you are permitted to use your calculator to solve an equation, find 
the derivative of a function at a point, or calculate the value of a definite 
integral. However, you must clearly indicate the setup of your problem, 
namely the equation, function, or integral you are using. If you use other 
built-in features or programs, you must show the mathematical steps 
necessary to produce your results. 


1. 
A particle moves along the x-axis so that its acceleration at any time / > 
0 is given by a(t) = 12t — 18. At time t = 1, the velocity of the particle is 
v(1) = 0 and the position is x(1) = 9. 


(a) 


Write an expression for the velocity of the particle v(t). 


(b) 


At what values of t does the particle change direction? 


(c) 


Write an expression for the position x(t) of the particle. 


(d) 
5 


Find the total distance traveled by the particle from t= 2 to t = 6. 


pA 
Let R be the region in the first quadrant bounded from above by g(x) = 
19 — x? and from below by f(x) = x? + 1. 


(а) 
Find the area of R. 


(b) 
A solid is formed by revolving R around the x-axis. Find the volume 
of the solid. 


(c) 
A solid has its base as the region R, whose cross-sections 
perpendicular to the x-axis are squares. Find the volume of the solid. 


SECTION II, PART В 
Time—1 hour 
Number of problems—4 


No calculator is allowed for these problems. 


During the timed portion for Part B, you may continue to work on the 
problems in Part A without the use of any calculator. 


3. 
Consider the equation x? — 2xy + 4y2 = 84. 


(a) 


Write an expression for the slope of the curve at any point (x, y). 


(b) 


Find the equation of the tangent lines to the curve at the point x = 2. 


dy 
Find dx? at (0, 421). 


4. 
Water is draining at the rate of 487r ft?/second from the vertex at the 
bottom of a conical tank whose diameter at its base is 40 feet and 
whose height is 60 feet. 


(a) 
Find an expression for the volume of water in the tank, in terms of its 
radius, at the surface of the water. 


(b) 
At what rate is the radius of the water in the tank shrinking when the 
radius is 16 feet? 


(c) 
How fast is the height of the water in the tank dropping at the instant 
that the radius is 16 feet? 


5: 
Let f be the function given by f(x) = 2x4 — 4x2 + 1. 


(a) 
Find an equation of the line tangent to the graph at (—2, 17). 


(b) 
Find the x- and y-coordinates of the relative maxima and relative 
minima. Verify your answer. 


(c) 
Find the x- and y-coordinates of the points of inflection. Verify your 
answer. 


6. 


2 


Grain is being loaded into a silo at the rate of G(t) = 400e 4 ft3/hr, 
where 1 is the number of hours that it is being loaded, 0 < / < 8. At 


time f£ = 0, there is 100 ft? of grain in the silo. Grain is also being 
removed through the base of the silo at the following rates, where R(t) 


is the amount of grain being removed in ft3/hour, 0 < t < 8: 


(a) 
Estimate the total amount of grain removed from the silo at t = 8 hrs, 
using a left-hand Riemann Sum and 4 subintervals. 


(b) 
Estimate the amount of grain in the silo at the end of 8 hours, using 
your answer from part (a). 


(c) 


Estimate А'(5), showing your work. Indicate the units of measure. 


STOP 
END OF EXAM 


Practice Test 1: Answers and Explanations 


PRACTICE TEST 1 MULTIPLE CHOICE 
ANSWER KEY 


The following answer key has been specifically formatted for diagnostic 
purposes. Please use the “Correct” column to check off the questions you not 
only answered correctly, but feel you fully understood. Use a squiggle to 
mark questions you used POE to guess on, or weren’t sure about. Once 
you’ve marked up this table use either just the wrong answers OR the wrong 
and the unsure answers to tally up a percentage for each chapter. 


If you are pressed for time, begin your review (in sequential order) with the 
chapters in which you scored the lowest percentage. 


Question Question | Correct? See Question | Question Correct? See 
Number | Answer 8 Chapter(s) # Number | Answer % Chapter(s) # 
1 р 6 24 |D 18 

2 € 3 (25 |B 13 
3 C 6 26 A 6 

4 C 3,12 27 | B 13 

5 B 7 28 р 6 

6 С 14 29 |B 3, 12 
7 B 6 30 A 113}, 15 
8 D 8 31 С 13 

9 А 13 22 ID) 13 
10 A 16 33 me 13 
11 B N/A* 34 B 6 

12 A 13 35 ГА 7 

13 А 8 36 С 16 
14 S N/A* 37 A 14 
15 B 4,5 38 D 19) 
16 А 9 39 |A 9 

17 р 10 40 А 10 
18 С 16 41 ГА 14 
19 р 13 42 (e 155, 19) 
20 B 6 43 | B 6 

21 A 11, 15 44 р 10 
17 17 45 В 10 
23 B 3,12 | 


*A small percentage of questions оп the AP Calculus AB Exam pull from Pre- 
Calculus topics. This book does not re-cover that material, so there is no chapter 


reference. Do, however, refer to the explanation for more details. 


PRACTICE TEST 1 FREE-RESPONSE 


ANSWER KEY 


Question Question Correct? | See Question Question Correct? | See 

Number | Answer % Chapter(s) # | | Number | Answer % Chapter(s) # 
la See explanation 10 4a See explanation 10 
1b See explanation 10 4b See explanation 10 
Ic See explanation 10 4c See explanation 10 
14 See explanation 10 4d See explanation 10 
2a See explanation 16 5a See explanation 8 
2b See explanation Il 5b See explanation 9 
2c See explanation 17 5c See explanation 9 
3a See explanation 7 6a See explanation 14 
3b See explanation 8 6b See explanation 14 
xe See explanation 7 6c See explanation 5 
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ANSWERS AND EXPLANATIONS ТО 
SECTION | 


L. 
D 


1 
Take the derivative: f (x)= 6x — 10+ x — 3 and plug in x = 4. 


A 
C 


Step 1: To solve this problem, you need to remember how to 
evaluate limits. Always do limit problems on the first pass. 
Whenever we have a limit of a polynomial fraction where x > ~, 
divide the numerator and the denominator, separately, by the 
highest power of x in the fraction. 


EE 
De 
lim x X 
x9 2 Э 
Step 2: Simplify Ae, 


Ё 


lim — 
Step 3: Now take the limit. Remember that the +>% x” = 0, if n > 
0, where k is a constant. Thus, we get 


3, 
С 


Step 1: We need to use the Quotient Rule to evaluate this 


derivative. Remember, the derivative of v 1/ . But, 
before we take the derivative, we should factor an x out of the top 


and bottom and cancel, simplifying the quotient. 


Step 2: Now take the derivative. 


41-59) 


oro- oae ^ 0 


Step 3: Simplify. 


sin( ax 

fe) 

We know that ^? х =a, so we get 3(2) = 6. Or we could 

get the answer using L’ Hópital's Rule, because the limit is of an 
0 


indeterminate form: 0. We take the derivative of the top and 
гЗ) 1 3(2)сов (2x) 
lim ————- lim —————— 
bottom and get: х>0 xX = x0 1 = 3(2) =6. 


s 
B 


We need to use Implicit Differentiation to 118 dx. First, take the 
24 
derivative with respect to x of both sides: dx = cos(xy) 


4 
х2 + у 


ах . Remember that you need to use the Product Rule to 
find the derivative of xy. 


dy dy 
Now distribute on the right side: ах - xdxcos(xy) + ycos(xy). 
dy dy dy 
Next, group the terms containing ах on the left side: dx - хах 
cos(xy) = ycos(xy). 


dy dy 
Factor out dx : xdx(1 — xcos(xy)) = y cos(xy). 


dy dy y cos(xy) 
And divide to isolate dx : dx 21 Х cos(xy ). 


6. 
C 


The right Riemann sum will use the values on the right hand sides 
of the intervals (0, 1], [1, 2], [2, 3], and [3, 4]. We get: f(1) + f(2) + 
КЗ) + K4) 2 4 13 + 28 + 49 = 94. 


Ve 
B 


First, differentiate / using the Product Rule: A'(x) = f(x)g(4x) + 
Af(x)g (4x). Now substitute x = 2 and get: h'(2) = f(2)g(8) + 4f(2)g 
(8). 


8. 
D 


Here we do everything that we normally do for finding the 
equations of tangent lines, except that we use the negative 
reciprocal of the slope to find the normal line. This is because the 
normal line is perpendicular to the tangent line. 


Step 1: First, find the slope of the tangent line. 


с № 
(3-9): C+ HOT р 


Step 2: DON’T SIMPLIFY. Immediately plug in x = 2. We get 


d duds -lgoy E aia adie 
Z =? + 2x) ? (6x +2) = 2 GQY +20) ? (62) +2) = 206) 104) = 


NE 


7 


This means that the slope of ye tangent line at x = 2 is 4, so the 


slope of the normal line is —7. 
4 


Step 3: Then the equation of the normal line is (y – 4) = -7 (x — 
2). 


Step 4: Multiply through by 7 and simplify. 


Ty — 28 = —4x +8 
4х + 7у = 36 


9, 
А 


The derivative of cot х is —csc? x, so n csc? x dx = — 4 cotx + C. 


10. 
A 


This problem is just asking us to find a higher order derivative of a 
trigonometric function. 


Step 1: The first derivative requires the Chain Rule. 


f(x) = cos? х 


f(x) = 2(cos х)(-8 x) = -2cos x sin x 
Step 2: The second derivative requires the Product Rule. 


f(x) = –2с05 x sin x 
f'(x) = —2(cos x cos x — sin x sin x) = —2(cos? x — sin? x) 


Step 3: Now plug in z for x and simplify. 


~2(cos? (л) — sin? (D) = -2(1 - 0) 2 2 


11. 
B 


Step 1: To find g(f(x)), all you need to do is to replace all of the 
x's in g(x) with f(x)'s. 


Step 2: Now all we have to do is plug in 2 for x. 


12 pee = (QY 


A SI 


We can evaluate this integral using U-substitution. Let u = 1 + x2 


1 
and du = 2xdx, 2 du = xdx. Substituting into the integrand, we get: 


1 
М du 


. Evaluate the integral: 


1 1 u? 128 
= (3 а Сеи +C 
2 203 3 


| р 2 . And substitute back: 
-(1 +x? р ЕС 
3 . 


13. 
A 


This is another equation of a tangent line problem, combined with 
implicit differentiation. Often, the AP Exam has more than one 
tangent line problem, so make sure that you can do these well! 


By the way, do you remember the derivative of In(f (x))? It is 
A 
f(x), 


Step 1: First, take the derivative of the equation. 


xp ( UA 
Step 2: eani 17 lify e" oi lve Xp Tra 9 


Step 3: Now, we,pdug in 2 for x and 1 for x to get the slope of the 
tangent line. — 


"d UE 4p 
"€ се Qoe Ф 


The AP people expect you to remember a lot of your 
trigonometry, so if you're rusty, review the unit in the Appendix. 


Step 1: In an саит the 4. f(x) =A sin B (x + C) + D, you 
SU components. The am шинээ equation is | 


А|, thé horizontal (p Ms +С, the уегаса МИ is +D, and 


the fundamental period is 


The same is true for f (x) = A cos B (x + C) + D. 


Step 2: All we have to do is plug into the formula for the period. 


fis not continuous at a and d. At b, the function is continuous but 
it has a cusp, which will have a vertical tangent line and so not be 


differentiable. 


16. 
А 


This problem requires you to know how to find maxima/minima. 
This is a part of curve sketching and is one of the most important 
parts of differential calculus. A function has critical points where 
the derivative is zero or undefined (which is never a problem when 
the function is an ordinary polynomial). After finding the critical 
points, test them to determine whether they are maxima or minima 
or something else. 


Step 1: First, as usual, take the derivative and set it equal to zero. 


f(x) = 3x2 - 18x - 120 
3x2 — 18x - 12020 


Step 2: Find the values of x that make the derivative equal to zero. 


These are the critical points. 


3x2 — 18x - 12020 


x2 — бх-40=0 
(x 10)(х + 4) = 0 
x= (10, 4} 


Step 3: In order to determine whether a critical point is a 
maximum or a minimum, we need to take the second derivative. 


f'G) = 6x - 18 


Step 4: Now, we plug the critical points from Step 2 into the 
second derivative. If it yields a negative value, then the point is a 
maximum. If it yields a positive value, then the point is a 
minimum. If it yields zero, it is neither, and is most likely a point 
of inflection. 


6(10) - 18 = 42 
6(-4) - 18 = -42 


Therefore, 10 is a minimum. 


17. 
р 


Step 1: Because acceleration is the derivative of velocity, if we 
know the acceleration of a particle, we can find the velocity by 
integrating the acceleration with respect to f. 


oe ae eee 


Next, because the velocity is 10 at t= 0, we can plug in 0 for t and 
solve for the constant. 


2(0)2 — 12(0) + C= 10 
Therefore, C = 10 and the velocity, у(7), is 222 — 121+ 10. 
Step 2: In order to find when the particle is changing direction, we 
need to know when the velocity is equal to zero, so we set v(t) = 0 


and solve for t. 


22 — 121+ 1020 


2-0:-5-0 
(t- 5)(t—1)20 
t211,5] 


Now, provided that the acceleration is not also zero at = (1, 5}, 
the particle will be changing direction at those times. The 
acceleration is found by differentiating the equation for velocity 
with respect to time: a(t) = 4t — 12. This is not zero at either t = 1 
or t = 5. Therefore, the particle is changing direction when t = 1 
and ѓ = 5. 


First, find where the two curves intersect. Set them equal to each 


other and solve: 


12 — x2 = 2x2 


12 = 3x2 
12-04 
x=+2 


Therefore, in order to find the area of the region, we need to 
2 


evaluate the integral: J-2(12 — x2) — (2x2)dx 


2 2 
Simplify the integrand: J-2 (12 — x2) — (2x2)dx = ЇЙЛ - 3x2)dx. 
2 2 


Use the Power Rule: ІЁ (12 – 3x2)dx = (12x - x?) 


=” 


5 


2 


2 = (24 – 8) – (-24 + 8) = 32. 


And evaluate: (12x — x?) 


19. 


This problem requires that you know your rules of exponential 


functions. 


Step 1: First of all, еэ x = eln хз = x5, So we can rewrite the 
integral as 


i (езіп; + езх) dx = J (x3 + e3x)dx 
Step т The rule for the integral of an exponential function is J ek 


dx= k ei + C. 
2! 
Now we can do the integral: J (х3 + еЗх) dx = 4 +3ex+ С. 


20. 
B 


This problem is just a complicated derivative, requiring you to be 


familiar with the Chain Rule and the Product Rule. 

1 1 
Step 1: f(x) = 2(x3 + 5х + 121) 2(32 + 5)(х2 +x + 11) + Q3 + 5х 
+ 121)2(2x + 1). 
Step 2: Whenever a problem asks you to find the value of a 
complicated derivative at a particular point, NEVER simplify the 


derivative. Immediately plug in the value for x and do arithmetic 
instead of algebra. 


1 
ЛЭ 1 1 
P(O) = 2003 + 500) + 121) 2(3(0)2 + 5)((0)2 + (0) + 11) + ((0)3 + 5(0) + 121)2 
(2(0) + 1) 
З ал p 2 27 
= 2(121) 2(5)(11) + (1202( = 2 + 11 = 2 
21, 
А 


This problem requires you to know how to find the derivative of 
an exponential function. According to the rule, if a function is of 
the form af), its derivative is a/ (In a) f(x). Now all we have to 
do is follow the rule! 
Step 1: f (x) = 53x 

fx) = 53x(In 5)(3) 


Step 2: If you remember your rules of logarithms, 31n 5 = In(53) = 
In 125. 


So we can rewrite the answer to f(x) = 53x (In 5)(3) = 53x (In 125). 


22. 
D 


This problem requires you to know how to find the volume of a 


solid of revolution. 


If you have a region between two curves, from x = a to x = b, then 
the volume generated when the region is revolved around the x- 


b 
axis 18: | a[f(x)2 — g(x)2]dx, if f (x) is above g(x) throughout the 
region. 


Step 1: First, we have to determine what the region looks like. 


The curve looks like the following: 


The shaded region is the part that we are interested in. Notice that 
the curve is always above the x-axis (which is g(x)). Now we just 
follow the formula. 


af [6 +f -or |а тро +0 


1 
0 


23. 
B 


We can get the answer using L'Hópital' s Rule, because the limit is 
0 


of an indeterminate form: 0. We take the derivative of the top and 


SOT T 
sin —+x]-1 


lim 
bottom and eet: х0 x = 
Л 
cos| — + x 
1 Л 
lim ———— = cos— 
x0 1 2 =0. Now break this into limits that we 


can easily evaluate. 


24. 
D 


This is a very basic differential equation. See this page for a 
discussion of separation of variables. 


Step 1: First, separate the variables. Then, we get 
y dy = (3x2 + 2) dx 


Step 2: Now integrate both sides. 


— m 
? 


2 


2 =х3+2х+ С 


Notice how we use only one constant. All we have to do now is 
solve for C. We do this by plugging in 2 for x and 4 for y. 


16 
2 =23+4+С 
C=-4 


2 


2) 


So we can rewrite the equation as 2 =x3+ 2x – 4. 


Step 3: Now, if we plug in 3 for x, we can find у. 


23, 
В 


This is another inverse trigonometric integral. 


| ах 
Step 1: We know that” 1 + x^ =tan-l(x) + С. 


(See problem 9 if you’re not sure of this.) The trick here is to get 
the denominator of the fraction in the integrand to be of the correct 
form. If we factor 9 out of the denominator, we get 


Step 2: Now use u-substitution to evaluate this integral. 
x 1 
Let и = 3 and du = 3 dx or 3 du = dx. Then we have 


1 dx lp 3d lr d 
| Е um = 


DIA 
= ап (и) +С 
3 


(=) ^ rpm 3 
ja 


Step 3: Now all we have to do is reverse the u-substitution and 
we're done. 


26. 
A 


Think of cos3(x + 1) as [cos(x + 1)]3. 


Step 1: First, we take the derivative of the outside function and 


d 


ignore the inside functions. The derivative of u3 is 3u2. We get dx 
ш] = Зи. 


Step 2: Next, take the derivative of the cosine term and multiply. 
The derivative of cos u is — sin u. 


d 
ze [eost 3001 ana) 


Step 3: Finally, we take the derivative of x + 1 and multiply. The 
derivative of x + 1 is 1. 


d 


20: (cosa DS = Slee D Е 


2L 
B 


We can do this integral with u-substitution. 
Step 1: Let u = x + 3. Then du = dx and u — 3 = x. 


Step 2: Substituting, we get 


F T E УЯ 


Why is this better than the original integral, you might ask? 
Because now we can distribute and the integral becomes easy. 


Step 3: When we distribute, we get 
Step 4: Now we can integrate. 


Step 5: Substituting back, we get 


5 E 3 3 
2 3 ae +C 2017 20х + 3)? +C 
5 3 5 


28. 
D 


Here, we use the Chain Rule. 


Step 1: First, take the derivative of the outside function. 
du 
The derivative of ln uis u. 


We get 


4 1 
ах In(In(u)) = (и) 


Step 2: Now we take the derivative of the function in the 
denominator. Once again, the function is In u. 


We get 


4 nana —x))= 1 zi - zi 
dx In(1 — x) 1-Хх (1 -— x)In(1 - x) 


29. 
B 


Note that if we plug in zero, we get a limit of the indeterminate 


0 
form 0, so we can use І? Hópital's Rule to find the limit. Take the 
А хе 
lim " 

derivative of ће numerator and the denominator: *~° 1-е = 

Eu us 0+1 
lim EXE" мээн 
х-0 –е .Now, if wepluginO ме get: -1 =-1. 

30. 
А 


We can do this integral with u-substitution. 


Step 1: Let u = tan x. Then du = sec? x dx. 


Step 2: Substituting, we get i tan® x sec? x dx = ) иб du. 


7 
[// 


Step 3: This is an easy integral: | u6du- 7 +С. 


7 
tan х 


Step 4: Substituting back, we get 7 +С. 


31. 
C 


These are a pair of basic trigonometric integrals. You should have 
memorized several trigonometric integrals, particularly | sin x dx 


= — cos x + C and and J cos x dx = sin x + С. 


= 0 л 
OR DES 
КЕТЕ ах + | „ СОЗ АМ соо + sinx 
0 a 
Step 1: 4 = 4 


Step 2: Now we evaluate the limits of integration, апа we’re done. 


Ae | ЭЭ ENT ANS А "MEA IET 2072 
coss + sina, = | 23 ( costo) |+ ао) [so 3) 5 1404 a 1 


32. 
D 


First, we will need to find when the particle is moving up (velocity 
is positive) or down (velocity is negative). We can find the 
velocity by taking the derivative of the position: v(t) = y'(t) = 3y2 – 
бу. Next, set it equal to zero: 3y2 — 8y = 0. 


8 


Factor: y(3y — 8) = 0, so the velocity is zero at y = 0 and y = 3. We 
can determine whether the velocity is positive or negative by using 


text values and plugging them into the derivative and checking the 
sign: v(1) = 3(1)2 — 8(1) < 0 (moving down) and v(3) = 3(3)? – 
8(3) > 0 (moving up). If we want to find the distance traveled, we 
now integrate the velocity function on the intervals, making the 


integral negative for when the particle is moving down. We get: — 
8 4 


3 8 
| 3у2 — 8y dy + 3 3y2 — 8 y dy. 


33. 
C 


We can use the Fundamental Theorem of Calculus for Integrals to 


4 8 8 

find this. First, note that h ТОдах + |} Кх)ах = | о f(x)dx. Next 

note that if g fix)dx = —23, then if we switch the limits of 

integration of(x)dx = 23. Now we plug in: 10 + J4 f(x)dx = 23, so 
4 f(x)dx = 13. 


34. 
B 


First, we need to integrate: f(x) = J 3 sin + 2 cosx dx = - 3cos x 


+ 2 sin + C. Next, plug in the initial condition to solve for the 


constant. 


5 = —3cos(0) + 2sin(0) + C 


5--31)-С 


С-8 


Therefore, f(x) = —3cos х + 2sin x + 8. 


28. 
А 


The curve has a cusp at x = 5, so the curve is continuous there. But 
the slope is infinite at a cusp, so there is no derivative there. This 


means that f'(5) is undefined. 


36. 
C 


2 


We need to integrate f(x) =e 4 from x = -1.65 to = 1.65. We 


1.65 


2 


can do this with the calculator. We get -1.05e 4 dx = 2.682. 


Э7, 
А 


This problem requires you to be familiar with the Mean Value 
Theorem for Integrals, which we use to find the average value of a 


function. 


Step 1: If you want to find the average value of f (x) on an interval 


1 f 
[a, b], you need to ши: the integral P — 2 *^ f(x) dx. So here 


we evaluate the integral 242 In? x dx. 


You have to do this integral on your calculator because you do not 
know how to evaluate this integral analytically unless you are very 
good with integration by parts! 


Use fnint. Divide this by 2, and you will get 1.204. 


38. 
D 


This problem is testing your knowledge of the Second 


d pu 
Eundeinenta, вое of Calculus. The theorem states that dx J a 
u 


fit) dt = flu) dx, where a is a constant and u is a function of x. So 
3x 


all we have to do is follow the theorem: dx ! о cos(t) dt = 3 cos 
3x. 


39. 
A 


If f(x) is positive, then the curve will have an upward (positive) 
slope. If f (x) is decreasing, it means that the second derivative is 
negative, so the curve will be concave down. Point a has both of 
those attributes. 


40. 
A 


This is not a related-rate problem; this is a differential equation! It 
just happens to involve a rate. 


Step 1: If we translate the first sentence into an equation, we get 
dR 
dt =kR. 


Put all of the terms that contain an К on the left of the equals sign 
and all of the terms that contain a Гоп the right-hand side. 


dR 


R zkdt 
Step 2: Integrate both sides. 


dR 
pem 


Step 3: If we solve this for R, we get К = Сем (see the unit on 
Differential Equations). 


Now we need to solve for C and К. First, we solve for C by 
plugging in the information that the radius is 4 initially. This 
means that R = 4 when t = 0. 


If 4 = Ce, then C = 4 


Next, we solve for k by plugging in the information that R = 10 
when t = 2. 


10 = 4e2k 


E 
—In= | 
Step 4: Now we have our final equation: R = 2 А : 


; HAG 
If we plug in t = 3, we get R =4е\2 2 = 15.81. 


41. 
А 


We use the Second Fundamental Theorem of Calculus to find the 
derivative of the integral. In this case, we simply replace t in the 
integrand with x: f(x) = х3 + x. Now, all we have to do is plug in x 
= 5: f (5) = 53 + 5 = 130. 


42. 
С 


This is а simple integral that we do using integration by parts. You 


should memorize that J In (ax)dx = x In (ax) — x + C which makes 
this integral easy. 


Ер 1: The formula for integration by parts is J и dv = uv — J y 
u. 


The trick is that we have to let dv = dx. 


Let u = In 2x and dv = dx 


2 1 


du=2xdx=x dxandv=x 


Plugging in to the formula we get 


а о тэргэл 


43. 
В 


First, in order to be differentiable, fhas to be continuous. Here, 
this means that if we plug 2 into both pieces of f, we need to get 
the same value: a(2)? + 3b(2) + 14 = 3a(2) + 5b, which simplifies 
to 


4а + 66 + 14 = ба + 5b 
2a — b =14 
Next, in order to be differentiable, if we plug 2 into both pieces of 


f, we need to get the same value. First, differentiate both pieces of 


2ах + 3b;x <2 


Г: №) = |за х>2 . Now we plug in 2 and set the two 
pieces equal to each other: 4a + 3b = За, so a = —3b. Plug this into 


the first equation: 2(—3b) — b = 14. Thus, b = 2 and а = 6. 


44. 
D 


This is a Related Rates problem. We need to find out how fast the 


circumference of a circle, C, is increasing given how fast its area, 
dA 


A, is increasing. We are given that dt = 640 and that y = 100. 
Now, we need to find the relationship between the area of a circle 


and its circumference. The area of a circle is A = лг and the 
circumference is С = 2zrr, where г is the radius. Although we 


could isolate r in the second equation and substitute it into the first 


equation to get a direct relationship between A and С, it is easier to 


dr 


differentiate them separately and use dt. That is, we firs 
A dr 
differentiate the area equation with respect to time; dt -2лгаг 
dr dr 640 
and plug in. We get 640 = 22(100) dt, so dt = 2007. Next, we 


urere utate the шиш equation with d to ume. dt 


7 640 d | 40 3 
-2л dt. Now if we plug in dt = 2007, we get di = 2т (2007 
= 6.400. 


45. 
В 


Step 1: If we want to find the distance traveled, we take the 


integral of velocity from the starting time to the finishing time. 


4 
Therefore, we need to evaluate i Те-г аі. 


Step 2: But we have a problem! We can't take the integral of e-”. 
This means that the AP Exam wants you to find the answer using 
your calculator. 


Rounded to three decimal places, the answer is 6.204. 


ANSWERS AND EXPLANATIONS TO 
SECTION ІІ 


l. 
A particle moves along the x-axis so that its acceleration at any 
time £ > 0 is given by a(t) = 12t — 18. At time r= 1, the velocity of 
the particle is v(1) = 0 and the position is x(1) = 9. 


(a) Write an expression for the velocity of the particle v(t). 


Step 1: We know that the derivative of velocity with respect to 


time is acceleration, so the integral of acceleration with respect to 
time is velocity. 


J а(1) dt = v(t) 
| 12t — 18 dt = 62 - 181+ С = v(t) 


If we plug in the information that at time t = 1, v(1) = 0, we can 
solve for C. 


6(1)2 – 18(1) + C=0 
-12+ C=0 
C=12 


This means that the velocity of the particle is 672 — 181+ 12. 
(b) At what values of t does the particle change direction? 


When a particle is in motion, it changes direction at the time when 
its velocity is zero. (As long as acceleration is not also zero.) So 
all we have to do is set velocity equal to zero and solve for t. 


62? — 181+ 12 = 0 

2 31+2 = 0 

(t— 2)(t— 1) = 0 
ге 1.2 


(с) Write an expression for the position x(t) of the particle. 


We know that the derivative of position with respect to time is 
velocity, so the integral of velocity with respect to time is position. 


| v(t) dt = x(t) 


ee — 181+ 12) dt= 206 — 92 + 121+ C=x(t) 


If we plug in the information that at time t = 1, x(1) = 9, we can 
solve for C. 


2(1)3 — 9(1)2 + 1201) + C=9 


5-0-9 
С-4 


Therefore, x(t) = 28 — 92 + 12t + 4. 


3 


(d) Find the total distance traveled by the particle from t = 2 to t= 
6. 


Step 1: Normally, all that we have to do to find the distance 
traveled is to integrate the velocity equation from the starting time 
to the ending time. But we have to watch out for whether the 
particle changes direction. If so, we have to break the integration 
into two parts—a positive integral for when it is traveling to the 
right, and a negative integral for when it is traveling to the left. 


One way to solve this is to find two integrals and add them 


together. Because you can use a calculator, it is simpler to use the 


3 


fnInt calculation of the absolute value for t = 2 and t = 6, using the 
function of velocity 6x2 — 18x + 12. 


Graphing Calculator (TI-83 and TI-84) 
Press MATH and select 9: fnInt from the list. 
Press MATH then select the NUM menu, and choose 1: abs( 


Enter the function 6x2 — 18x + 12 and follow with the closing 
parentheses. List the variable and low and high values for f, 
separated by commas, and follow with final closing parentheses so 
your expression looks like the following: 


fnInt(abs(6x2 — 18x + 12), x, 3/2, 6) 
Press ENTER 


The result is 176.500. 


2: 
Let R be the region in the first quadrant bounded from above by 
g(x) = 19 — х2 and from below by f(x) = x2 + 1. 


(a) Find the area of R. 


First, let’s find where the curves intersect. Set them equal to each 
other: 


19-x2=x2+1 


2x2 = 18 
x2=9 
х= 9 


We аге only interested in the first quadrant, so in order to find the 
3 


area, we need to evaluate the integral Jo (19 — x2) — (x? + 1)dx. We 
get: 


Э 


[s | (is-2) 
o(19 — x2) – (x2 + Idx = Jo (18 — 2x2)dx = 3 
18) - (0 - 0) = 36 


»= (54 - 


(b) A solid is formed by revolving R around the x-axis. Find the 
volume of the solid. 
3 


In order to find the volume, we need to evaluate the integral „| 0 
(19 — x2? — (x? + 1)? dx. We get: 


3 
(361 – 38x2 + x^) – (x4 + 2:2 + Пах = 


3 
al o (360 — 40х2)ах = 


NP 
|| [os E эг | 
zJ 0 (360 — 40x2)dx = 7 3 o = л(1080 — 360) – z(0 — 0) 

= 72077 


(c) A solid has its base as the region R, whose cross-sections 
perpendicular to the x-axis are squares. Find the volume of the 
solid. 


In order to find the volume, we need to find the area of each cross- 
section, which is 51462 (because it is a square), where the side 18 


the difference between the upper and lower curve. Thus, we need 
3 


to evaluate the integral Jo[(19 — x2) — (x2 + 1)]? dx. We get: 
3 

Ї [(19 — x2) – (х2 + 1) dx. We get: 
3 

fias - 2x2 dx = 


3 
| (324 – 72x? + 4х4) ах = 
3 


4x? 
324х — 24x? + = (972 тээ 2 
0 = 5 —(0—0) = 324 + 


324 1944 
55235 


3. 
Consider the equation x? — 2xy + 4y? = 84. 


(a) Write an expression for the slope of the curve at any point (x, 
У). 


Step 1: The slope of the curve is just the derivative. But here we 
have to use implicit differentiation to find the derivative. If we 
take the derivative of each term with respect to x, we get 


dx 


Remember that dx = 1, which gives us 


АСЕ 
ау 
Step 2: Now just simplify and solve for dx. 


x — (+ 4 

х-(С tp 
(0) Find the equation of the tangent lines to the curve at the point x 
=2. xh =F (v- 6) 


Step 1: We are going to use the Baint-slope form of a line, y - yı = 


m(x — х), where (x, уу) 18 А ройй on the curve, and the derivative 
at that point 18 the slope m. Firsty we need to know the value of y 


when x = 2. If we plug for x ifto the original equation, we get 
o4 = уб 7847 
4у2 – 4y – 80 = 0 
у2-у- 20 = 0 
This factors to (y 5)(у + 4) = 0, so y = 5 огу = -4. 


Notice that there are two values of у when x = 2, which is why 
there are two tangent lines. 


Step 2: Now that we have our points, we need the slope of the 
tangent line at x = 2. 


Step 3: Plugging into our equation for the tangent line, we get 


1 


о ое) 
I 
у+4 = 3(x- 2) 


It is not necessary to simplify these equations. 
d'y 
(c) Find dx” at (0, 4). 


Step 1: Once we have the first derivative, we have to differentiate 
d y 
again to find dx’ . 


We have to use implicit differentiation again. 


Ж р хр 


dy ах dy ах 
2 (&y (2 3 (у 20 de 
dx? (4у-ху 


SimplifM, we get (C (р 


4 4 
RSS 2 ] (y »(42 ) 


ах? (&y — xy 
EY dy 
Now we plug in Ау — X for dx, which gives us 
E re. EDO m тав? 
т 25 ) (у d ] 
deo (&y — х) 


Now we would have to use a lot of algebra to simplify this but, 


fortunately, we can just plug in (0, V21) for x and y and solve 
from there. 


4m у 
Py Даа : | : ШИГ : | E 


dx? (44217 ^. 336 


4. 

Water is draining at the rate of 487r ft?/sec from the vertex at the 
bottom of a conical tank whose diameter at its base is 40 feet and 
whose height is 60 feet. 


(a) Find an expression for the volume of water (in ft?/sec) in the 
tank, in terms of its radius, at the surface of the water. 


1 


The formula for the volume of a cone is V = ЗлР Н, where r is the 
radius of the cone and Л is the height. The ratio of the height of a 


cone to its radius is constant at any point on the edge of the cone, 
h 60 
so we also know that 7 = 20 = 3. (Remember that the radius is 
half the diameter.) If we solve this for h and substitute, we get 
h=3r 
1 
V= 3 лт (3r) = zr? 
(b) At what rate (in ft/sec) is the radius of the water in the tank 
shrinking when the radius is 16 feet? 
Step 1: This is a related rates question. We now have a formula 


for the volume of the cone in terms of its radius, so if we 


differentiate it in terms of t, we should be able to solve for the rate 
dr 
of change of the radius 47. 


We are given that the rate of change of the volume and the radius 
are, respectively 


av 
dt =—487 and r= 16 


аү dr 

Differentiating the formula for the volume, we get “ee 22 
dr 

NOW ave plug in and get —48л = 3л(16)2 4. Finally, if we solve 


for dt, we get 
dr BE 
dt = —16 ft/sec 


(c) How fast (in ft/sec) is the height of the water in the tank 
dropping at the instant that the radius is 16 feet? 


Step 1: This is the same idea as the previous problem, except that 


dh 


we want to solve for dt . In order to do this, we need to go back to 
our ratio of height to radius and solve it for the radius. 


Substituting for r in the original equation, we get V = 
1 (hy p 
D 2. 


Step 2: Now we need to know what A is when r is 16. Using our 
ratio, 


h = 3(16) = 48. 


Step 3: Now if we differentiate, we get 


Now we plug in and solve. 


dh adr 


Опе shoud, also note that, because й = 3r, dt = 3dt. Thus, after 
r 


we found 47 in part 2, we merely had to multiply it by 3 to find 
the answer for part 3. 


5. 
Let f be the function given by y = f(x) = 2x4 - 4x2 + 1. 


(a) Find an equation of the line tangent to the graph at (—2, 17). 


In order to find the equation of a tangent line at a particular point, 
we need to take the derivative of the function and plug in the x- 
and y-values at that point to give us the slope of the line. 


Step 1: The derivative is f(x) = 8x3 — 8x. If we plug in x = —2, we 
get 


FED) = 8(-2)3 - 8(-2) --48 
This is the slope m. 


Step 2: Now we use the slope-intercept form of the equation of a 
line, y — yj = m(x — x1), and plug in the appropriate values of x, y, 
and m. 


у= 172 -48(x + 2) 
If we simplify this, we get y 2 —48x — 79. 


(b) Find the x- and y-coordinates of the relative maxima and 
relative minima. Verify your answer. 


If we want to find the maxima/minima, we need to take the 
derivative and set it equal to zero. The values that we get are 
called critical points. We will then test each point to see if it is a 
maximum or a minimum. 


Step 1: We already have the first derivative from part (a), so we 
can just set it equal to zero. 


8x3 — 8x = 0 


If we now solve this for x, we get 


8x(x2 - 1) = 0 
8х(х + I(x- 1) = 0 
х= 0,1,1 


These are our critical points. In order to test if a point is а 
maximum or a minimum, we usually use the second derivative 
test. We plug each of the critical points into the second derivative. 
If we get a positive value, the point is a relative minimum. If we 
get a negative value, the point is a relative maximum. If we get 
zero, the point is a point of inflection. 


Step 2: The second derivative is f" (x) = 24x2 — 8. If we plug in the 
critical points, we get 


f'(0)224(0? 8 = -8 
Г) = 24(1)2- 8 = 16 
ГСП = 24(-1)2 – 8 = 16 
So x = 0 is a relative maximum, and x = 1, -1 are relative minima. 


Step 3: In order to find the y-coordinates, we plug the x-values 
back into the original equation and solve. 


/00)-1 
/0)--1 
FO) 241 


And our points are 


(0, 1) is a relative maximum 
(1, -1) is a relative minimum 
(-1, -1) is a relative minimum 


(c) Find the x- and y- coordinates of the points of inflection. Verify 
your answer. 


If we want to find the points of inflection, set the second derivative 


equal to zero. The values that we get are the x-coordinates of the 
points of inflection. 


Step 1: We already have the second derivative from part (b), so all 
we have to do is set it equal to zero and solve for х. 


240 2-820 


Step 2: In order to find the y-coordinates, plug the x-values back 
into the original equation and solve. 


QU eed 


6. 

Grain is being loaded into a silo at the rate of G(f) = 400e f / hr, 
where 1 is the number of hours that it is being loaded, O < >t < 8. 
At time f = 0, there is 100 fO of grain in the silo. Grain is also 
being removed through the base of the silo at the following rates, 


where R(t) is the amount of grain being removed in ft?/hr, O < t 


125 


(a) Estimate the total amount of grain removed from the silo at = 
8 hrs, using a left-hand Riemann Sum and 4 subintervals. 


The Riemann Sum is found by multiplying the width of each 
interval by R at each left endpoint of an interval. We get: 


(2 – 0)(60) + (5 — 2)(90) + (7 — 5)(110) + (8 – 7)(120) 

(2)(60) + (3)(90) + (2)(110) + (1)(120) = 120 + 270 + 220 + 120 = 
730. 

(b) Estimate the amount of grain in the silo at the end of 8 hours, 


using your answer from part (a). 


We can estimate the amount of grain in the silo by taking the 
starting amount, 100, adding the amount that comes in, and 


subtracting the amount that is being removed (which we found in 


8 


part a). We can find the amount that comes in by | о 400е 4 dt. If 
you plug this in your calculator, you get 708.982. (If you are 


unsure how to evaluate the integral on your calculator, check the 
Appendix for some tips on using a TI-84 calculator.) Therefore, 
the amount in the silo at the end of 8 hours is 100 + 708.982 — 730 


= 78.982. 


(c) Estimate R'(5), showing your work. Indicate the units of 
measure. 
We can estimate А'(5) by finding the slope of the secant line from / 


—2t0125, and from t = 5 to t = 7 and averaging the two. The 
110-90 29 


slope of the secant line fromt=2tot=S5is 2-2 = 3,and 


120-110 


the slope of the secant line from w Stot=7is 7-2 =5, 50 


5+5 35 


a good estimate for А'(5) 15 2 6. 


Part Ш 
About the AP Calculus 
AB Exam 


AB Calculus vs. BC Calculus 

The Structure of the Calculus Exam 
How the AP Calculus Exam is Scored 
Overview of Content Topics 

General Overview of This Book 

How AP Exams Are Used 

Other Resources 

Designing Your Study Plan 


АВ CALCULUS VS. BC CALCULUS 


AP Calculus is divided into two types: AB and BC. The former is supposed 
to be the equivalent of a semester of college calculus; the latter, a year. In 
truth, AB calculus covers closer to three-quarters of a year of college 
calculus. In fact, the main difference between the two is that BC calculus 
tests some more theoretical aspects of calculus and covers a few additional 
topics. In addition, BC calculus is harder than AB calculus. The AB exam 
usually tests straightforward problems in each topic. They’re not too tricky, 
and they don’t vary very much. The BC exam asks harder questions. But 
neither exam is tricky in the sense that the SAT is, nor do they test esoteric 
aspects of calculus. Rather, both tests tend to focus on testing whether you’ ve 
learned the basics of differential and integral calculus. The tests are difficult 
because of the breadth of topics that they cover, not the depth. You will 
probably find that many of the problems in this book seem easier than the 
problems you’ve had in school. This is because your teacher is giving you 
problems that are harder than those on the AP. 


Please note that this book will focus only on the 
topics that will appear on the AP Calculus AB 


Exam. If you are looking to prepare for the BC 
Calculus Exam, please purchase Cracking the 
AP Calculus BC Exam, in stores now! 


THE STRUCTURE OF THE CALCULUS 
EXAM 


Section/Type Time Score More Score Info 


Section I, Part A: 30 multiple- 60 minutes Along with I-B, No guessing 
choice questions 50% of complete | penalty, calculator 


AP Exam Score | NOT permitted 


Section I, Part B: 15 multiple- 45 minutes Along with I-A, No guessing 
choice questions 50% of complete | penalty, calculator 
AP Exam Score allowed 


Section II, Part A: 2 open- 30 minutes Along with II-B, | calculator allowed 


ended questions 5090 of complete 
AP Exam Score 
Section II, Part B: 4 open-ended | 60 minutes Along with II-A, | calculator NOT 


questions 5090 of complete | permitted 
AP Exam Score 


There is no guessing penalty on the test, so don’t leave anything blank in 
Section I. Section II, however, requires you to write out not only your 
solutions, but to show your steps. You can get partial credit, so make sure 
you put everything down on paper. You'll note, too, that some parts of the 
test allow you to use a graphing calculator and its programs. But here's the 
truth about calculus: most of the time, you don't need a calculator, so don't 
get stuck trying to find the right program. Go with what you know. 


o 


Sign in to your online student tools to.-download 
and print a handy appendix of tips aimed at 
getting the (84. 


HOW THE АРС 
SCORED 


A numeral score of 1 to 5 is goin 
number of questions you’ ve angwe 


EXAM IS 


to your test, based on the 


5 = Extremely Well Qualified 
4 = Well Qualified 

3 = Qualified 

2 = Possibly Qualified 

1 = No Recommendation 


Colleges decide for themselves the minimum score they will accept for 
college credit and/or advanced placement. The American Council on 
Education recommends the acceptance of grades 3 or above, and many 
colleges adhere to these standards. About 60 percent of students who take the 
AP Calculus AB Exam receive a score of 3 or higher. Check the website for 
each college you plan to apply to so that you know their policy on granting 
credit or advanced placement. 


[ыы 


Data from The College Board, Мау 2017 АР Exam administrations 


OVERVIEW OF CONTENT TOPICS 


This list is drawn from the topical outline for AP Calculus furnished by the 
College Board. You might find that your teacher covers some additional 
topics, or omits some, in your course. Some of the topics are very broad, so 
we cannot guarantee that this book covers these topics exhaustively. 


Functions, Graphs, and Limits 
I. 


A. 
Analysis of Graphs 


You should be able to analyze a graph based on “the interplay 
between geometric and analytic information.” The preceding 
phrase comes directly from the College Board. Don’t let it scare 
you. What the College Board really means is that you should have 
covered graphing in precalculus, and you should know (a) how to 
graph and (b) how to read a graph. This is a precalculus topic, 
and we won’t cover it in this book. 


B. 
Limits 


You should be able to calculate limits algebraically or to estimate 
them from a graph or from a table of data. 


You do not need to find limits using the Delta-Epsilon definition 
of a limit. 


You need to know how to use L’ H6pital’s Rule to evaluate a limit 
of indeterminate form. 


С. 
Asymptotes 


You should understand asymptotes graphically and be able to 
compare the growth rates of different types of functions (namely 
polynomial functions, logarithmic functions, and exponential 
functions). This is a topic that should have been covered in 
precalculus, and we won’t cover it in this book. 


You should understand asymptotes in terms of limits involving 
infinity. 


D. 
Continuity 
You should be able to test the continuity of a function in terms of 
limits, and you should understand continuous functions 
graphically. 


You should understand the intermediate value theorem and the 
extreme value theorem. 


Differential Calculus 
II. 


A. 
The Definition of the Derivative 


You should be able to find a derivative by finding the limit of the 
difference quotient. 

You should also know the relationship between differentiability 
and continuity. That is, if a function is differentiable at a point, it’s 
continuous there. But if a function is continuous at a point, it’s not 
necessarily differentiable there. 


B. 
Derivative at a Point 


You should know the Power Rule, the Product Rule, the Quotient 
Rule, and the Chain Rule. 


You should be able to find the slope of a curve at a point, and the 
tangent and normal lines to a curve at a point. 


You should also be able to use local linear approximation and 
differentials to estimate the tangent line to a curve at a point. 


You should be able to find the instantaneous rate of change of a 
function using the derivative or the limit of the average rate of 
change of a function. 


You should be able to approximate the rate of change of a function 
from a graph or from a table of values. 


You should be able to find Higher-Order Derivatives and to use 
Implicit Differentiation. 


С. 
Derivative of a Function 


You should be able to relate the graph of a function to the graph of 
its derivative, and vice-versa. 


You should know the relationship between the sign of a derivative 
and whether the function is increasing or decreasing (positive 
derivative means increasing; negative means decreasing). 


You should know how to find relative and absolute maxima and 
minima. 


You should know the Mean Value Theorem for derivatives and 
Rolle’s Theorem. 


D. 
Second Derivative 


You should be able to relate the graph of a function to the graph of 
its derivative and its second derivative, and vice-versa. This is 
tricky. 


You should know the relationship between concavity and the sign 
of the second derivative (positive means concave up; negative 
means concave down). 


You should know how to find points of inflection. 


Е. 
Applications of Derivatives 


You should be able to sketch a curve using first and second 
derivatives and be able to analyze the critical points. 


You should be able to solve Optimization problems (Max/Min 
problems) and Related Rates problems. 


You should be able to find the derivative of the inverse of a 
function. 


You should be able to solve Rectilinear Motion problems. 


F, 
Computation of Derivatives 


You should be able to find the derivatives of Trig functions, 


Logarithmic functions, Exponential functions, and Inverse Trig 
functions. 


Integral Calculus 


ПІ. 


А. 
Riemann Sums 


You should be able to find the area under a curve using left, right, 
and midpoint evaluations and the Trapezoid Rule. 


You should know the fundamental theorem of calculus: 


O- (1 =P) T 
B. i 
Applications of Integrals 


You should be able to find the area of a region, the volume of a 
solid of known cross-section, the volume of a solid of revolution, 
and the average value of a function. 


You should be able to solve acceleration, velocity, and position 
problems. 


C. 
Fundamental Theorem of Calculus 


You should know the first and second fundamental theorems of 
calculus and be able to use them both to find the derivative of an 
integral and for the analytical and graphical analysis of functions. 


D. 
Techniques of Antidifferentiation 


You should be able to integrate using the power rule and u- 
Substitution. 


E. 
Applications of Antidifferentiation 


You should be able to find specific antiderivatives using initial 
conditions. 


You should be able to solve separable differential equations and 
logistic differential equations. 


You should be able to interpret differential equations via slope 
fields. Don’t be intimidated. These look harder than they are. 


GENERAL OVERVIEW OF THIS BOOK 


The key to doing well on the exam is to memorize a variety of techniques for 
solving calculus problems and to recognize when to use them. There’s so 
much to learn in AP Calculus that it’s difficult to remember everything. 
Instead, you should be able to derive or figure out how to do certain things 
based on your mastery of a few essential techniques. In addition, you’ll be 
expected to remember a lot of the math that you did before calculus— 
particularly trigonometry. You should be able to graph functions, find zeros, 
derivatives, and integrals with the calculator. 


Furthermore, if you can’t derive certain formulas, you should memorize 
them! A lot of students don’t bother to memorize the trigonometry special 
angles and formulas because they can do them on their calculators. This is a 
big mistake. You'll be expected to be very good with these in calculus, and if 
you can't recall them easily, you'll be slowed down and the problems will 
seem much harder. Make sure that you're also comfortable with analytic 
geometry. If you rely on your calculator to graph for you, you'll get a lot of 
questions wrong because you won't recognize the curves when you see them. 


This advice is going to seem backward compared with what your teachers are 
telling you. In school you're often yelled at for memorizing things. Teachers 
tell you to understand the concepts, not just memorize the answers. Well, 
things are different here. The understanding will come later, after you're 
comfortable with the mechanics. In the meantime, you should learn 
techniques and practice them, and, through repetition, you will ingrain them 
in your memory. 


Each chapter is divided into three types of problems: examples, solved 
problems, and practice problems. The first type is contained in the 
explanatory portion of the unit. The examples are designed to further your 
understanding of the subject and to show you how to get the problems right. 
Each step of the solution to the example is worked out, except for some 
simple algebraic and arithmetic steps that should come easily to you at this 
point. 


The second type of problems is solved problems. The solutions are worked 


out in approximately the same detail as the examples. Before you start work 
on each of these, cover the solution with an index card, then check the 
solution afterward. And you should read through the solution, not just 
assume that you knew what you were doing because your answer was 
correct. 


The third type is practice problems. Only the answer explanations to these 
are given. We hope you'll find that each chapter offers enough practice 
problems for you to be comfortable with the material. The topics that are 
emphasized on the exam have more problems; those that are de-emphasized 
have fewer. In other words, if a chapter has only a few practice problems, it’s 
not an important topic on the AP Exam and you shouldn’t worry too much 
about it. 


HOW AP EXAMS ARE USED 


Different colleges use AP Exams in different ways, so it is important that you 
go to a particular college’s website to determine how it uses AP Exams. The 
three items below represent the main ways in which AP Exam scores can be 
used. 


* College Credit. Some colleges will give you college credit if you score 
well on an AP Exam. These credits count towards your graduation 
requirements, meaning that you can take fewer courses while in college. 
Given the cost of college, this could be quite a benefit, indeed. 


Satisfy Requirements. Some colleges will allow you to “place out” of 
certain requirements if you do well on an AP Exam, even if they do not 
give you actual college credits. For example, you might not need to take 
an introductory-level course, or perhaps you might not need to take a 
class in a certain discipline at all. 


* Admissions Plus. Even if your AP Exam will not result in college credit 
or even allow you to place out of certain courses, most colleges will 
respect your decision to push yourself by taking an AP Course or even 
an AP Exam outside of a course. A high score on an AP Exam shows 
mastery of more difficult content than is taught in many high school 
courses, and colleges may take that into account during the admissions 
process. 


More Great Books 


Check out The Princeton Review's college guide 
books, including The Best 384 Colleges, The 
Complete Book of Colleges, Paying for College 
Without Going Broke, and many more! 


OTHER RESOURCES 


There are many resources available to help you improve your score on the 
AP Calculus AB Exam, not the least of which are your teachers. If you are 
taking an AP class, you may be able to get extra attention from your teacher, 
such as obtaining feedback on your free-response questions. If you are not in 
an AP course, reach out to a teacher who teaches calculus, and ask if the 
teacher will review your free-response questions or otherwise help you with 
content. 


Another wonderful resource is AP Students, the official site of the AP 
Exams. The scope of the information at this site is quite broad and includes: 


* A course description, which includes details on what content is covered 
and sample questions 
• Sample test questions 


* Free-response prompts from previous years 
The AP Students home page address is: https://apstudent.collegeboard.org. 


Finally, The Princeton Review offers tutoring and small group instruction. 
Our expert instructors can help you refine your strategic approach and add to 
your content knowledge. For more information, call 1-800-2REVIEW. 


Want to know which colleges are best for you? 
Check out The Princeton Review’s College 


Advisor app to build your ideal college list and 
find your perfect college fit! Available for free in 
the iOS App Store and Google Play Store. 


DESIGNING YOUR STUDY PLAN 


As part of the Introduction, you identified some areas of potential 
improvement. Let’s now delve further into your performance on Test 1, with 


Ше 


goal of developing a study plan appropriate to your needs and time 


commitment. 


Read the answers and explanations associated with the multiple-choice 
questions (starting at this page). After you have done so, respond to the 
following questions: 


Review the Overview of Content Topics on this page. Next to each 
topic, indicate your rank of the topic as follows: “1” means “I need a lot 
of work on this,” “2” means “I need to beef up my knowledge,” and “3” 
means “I know this topic well.” 


How many days/weeks/months away is your exam? 
What time of day is your best, most focused study time? 


How much time per day/week/month will you devote to preparing for 
your exam? 


When will you do this preparation? (Be as specific as possible: Mondays 
and Wednesdays from 3 to 4 P.M., for example.) 


Based on the answers above, will you focus on strategy (Part IV) or 
content (Part V) or both? 


What are your overall goals in using this book? 


Break up your review into manageable portions. 
Download our helpful study guide for this book, 
once you register online. 


More AP Info Online! 

We have put together even more goodies for a 
handful of AP Exam subjects. For short quizzes, 
high level AP course and test information, and 
expert advice, head over to 
www.princetonreview.com/college-advice/ 
advanced-placement-resources. 


Part IV 
Test-Taking Strategies for the AP Calculus 
AB Exam 


How to Approach Multiple-Choice Questions 
1 


How to Approach Free-Response Questions 
2 


PREVIEW ACTIVITY 


Review your responses to the first three questions on this page of Part I, and 
then respond to the following questions: 


* How many multiple-choice questions did you miss even though you 
knew the answer? 


* On how many multiple-choice questions did you guess blindly? 


* How many multiple-choice questions did you miss after eliminating 
some answers and guessing based on the remaining answers? 


* Did you find any of the free-response questions easier or harder than the 
others—and, if so, why? 


HOW TO USE THE CHAPTERS IN THIS 
PART 


Before you read the following Strategy chapters, take a moment and think 
about what you are doing now. As you read and engage in the directed 
practice, be sure to appreciate the ways you can change your approach. At 
the end of each chapter in Part IV, you will have the opportunity to reflect on 
how you will change your approach. 


Chapter 1 
How to Approach Multiple-Choice 
Questions 


CRACKING THE MULTIPLE-CHOICE 
QUESTIONS 


Section I of the AP Calculus Exam consists of 45 multiple-choice questions, 
which you’re given 105 minutes to complete. This section is worth 50 
percent of your grade. 


All the multiple-choice questions will have a similar format: each will be 
followed by four answer choices. At times, it may seem that there could be 
more than one possible correct answer. There is only one! Remember that the 
committee members who write these questions are calculus teachers. So, 
when it comes to calculus, they know how students think and what kind of 
mistakes they make. Answers resulting from common mistakes are often 
included in the four answer choices to trap you. 


Use the Answer Sheet 

For the multiple-choice section, you write the answers not in the test booklet 
but on a separate answer sheet (very similar to the ones we’ ve supplied at the 
very end of this book). Four oval-shaped bubbles follow the question 
number, one for each possible answer. Don’t forget to fill in all your answers 
on the answer sheet. Don’t just mark them in the test booklet. Marks in the 
test booklet will not be graded. Also, make sure that your filled-in answers 
correspond to the correct question numbers! Check your answer sheet after 
every five answers to make sure you haven’t skipped any bubbles by 
mistake. 


Should You Guess? 


Use Process of Elimination (POE) to rule out answer choices you know are 
wrong and increase your chances of guessing the right answer. Read all the 
answer choices carefully. Eliminate the ones that you know are wrong. If you 
only have one answer choice left, choose it, even if you’re not completely 
sure why it’s correct. Remember: Questions in the multiple-choice section 
are graded by a computer, so it doesn’t care how you arrived at the correct 
answer. 


Proven Techniques 


Use POE and the Two-Pass System to help 
boost your score 


Even if you ca ss. There is no 
guessing penalty for incorrect answers. You will be assessed only on the total 
number of correct answers, so be sure to fill in all the bubbles even if you 
have no idea what the correct answers are. When you get to questions that 
are too time-consuming, or that you don’t know the answer to (and can’t 
eliminate any options), don’t just fill in any answer. Use what we call your 
“letter of the day” (LOTD). Selecting the same answer choice each time you 
guess will increase your odds of getting a few of those skipped questions 
right. 


Use the Two-Pass System 

Remember that you have about two and a quarter minutes per question on 
this section of the exam. Do not waste time by lingering too long over any 
single question. If you’re having trouble, move on to the next question. After 
you finish all the questions, you can come back to the ones you skipped. 


The best strategy is to go through the multiple-choice section twice. The first 
time, do all the questions that you can answer fairly quickly—the ones in 
which you feel confident about the correct answer. On this first pass, skip the 
questions that seem to require more thinking or the ones you need to read 
two or three times before you understand them. Circle the questions that 
you've skipped in the question booklet so that you can find them easily in the 
second pass. You must be very careful with the answer sheet by making sure 
the filled-in answers correspond correctly to the questions. 


Once you have gone through all the questions, go back to the ones that you 
skipped in the first pass. But don't linger too long on any one question even 
in the second pass. Spending too much time wrestling over a hard question 
can cause two things to happen: One, you may run out of time and miss out 
on answering easier questions in the later part of the exam. Two, your 
anxiety might start building up, and this could prevent you from thinking 
clearly, which would make answering other questions even more difficult. If 
you simply don't know the answer, or can't eliminate any of them, just use 
your LOTD and move on. 


REFLECT 


Respond to the following questions: 


* How long will you spend on multiple-choice questions? 


* How will you change your approach to multiple-choice questions? 


* What is your multiple-choice guessing strategy? 


Chapter 2 
How to Approach Free-Response Questions 


CRACKING THE FREE-RESPONSE 
QUESTIONS 


Section II is worth 50 percent of your grade on the AP Calculus Exam. This 
section is composed of two parts. Part A contains two free-response 
questions (you may use a calculator on this part); Part B contains four free- 
response questions where there are no calculators allowed. You're given a 
total of 90 minutes for this section. 


Clearly Explain and Justify Your Answers 

Remember that your answers to the free-response questions are graded by 
readers and not by computers. Communication is a very important part of 
AP Calculus. Compose your answers in precise sentences. Just getting the 
correct numerical answer is not enough. You should be able to explain your 
reasoning behind the technique that you selected and communicate your 
answer in the context of the problem. Even if the question does not explicitly 
say so, always explain and justify every step of your answer, including the 
final answer. Do not expect the graders to read between the lines. Explain 
everything as though somebody with no knowledge of calculus is going to 
read it. Be sure to present your solution in a systematic manner using solid 
logic and appropriate language. And remember: Although you won't earn 
points for neatness, the graders can't give you a grade if they can't read and 
understand your solution! 


Use Only the Space You Need 

Do not try to fill up the space provided for each question. The space given is 
usually more than enough. The people who design the tests realize that some 
students write in big letters or make mistakes and need extra space for 
corrections. So if you have a complete solution, don't worry about the extra 
space. Writing more will not earn you extra credit. In fact, many students 
tend to go overboard and shoot themselves in the foot by making a mistake 
after they've already written the right answer. 


Read the Whole Question! 

Some questions might have several subparts. Try to answer them all, and 
don't give up on the question if one part is giving you trouble. For example, 
if the answer to part (b) depends on the answer to part (a), but you think you 
got the answer to part (a) wrong, you should still go ahead and do part (b) 


using your answer to part (a) as required. Chances are that the grader will not 
mark you wrong twice, unless it is obvious from your answer that you should 
have discovered your mistake. 


REFLECT 
Respond to the following questions: 
* How much time will you spend on each free-response question? 
* How will you change your approach to the free-response questions? 


* Will you seek further help, outside of this book (such as a teacher, tutor, 
or AP Central), on how to approach the calculus exam? 
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Basic Applications of the Derivative 
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Motion 
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Unit 3: Integral Calculus Essentials 
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Differential Equations 
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Solutions to Practice Problem Sets and Unit Drills 
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HOW ТО USE THE CHAPTERS IN THIS 
PART 


The following chapters are organized into four units to help you break up 
your review into manageable portions. At the end of each unit, you’ll find a 
comprehensive drill for all of the chapters within that unit. You may need to 
review some chapters more than once, as your goal is to obtain mastery of 
the content you may be missing. 


Unit 1 
Differential Calculus Essentials 


Chapter 3 
Limits 


WHAT IS A LIMIT? 


In order to understand calculus, you need to know what a “limit” is. A limit 
is the value a function (which usually is written “Кх)” on the AP Exam) 
approaches as the variable within that function (usually “х”) gets nearer and 
nearer to a particular value. In other words, when x is very close to a certain 
number, what is f(x) very close to? 


Let’s look at an example of a limit: What is the limit of the function f(x) = x? 


as x approaches 2? In limit notation, the expression “Фе limit of f(x) as x 


T" . lim " 
approaches 2" is written like this: х-э2 f(x). In order to evaluate the limit, let's 


lim | 
check out some values of х-э2 f(x) as x increases and gets closer to 2 (without 


ever exactly getting there). 


When x = 1.9, f(x) = 3.61. 

When x = 1.99, f(x) = 3.9601. 
When x = 1.999, f(x) = 3.996001. 
When x = 1.9999, f(x) = 3.99960001. 


As x increases and approaches 2, f(x) gets closer and closer to 4. This is 
called the left-hand limit and is written: lim f(x). Notice the little minus 
sign! 

What about when x is bigger than 2? 


When x = 2.1, f(x) = 4.41. 

When x = 2.01, f(x) = 4.0401. 

When x = 2.001, f(x) = 4.004001. 
When x = 2.0001, f(x) = 4.00040001. 


As x decreases and approaches 2, f(x) still approaches 4. This is called the 


lim 
right-hand limit and is written like this: »52* f(x). Notice the little plus sign! 


We got the same answer when evaluating both the left- and right-hand limits, 
because when x is 2, f(x) is 4. You should always check both sides of the 
independent variable because, as you'll see shortly, sometimes you don't get 


| Їїт 
the same answer. Therefore, we write that x2 x? = 4. 


We didn’t really need to look at all of these decimal values to know what 
was going to happen when x got really close to 2. But it’s important to go 
through the exercise because, typically, the answers get a lot more 
complicated. Let’s do a few examples. 


. íi 

Example 1: Find 295 31. 

The approach is simple: Plug in 5 for x, and you get 25. 
. (1 

Example 2: Find 1233 X5. 

Here the answer is 27. 


There are some simple algebraic rules of limits that you should know. These 


x) f ua = (x) fy un] 


lim 


Example: lini 3x2 = 3 x>5 x2 = 75 


If lim f(x) = Lı and = g(x) E. heus pus D foo + g(x)] = Lı + 


+ = li + lim x? 
Example: > im| x" i 1 im x" mc - 150 


lim 


If x2 f(x) = М and lim g(x) р Ly, then lim 0) : 20)] = Li · 
2 


lim] (x? +1) Ух-1| lim (x^ +1)limvx—1 52 


Example: x55 = х5 


Example 3: Find lim (x2 + 5x). 
Plug in 0, and you get 0. 


So far, so good. All you do to find the limit of a simple polynomial is plug in 
the number that the variable is approaching and see what the answer is. 
Naturally, the process can get messier—especially if x approaches zero. 


Ї 


Example 4: Find »? хо. 


If you plug in some very small values for x, you'll see that this function 


approaches ee. And it doesn't matter whether x is positive or negative, you 


1 


still get œ. Look at the graph of y = x: 


On either side of x = 0 (the y-axis} approaches ee. 


1 i 
lim — 
Example 5: Find »? x. 


Here you have a problem. If you plug in some very small positive values for 


I 
lim — 
x (0.1, 0.01, 0.001, and so on), you approach ee. In other words, =>% x = ee. 
But, if you plug in some very small negative values for x (-0.1, —0.01, — 
"| 
lim — 
0.001, and so on), you approach —«ee. That 15, s>% x = —co. Because the 
right-hand limit is not equal to the left-hand limit, the limit does not exist. 


1 
Look at the graph of х. 


\ 


You can see that on the left side* 0; the curve approaches —«e, and оп 
the right side of x = 0, the curve approaches өө. There are some very 
important points that we need to emphasize from the last two examples. 


Why do we state the limit in Example 4 but not for Example 5? Because 
Ё 


when we have x” , the function is always positive no matter what the sign of 
x is and thus the function has the same limit from the left and the right. But 


k 


when we have x, the function’s sign depends on the sign of x, and you get a 
different limit from each side. 


Let’s look at a few examples in which the independent variable approaches 
infinity. 


I 
lim — 
Example 6: Find *>~ x. 


As x gets bigger and bigger, the value of the function gets smaller and 


1 
lim — 
smaller. Therefore, х>° x = 0. 


im 
Example 7: Find *>- x. 


It's the same situation as the one in Example 6; as x decreases (approaches 
negative infinity), the value of the function increases (approaches zero). We 
write the following: 


We don’t have the same problem here that we did when х approached zero 
because “positive zero” is the same thing as “negative zero,’ whereas 
positive infinity is different from negative infinity. 


(1) 
If the left-hand limit of a function is not equal to the 
right-hand limit of the function, then the limit does not 
exist. 


(2) 
A limit equal to infinity is not the same as a limit that 


does not exist, but sometimes you will see the 


expression “no limit,” which serves both purposes. If 


lim T Р Е 
xa f(x) = ee, the limit, technically, does not exist. 


im 
— co, and x9 x does not exist. 


. Rk C 
l Е lim E lim — 
If k is a positive constant, then x>% х = о, 90 x = 


Ium 
co, and =>? x^ = о, 


Here's another rule. 


Ё 


Їїт - 
x| > 1, and n > 0, then =>% x” = 0, 


If k and n are constants, 


3x+5 


im 

Example 8: Find °” 7x — 2. 

When you have variables in both the top and the bottom, you can't just plug 
ОО 


co into the expression. You'll get oc. We solve this by using the following 
technique: 


When an expression consists of a polynomial divided by another polynomial, 
divide each term of the numerator and the denominator by the highest power 
of x that appears in the expression. 


The highest power of x in this case is x!, so we divide every term in the 
expression (both top and bottom) by x, like so 


Now when we take the limit, the two terms containing x approach zero. 


3 
We're left with 7. 


8x! —4x +1 
| Jt - 
Example 9: Find >° 16x° + 7x —2. 


Divide each term by х2. You get 


T g z Z ox 


em л OS 2 onn 


: -3x'* —70x° 4 x^ 
lim 10 8 4 
Example 10: Find ^^^ 33x +200х -1000x . 


Divide each term by x!0. 


—3x'° — 70x? +x? =a ae 


lim eS lim 
хэ» 33x" +200x'-1000x" >= ,, 200 1000 CET 


Remember to focus your attention on the 


highest power of x. 


The other powers don’t matter because they’re all going to disappear. Now 
we have three new rules for evaluating the limit of a rational expression as x 
approaches infinity. 


(1) 
If the highest power of x in a rational expression is in 
the numerator, then the limit as x approaches infinity 
is infinity. 


5x! —3x 


= 
Example: *2*16x' — 3x 


(2) 
If the highest power of x in a rational expression is in 
the denominator, then the limit as x approaches 
infinity is zero. 


5x° — 3x 


im 5 250 
Example: х>° 16х —3x 


(3) 
If the highest power of x in a rational expression is the 
same in both the numerator and denominator, then the 


limit as x approaches infinity is the coefficient of the 
highest term in the numerator divided by the 


coefficient of the highest term in the denominator. 


5x/—3x _ 5 


im ————,- 
Example: *^?1l6x' – Зх” 16 


LIMITS OF TRIGONOMETRIC FUNCTIONS 


At some point during the exam, you'll have to find the limit of certain trig 
expressions, usually as x approaches either zero or infinity. There are four 
standard limits that you should memorize—with those, you can evaluate all 
of the trigonometric limits that appear on the test. As you’ll see throughout 
this book, calculus requires that you remember all of your trig from previous 
years. 


sinx 


im 
Rule No. 1: 29 x =1 (xis in radians, not degrees) 


This may seem strange, but if you look at the graphs of f(x) = sin x and f(x) = 
x, they have approximately the same slope near the origin (as x gets closer to 


zero). Because x and the sine of x are about the same as x approaches zero, 


, , , lim 
their quotient will be very close to one. Furthermore, because х-о cos x = 1 


. lim 
(review cosine values if you don’t get this!), we know that «5o tan x = 
sin x 


lim E) 
x0 cos x 
. cosx-]1l 
. . . lim . 
Now we will find a second rule. Let's evaluate the limit *~° x . First, 


multiply the top and bottom by cos x + 1|. We get 


j; Бичин 12 cos x-1 
im | ——— || ———— Зо... 
Зүс х cosx+1/. Now simplify the limit to "^ Х (соѕх +1), 


Next, we can use the trigonometric identity sin? x = 1 — cos2x and rewrite the 


| —sin? x 

im 

limit as “°xX (cos x +1) Now, break this into two limits: 
—sinx  sinx 


шаг (cos x 3 1). The first limit is —1 (see Rule No. 1) and the second 


is 0 (why?), so the limit is 0. 


cosx —1 


im 0 


Rule No. 2: х-э0 x 


sin 3x 


im 
Example 11: Find »^? х 


Use a simple trick: Multiply the top and bottom of the expression by 3. This 
lim 


gives us 720 3x  . Next, substitute a letter for 3x; for example, a. Now, 
we get the following: 


3sin3x 


re eee 
eses sete = etl 


Remember that the т sin Х = 0. 


sin5x 


im — 
Example 12: Find > sin 4х. 


Now we get a bit more sophisticated. First, divide both the numerator and the 
denominator by x, like so 


Next, multiply the top and bottom of the numerator by 5, and the top and 
bottom of the denominator by 4, which gives us 


5 


From the work we did in Example 11, we can see that this limit is 4. 


Guess what! You have two more rules! 


Rule No. 3: >20 х 


шах a 


im— 
Rule No. 4: 2? sinbx Ё 


2 
X 


Я im 2 
Example 13: Find =>? ] — cos“ x. 


Using trigonometric identities, you can replace (1 — cos2x) with sin2x. 


2 2 
lim ;- -lim—j = lim 5 Juni 
xo9]—cos x  »o9?sin x  »o9Vsinx siny 
Here are other examples for you to try, with answers right beneath them. 


Give ’em a try, and check your work. 


. x-—3 
lim 
PROBLEM 1. Find *^? x + 2. 


3-3 0 


im = 
Answer: If you plug in 3 for x, you get ^^? 3-2. 5 2 0. 


If plugging in the value of x results in the 
denominator equaling zero and you cannot 
factor the quotient anymore, then check the left- 


and right-hand limits to find the limit of the 
expression. 


PROBLEM 2. Find *>3 x — 3. 


. x-*2 
lim 


Answer: The left-hand limit is 23 x —3 2—ee., 


x+2 


lim 
The right-hand limit is *2?' x —3 = о. 
These two limits are not the same. Therefore, the limit does not exist. 
І x+2 
lim о 
PROBLEM 3. Find ^? (х= 3). 


| x+2 
im — 
1 2 
Answer: The left-hand limit is ^^ (х ES ) = o, 
x+2 


lim 5 
The гаанс ан шиль? (039) 5 =, 


These two limits are the same, so the limit is œ. 


“хо +6x4+8 
ШЕЕ 
PROBLEM 4. Find ^ х-44 


0 
Answer: If you plug —4 into the top and bottom, you get 0. You have to 
(x +2)(x + 4) 
factor the top into (x+2)(x+4) to get this: хэн (sone) 
(х+2)(х+4) 6 
Now it's time to cancel like terms: ^^ (x+4) = p (x + 2) = -2. 


15x? -1lx 
NE Cer 
PROBLEM 5. Find «> 22x^ + 4x. 


Answer: Divide each term by x?. 


‚ 4x 
.. lim 
PROBLEM 6. Find *? tan x. 


sinx 


Answer: Replace tan x with cos x, which changes the expression into 


sin x Р x А x 
lim lim 


Because 50 x = 1, the х0 sin x = 1 as well. Thus, because х0 sin x 


im . 
= 1, and х0 cos x = 1, the answer is 4. 
: 4535) -25 
.. lim ——— — —— 
PROBLEM 7. Find 4~° h 


Answer: First, expand and simplify the numerator. 


Note: Pay careful attention to this problem. It will 


be very important when you work on problems in 
Chapter 6. 


. (5*5y-25 .254108442-25 , 104+% 
lim = іт = lim : 
ГЕ р h0 h 00 12 


Next, factor л out of the numerator and the denominator. 


ТЗ ЛЕ еа oues. (10:00:10 


PRACTICE PROBLEM SET 1 


Try these 22 problems to test your skill with limits. The answers are in 
Chapter 19. 


1. 
lim (49 — 5x-11)= 
2 
x+3 
x35| X — 15 = 


lE 
8 
ЗУ 


4 
lige. 
| = 
10x un] 


lE 
ЕВ 
| 


x —8 
10x +25х+1)_ 


x+2 zx 
x! — 4x —12 


па 
Let Дх) = x+2,x>3 


l lim lim lim 
Find: (a) x3 f(x); (b) х-эз" f(x); and (c) хз f(x) 
13. 
НИ =), 3 
Let Дх) = x+1,x>3 


l lim lim lim 
Find: (a) x3 f(x); (b) х-эз" f(x); and (c) хз f(x) 
14. 
lim 
Find * `4 3 cosx. 
15. 
lim3 
Find *>0 cosx. 
16. 
lim3 


Find »^? sinx. 


X 


X 


17. 
tan 7x 


lim — 
Find *^? sin5x . 


18. 
Find lim sin x. 


19. 
1 


lim sin— 
Find x>% xX. 
20. 
sin? 7x 
, in 7 
Find »^? sin 11x. 
21. 
По (3+hY -9 
Find 7-20 h 


22. 


Chapter 4 
Continuity 


Every AP Exam has a few questions on continuity, so it’s important to 
understand the basic idea of what it means for a function to be continuous. 
The concept is very simple: if the graph of the function doesn’t have any 
breaks or holes in it within a certain interval, the function is continuous over 
that interval. 


Simple polynomials are continuous everywhere; it’s the other ones— 
trigonometric, rational, piecewise—that might have continuity problems. 
Most of the test questions concern these last types of functions. In order to 
learn how to test whether a function is continuous, you'll need some more 
mathematical terminology. 


THE DEFINITION OF CONTINUITY 


In order for a function f(x) to be continuous at a point x = c, it must fulfill ай 
three of the following conditions: 


Condition 1: f(c) exists. 


Condition 2: lim f(x) exists. 


Conditions! ео 


Let's look at a simple example of a continuous function. 
xtlx«2 


2x—-1,x22 


Example 1: Is the function f(x) = | continuous at the point x = 
2? 


Condition 1: Does f(2) exist? 
Yes. It's equal to 2(2) – 1 =3. 
Condition 2: Does lim f(x) exist? 


You need to look at the limit from both sides of 2. The left-hand limit is: m 
Кх) =2 + 1 = 3. The right-hand limit is: «5» f(x) = 2(2) - 1 =3. 


Because the two limits are the same, the limit exists. 


ЭР li 
Condition 3: Does 2 fix) =К2)? 
The two equal each other, so yes; the function is continuous at x = 2. 


A simple and important way to check whether a function is continuous is to 
sketch the function. If you can’t sketch the function without lifting your 
pencil from the paper at some point, then the function is not continuous. 


Now let’s look at some examples of functions that are not continuous. 


x+1x<2 


2x — l, x>2 


Example 2: Is the function f(x) = | continuous at x = 2? 


Condition 1: Does f(2) exist? 


Nope. The function of x is defined if x is greater than or less than 2, but not if 
x is equal to 2. Therefore, the function is not continuous at x = 2. Notice that 
we don't have to bother with the other two conditions. Once you find a 
problem, the function is automatically not continuous, and you can stop. 


xtlx«2 


2x+1,x22 


Example 3: Is the function f(x) = | continuous at x = 2? 


Condition 1: Does f(x) exist? 


Yes. It is equal to 22) + 1 = 5. 

Condition 2: Does lim f(x) exist? 
ЯГ 

The left-hand limit is: «52 f(x) =2 + 1 = 3. 


| 
The right-hand limit is: +>% f(x) = 2(2) + 1=5. 


The two limits don't match, so the limit doesn't exist and the function is not 
continuous at x = 2. 


xttl x«2 
x!,x22 
2х-1,х»2 


Example 4: Is the function f(x) = continuous at x = 2? 


Condition 1: Does f(2) exist? 


Yes. It's equal to 22 = 4. 


Condition 2: Does lim f(x) exist? 
. .. lim 
The left-hand limit is: хэ2 f(x) =2 + 1 2 3. 
; мэ! 
The right-hand limit is: х2* f(x) = 22) - 1 = 3. 
Because the two limits are the same, the limit exists. 
Condition a: Does od foo = 42)? 


lim 
The «22 I) = 3, but f(2) = 4. Because these aren't equal, the answer is “по” 
and the function is not continuous at x = 2. 


Гэ 0001 


Intermediate Learning 

The intermediate value theorem says that if a 
function is continuous on the interval [a,b], then 
for any value c in the interval (a,b), there exists 


a value f(c) between f(a) and f(b) incl e. In 
other words, if the function is contig 
some interval, then all of the роз es of f 


between the two end values g 
interval. 


TYPES OF DIBCONTIN 


There are four types 
essential, and removablé 


discontinuities Mu have to know: jump, point, 


A jump discontinuity occurs when the curve “breaks” at a 


particular place and starts somewhere else. In other words, 
lim 


Ў 
e fü) # хэс fa). 


An example of jump discontinuity looks like this. 


A point discontinuity oo hen the curve has a “hole” in 
it from a missing" poi e function has a value at 


; ; li 
that point that 15 “ов е curve,” In other words, d fx) + 
f(a). 


И 
Here's what a point discontinuity looks like. 


An essential discontinuity occurs when the curve has a 


vertical asymptoté. 


This is an example of an essential discontinuity. 


Or 


Y 
Y 
> 


А removable discontinuity occurs when you have a rational 
expression with common factors in the numerator and 


denominator. Because these factors can be canceled, the 
discontinuity is “removable.” 


Here’s an example of a removable discontinuity. 


Now that you know what these four types of discontinuities look like, let's 
see what types of functions are not everywhere continuous. 


Example 5: Consider the following function: 


| оо 2 

2 

qos ЭХ 

The left-hand limit is 5 ав x approaches 2, and the right-hand limit is 4 as x 
approaches 2. Because the curve has different values on each side of 2, the 
curve is discontinuous at x = 2. We say that the curve “jumps” at x = 2 from 


the left-hand curve to the right-hand curve because the left and right-hand 
limits differ. It looks like the following: 


This curve looks very similar to a point discontinuity, but 
notice that with a removable discontinuity, f(x) is not defined 


at the point, whereas with a point discontinuity, f(x) is 
defined there. 


This is an example of a jump discontinuity. 


Example 6: Consider the following function: 


Ж RAL 
тор саас 


lim T 
Because х-э2 f(x)  f(2), the function is discontinuous at x = 2. The curve is 
continuous everywhere except at the point х = 2. It looks like the following: 


This is an example of a point discontinuity. 


D 


Example 7: Consider the following function: f(x) = x — 2. 


The function is discontinuous because it’s possible for the denominator to 
equal zero (at x = 2). This means that f(2) doesn’t exist, and the function has 


тэн | li 
an asymptote at x = 2. In addition, эс: f(x) = –• and шэг f(x) = ә. 


The graph looks like the following: 


This is an example of an essential мэт 
Example 8: Consider the 2222 


x^ —8x-Ei5 
Дх) = х - 6x45 


If you factor the top and bottom, you can see where the discontinuities are. 


х? max а САБР) 
fx) = х-6х+5 (х-1їх-5) 
The function has a zero in the denominator when x = 1 or x = 5, so the 


function is discontinuous at those two points. But you can cancel the term (x 
— 5) from both the numerator and the denominator, leaving you with 


co 
К) = х-1 


Now the reduced function is continuous at х = 5. Thus, the original function 
has a removable discontinuity at x = 5. Furthermore, if you now plug x = 5 
into the reduced function, you get 


21 
45) -4-2 
1 


The discontinuity is at x = 5, and there’s a hole at | | >) In other words, i 


the original function were continuous at x — 5, it would have the value 2. 


| - lim 
Notice that this is the same as x5 f(x). 


These are the types of discontinuities that you can expect to encounter on the 


АР Exam. Here are some sample problems and their solutions. Cover the 
answers as you work, then check your results. 


2x! -L x«2 


6x—-3, x22 


PROBLEM 1. Is the function f(x) = | continuous at x = 2? 


Answer: Test the conditions necessary for continuity. 
Condition 1: f(2) = 9, so we’re okay so far. 
io lim lim m А 
Condition 2: The «>z f(x) = 15 and the „>> f(x) = 9. These two limits don't 
im ane НЭР 
agree, so the х-э2 f(x) doesn’t exist and the function is not continuous at x = 2. 


х +3х+5, х<1 


6x+3, x21 


PROBLEM 2. Is the function f(x) = | continuous at x = 1? 


Answer: Condition 1: КТ) = 9. 
T li li 
Condition 2: The гэг f(x) = 9 and the гэг f(x) = 9. 
lim | 
Therefore, the х1 f(x) exists and is equal to 9. 
Condition doe E 10510) 
The function satisfies all three conditions, so it is continuous at x = 1. 


ax t5,x <4 


2 
PROBLEM 3. For what value of a is the function f(x) = | -x,x24 


continuous at x = 4? 


Answer: Because f(4) = 12, the function passes the first condition. 
T . lim lim 
For Condition 2 to be satisfied, the ‚>< f(x) = 4a + 5 must equal the х-4 f(x) 


= 12. So set 4a + 5 = 12. If a = 4, the limit will exist at = 4 apd the other 


two conditions will also be fulfilled. Therefore, the value a = 4 makes the 
function continuous at x = 4. 


2х? -7х-15 
PROBLEM 4. Where does the function fx = х’-х-20 have: (а) ап 
essential discontinuity; and (b) a removable discontinuity? 


Answer: If you factor the top and bottom of this fraction, you get 


2x! -7х-15 E (2x + 3)(x —5) 
fix) = x!—x—20 (x + Á)(x —5) 


Thus, the function has an essential discontinuity at x 2 —4. If we then cancel 


the term (x — 5), and substitute x = 5 into the reduced expression, we get f(5) 


: a 
= 9. Therefore, the function has a removable discontinuity at e 


Note: Don't confuse coordinate parentheses 
with interval notation. In interval notation, square 


brackets include endpoints and parentheses do 
not. For example, the interval 2 < x € 4 is written 
[2, 4] and the interval 2 « x « 4 is written (2, 4). 


PRACTICE PROBLEM SET 2 


Now try these problems. The answers are in Chapter 19. 


xt7,x«2 
9, x 2 


Is the function f(x) = (?* *  * > 2 continuous at x = 2? 


2: 
4х? – 2х, x <3 
10x-1, х= 3 
Is the function f(x) = 30, x23 continuous at x = 3? 
3. 


Is the function f (x)= sec x continuous everywhere? 


4. 


Л 
Is the function f (x) = sec x continuous on the interval | 2 2 | ? 


9. 


Is the function f (x) = sec x continuous on the interval 272 | ? 


6. 
3x? -11x - Á, x € 4 


2 
For what value(s) of k is the function f (x) = le -2х-1,х»4 


continuous at x = 4? 


y^ 
At what point is the removable discontinuity for the function f(x) = 
x^ * 5x — 24 


x —x—6 9 


eo the graph of f(x) above, find 
- (a) 
x ДХ) 
ie (b) 
e f(x) 
м (с) 
хэз f(x) 
" (d) 
x3" ДХ) 


(е) 
KG) 


(f) 


Any discontinuities 


Chapter 5 
The Definition of the Derivative 


The main tool that you'll use in differential calculus is called the derivative. 
All of the problems that you'll encounter in differential calculus make use of 
the derivative, so your goal should be to become an expert at finding, or 
"taking," derivatives by the end of Chapter 6. However, before you learn a 
simple way to take a derivative, your teacher will probably make you learn 
how derivatives are calculated by teaching you something called the 
“Definition of the Derivative.” 


DERIVING THE FORMULA 


The best way to understand the definition of the derivative is to start by 
looking at the simplest continuous function: a line. As you should recall, you 
can determine the slope of a line by taking two points on that line and 
plugging them into the slope formula. 


D ьш „С IX slope. 
роди s. th 22). First, 


For exam 
you Peg y-coordinates С 7) = 15. Next, subtract the 
— - ordinates (| (8 — 3) = 57 Finally, divide the first number by 


the second: : = 3. The result is the slope of the line: m = 3. 


Notice that you can use the coordinates in 


reverse order and still get the same result. It 
doesn't matter in which order you do the 
subtraction as long as you're consistent. 


Let’s look at the graph of that line. The slope measures the steepness of the 
line, which looks like the following: 


You probably remember your teachers referring to the slope as the “rise” 
over the “run.” The rise is the difference between the y-coordinates, and the 
run is the difference between the x-coordinates. The slope is the ratio of the 
two. 


Now for a few changes in notation. Instead of calling the x-coordinates x, 
and x2 , we're going to call them x, and x; + h, where Л is the difference 
between the two x-coordinates. Second, instead of using y; and y2 , we use 
f(x) and f(x; + А). So now the graph looks like the following: 


Occassionally, instead of h, some books use Ax. 


The picture is exactly the same "only the notation has changed. 


The Slope of a Curve m 

Suppose that instead of finding the slope of a line, we wanted to find the 
slope of a curve. Here, the slope forniula no longer works because the 
distance from one point to the other is along a curve, not a straight line. But 
we could find the approximate slope if we took the slope of the line between 
the two points. This is called the secant line. 


Fey 0 
secant line is 


шинэ - (ety 


Remember this formula! Vi is called the Difference 


TT (x) 4 – (d са х) J 


While at first the Difference Quotient may seem 
like another formula to memorize, keep in mind 


that it’s just another way of writing the slope 
formula. 


The Secant and the Tangent 
As you can see, the farther apart the two points are, the less the slope of the 
line corresponds to the slope of the curve. 


Conversely, the closer the 7 puo points are, the more accurate the 
approximation is. | Y 


+ (4 +'ху 


In fact, there is опе line, called the tangent line, that touches the curve at 
exactly one point. The slope of the tangent line is equal to the slope of the 
curve at exactly this point. The objéct of usin the above formula, therefore, 


is to shrink h down to an infinitesimally «тай amount. If we could do that, 
then the difference between (x; + л) and x1 would be a point. 


Keep in mind that there are infinitely many 


tangents for any curve because there are 
infinitely many points on the curve. 


Graphically, it looks like the following: 


? ing the limits we discussed in 
Chapter 3. We set up a limit during^which h approaches zero, like the 
following: |. . .  — » ут — (у 


(и) 


This is the definition of the derivative, and we сай it f'(x). 


Notice that the equation is just a slightly modified version of the difference 
quotient, with different notation. The only difference is that we’re finding the 
slope between two points that are infinitesimally close to each other. 


Example 1: Find the slope of the curve f(x) = x? at the point (2, 4). 


This means that x; = 2 and f(2) = 2? = 4. If we can figure out f(x; + h), then 
we can find the slope. Well, how did we find the value of f(x)? We plugged x, 
into the equation f(x) = x2. To find f(x; + h) we plug x, Л into the equation, 
which now looks like this 


fx + А) = (2+1)? =4+4й + k 


Now plug this into the slope formula. 


m 2E. 2 
Ц. энэ), И 


00 р 8-0 12 40 h 


Next simplify by factoring h out of the top. 


Taking the limit as Л approaches 0, we get 4. Therefore, the slope of the 
curve y = х2 at the point (2, 4) is 4. Now we've found the slope of a curve at 
a certain point, and the notation looks like this: /(2) » 4. Remember this 
notation! 


Example 2: Find the derivative of the equation in Example 1 at the point (5, 
25). This means that xı = 5 and f(x) = 25. This time, 


(xy + А)2 = (5 + A} = 25 + 10h + h? 


Now plug this into the formula for the derivative. 


= pee 2 
lim 1! +h) fo) 1,2105 +7 25 zug иг 


50 h 50 h 50 р 


Once again, simplify by factoring h out of the top. 


Taking the limit as h goes to 0, you get 10. Therefore, the slope of the curve 
y = x? at the point (5, 25) is 10, or: /(5) = 10. 


Using this pattern, let’s forget about the arithmetic for a second and derive a 
formula. 


Example 3: Find the slope of the equation f(x) = х2 at the point (x1, x12). 


Follow the steps in the last two problems, but instead of using a number, use 


xı. This means that xı) = x2; and (x1 + A)? = x, + 2xih + А2. Then the 
derivative is 


Factor h out of the top. 


05-4 
и 


4 
(4450) 7 
Now take the limit as Л goes to 0: you get 2х1. Therefore, f'(x1) = 2x1. 


(ЧО = 


This example gives us a general formula for the derivative of this curve. Now 
we can pick any point, plug it into the formula, and determine the slope at 


that point. For example, the derivative at the point x = 7 is 14. At the point x 
2 14 


= 3, the derivativeis 3. 


DIFFERENTIABILITY 


One of the important requirements for the differentiability of a function is 
that the function be continuous. But, even if a function is continuous at a 
point, the function is not necessarily differentiable there. Check out the graph 
below. 


If a function has a “sharp corner,” you ¢an draw more than one tangent line 
at that point, and because the slopes'of these tangent lines are not equal, the 
function is not differentiable there. 


yoy 


Another possible problem occurs when the tangent line is vertical (which can 


also occur at a cusp) because a vertical line has an infinite slope. For 


1 


example, if the derivative of a function is x 1, it doesn't have a derivative 
atx=-l. 


Try these problems on your own, then check your work against the answers 
immediately beneath each problem. 


PROBLEM 1. Find the derivative of f(x) = 3x? at (4, 48). 


Answer: 4 + h) = 3(4 + h} = 48 + 24h + 312. Use the definition of the 
derivative. 


4 0—4 
— udi] = 
89 — € +09 +87 = 


Simplify. 


oey 4 ong 
= (q€ + ро) = ———_ uy 
yc- qe yc)un Aer qe Ч 


The slope of the curve at the point (4, 48) is 24. 
PROBLEM 2. Find the derivative of f(x) = 3x2. 


Answer: f(x + h) = 3(x + hp = 3х2 + 6xh + 3h2. Use the definition of the 
derivative. 


Simplify. 


The derivative is 6x. 
PROBLEM 3. Find the derivative of f(x) = х3. 


Answer: f(x + h) = (x + hp = x3 + 32h + 3xh2 + АЗ. First, use the definition 
of the derivative. 


And simplify. 


. 8x b xl +h 
line -—— - 


lim n lim (3x° *3xb P )2 3x7 


The derivative is 3x2. 


This next one will test your algebraic skills. Don't say we didn't warn you! 


PROBLEM 4. Find the derivative of f(x) 5 Ух : 


Answer: f(x + h) = Nx +h. 


Use the definition of the derivative. 


uj = (х), f 


XN— 
Notice that this one Хөшиг as the other problems did. 


In order to simplify this expression, we have to multiply both the top and the 
bottom of the expression by Ух + LES Ух (the conjugate of the numerator). 


f(x) = lim E esha уел ыг ium xthb-x 


-— | h 
bo ар) Невы] Невы) 
Simplify. 


х. Gp eren) - 


1 АЕ UT 
ER ] 
The derivative is Ix : 


PRACTICE PROBLEM SET 3 


Now find the derivative of the following expressions. The answers are in 
Chapter 19. 


1. 
fix) = 5x atx =3 


2. 
fx) = 4x at x = -8 


3. 
f(x) = 5x2 at x = -1 


4. 
f(x) = 8x2 


5, 
fx) = -10x2 


6. 
f(x) = 20x2 atx =a 


d 
f(x) = 2x3 at x = -3 


8. 
fx) = -3 


9, 
fx) = x 
10. 
f(x) =2V%X atx=9 


11. 
fo) = 5V2x atx = 8 
12. 
2 
fx) = чп x atx = 3 


13. 
То) = х2 +x 


14. 
fx) -х3-3х-42 


15, 
1 


f(x) х 


16. 
f(x) = ax? + bx + c 


Chapter 6 
Differentiability 


In calculus, you'll be asked to do two things: differentiate and integrate. In 
this section, you’re going to learn differentiation. Integration will come later, 
in the second half of this book. Before we go about the business of learning 
how to take derivatives, however, here’s a brief note about notation. Read 
this! 


NOTATION 


There are several different notations for derivatives in calculus. We’ll use 
two different types interchangeably throughout this book, so get used to them 
now. 


We'll refer to functions three different ways: f(x), u or v, and y. For example, 
we might write: f(x) = x3, g(x) = x^, h(x) = x^. We'll also use notation like: и 
= sin x and v = cos x. Or we might use: y = Ух . Usually, we pick the notation 
that causes the least confusion. 


The derivatives of the functions will use notation that depends on the 
function, as shown in the following table: 


In addition, if we refer to a derivative of a function in general (for example, 
ax? + bx + c), we might enclose the expression in parentheses and use either 
of the following notations: 


d 


(ax2 + bx + с)’, or dx(ax2 + bx + c) 


Sometimes math books refer to a derivative using either D, ог fy We're not 
going to use either of them. 


THE POWER RULE 


In the last chapter, you learned how to find a derivative using the definition 
of the derivative, a process that is very time-consuming and sometimes 
involves a lot of complex algebra. Fortunately, there’s a shortcut to taking 
derivatives, so you’ll never have to use the definition again—except when 
it’s a question on an exam! 


The basic technique for taking a derivative is called the Power Rule. 


dy 


Rule No. 1: If y = x”, then dx = nxn-1 


That’s it. Wasn’t that simple? Of course, this and all of the following rules 
can be derived easily from the definition of the derivative. Look at these next 
few examples of the Power Rule in action. 


dy 
Example 1: If y = х5, then dx = x4. 
dy 
Example 2: If y = x29, then dx = 20x19. 
Example 3: If f(x) = x5, then f(x) =-5х5. 


с A Ва 
Example 4: If и = x2, then dx = 2x 2. 
dy 
Example 5: If y = x!, then dx = 1х0 = 1. (Because x? is 1!) 
dy 


Example 6: If y = х0, then dx = 0. 


Notice that when the power of the function is 
negative, the power of the derivative is more 
negative. 


When the power is a fraction, you should be 


careful to get the subtraction right (you'll see the 
1 j 


comfortable with subtracting 1 from them). 


When the power is 1, the derivative is just a 


constant. When the power is 0, the derivative is 
0. 


This leads to the next three rules. 


dy 
Rule No. 2: If y = х, then dx = 1 
dy 
Rule No. 3: If y = kx, then dx = k (where k is a constant) 
dy 


Rule No. 4: If y =k, then dx = 0 (where k is a constant) 


Note: For future reference, a, b, c, n, and k always stand for constants. 
dy 

Example 7: If y = 8x4, then dx = 3223. 

Example 8: If y = 5x100, then у’ = 500x99. 


dy 
Example 9: If y = 23x52, then dx = 15x. 
1 a Е. 
Example 10: If f(x) = 7x2, then f(x) = 2x 2. 
dy 
Example 11: If y = xv15, then dx = 4/15. 
ау 


Example 12: If y = 12, then dx = 0. 


If you have any questions about any of these 12 examples (especially the last 
two), review the rules. Now for one last rule. 


THE ADDITION RULE 


If y = ах" + bx", where a and b are constants, then 


2) 


Ах = a(nxn-!) + Б(тхт!) 


This handy rule works for subtraction too. 


dy 
Example 13: If y = 3x4 + 8x10, then dx = 12x3 + 8035. 
‚ & 23 
Example 14: If y = 7x4 + 5х 2, then dx = -28x5 -2 x 2. 
dy 
Example 15: If у = 5x4(2 — x3), then dx = 40x3 — 35x6. 
Example 16: If y = (3x2  5)(x – 1), then 
dy 
уа sy. ан = Oe bens 
dy 


Example 17: If y = ax? + bx? + cx + d, then dx = Зал? + 2bx + c. 


After you've worked through all 17 of these examples, you should be able to 
take the derivative of any polynomial with ease. 


As you may have noticed from the examples above, in calculus, you are 
often asked to convert from fractions and radicals to negative powers and 
fractional powers. In addition, don't freak out if your answer doesn't match 
any of the answer choices. Because answers to problems are often presented 
in simplified form, your answer may not be simplified enough. 


There are two basic expressions that you'll often be asked to differentiate. 
You can make your life easier by memorizing the following derivatives: 


р dy F 


Шу = x, then dx = - х? 


а [ERN 
If y =kvx, then dx = 2V x 


This first formula is also known as the 
"Reciprocal Rule." 


HIGHER ORDER DERIVATIVES 


This may sound like a big deal, but it isn't. This term refers only to taking the 
derivative of a function more than once. You don't have to stop at the first 
derivative of a function; you can keep taking derivatives. The derivative of a 
first derivative is called the second derivative. The derivative of the second 
derivative is called the third derivative, and so on. 


Generally, you'll have to take only first and second derivatives. 


Notice how we simplified the derivatives in the 
latter example? You should be able to do this 


mentally. 


Function First Derivative Second Derivative 


x бх? 30x* 
5 


8 fx dx E» 


Here are some sample problems involving the rules we discussed above. As 
you Work, cover the answers with an index card, and then check your work 
after you're done. By the time you finish them, you should know the rules by 
heart. 


2 x 2 
PROBLEM 1. If y = 50x5 + x — 7x 3, then dx = 


dy eJ 5) à 2 9 x 

Answer: dx = 50(5x4)+\ x^ /- 70 3/хз-250х4-х + 3x3 
dy 
PROBLEM 2. If y = 9x4 + 6x2 — 7x + 11, then dx 


dy 
Answer: dx = 9(4x3) + 62x) - 7(1) + 0 = 36x3 + 12х-7 
з 235 а 
PROBLEM 3. If f(x) = 6x2 — 12Vx — Vx + 24х 2, then f(x) = 


CIEN O 

=X —= == == > 
Answer: f(x) = 6 2 ао SaL + 246 2 о -Na dx 
"2-36х 2 

How’d you do? Did you notice the changes in notation? How about the 
fractional powers, radical signs, and x’s in denominators? You should be able 
to switch back and forth between notations, between fractional powers and 


radical signs, and between negative powers in a numerator and positive 
powers in a denominator. 


PRACTICE PROBLEM SET 4 


Find the derivative of each expression and simplify. The answers are in 
Chapter 19. 


1. 
(4x2 + 1) 


2: 
(x5 + 3x)? 


3 


11x? 


4. 
18x? + 12x * 11 


Э. 
1 


20х02 + 17) 


6. 
1 


-3(x9 + 2x3 — 9) 
7. 


л 


8. 
8x8 + 12V x 


9, 
бх-7- AN x 
10. 
1 


8 
х5 + х 


11. 
(6x2 + 3)(12х — 4) 


12. 
(3 —x - 2x3)(6 + x^) 


13. 
el0 + 73-7 


17. 
(x + 1)3 


18. 
М A + x? 


19. 
x(2x + T)(x - 2) 


20. 


Vx (Ux + Vx) 


THE PRODUCT RULE 


Now that you know how to find derivatives of simple polynomials, it’s time 
to get more complicated. What if you had to find the derivative of this? 


f(x) = (х3 + 5x? — Ax + ПО? — 7x* + x) 


You could multiply out the expression and take the derivative of each term, 
like 


f(x) = x8 — 2х7 — 39х6 + 29x5 — 6x4 + 5х3 – 4x2 + x 
And the derivative is 
f (x) = 8x7 – 14x6 – 23405 + 145x4 – 24x3 + 15x2 — 8x + 1 


Needless to say, this process is messy. Naturally, there’s an easier way. 
When a function involves two terms multiplied by each other, we use the 
Product Rule. 


dv du 
The Product Rule: If f(x) = uv, then f (x) = udx + vdx 


With the Product Rule, the order of these two 
operations doesn't matter. It does matter with 
other rules, though, so it helps to use the same 
order each time. 


To find the derivative of two things multiplied by each other, you multiply 
the first function by the derivative of the second, and add that to the second 
function multiplied by the derivative of the first. 


Let's use the Product Rule to find the derivative of our example. 
ТОО) = (х3 + 532 — Ax + 1)(5x* — 28x3 + 1) + (x5 — 7x4 + x)(332 + 10x — 4) 


If we were to simplify this, we'd get the same answer as before. But here's 


the best part: We’re not going to simplify it. One of the great things about the 
AP Exam is that when it’s difficult to simplify an expression, you almost 
never have to. Nonetheless, you'll often need to simplify expressions when 
you're taking second derivatives, or when you use the derivative in some 
other equation. Practice simplifying whenever possible. 


Example 1: f(x) = (9x? + Ax)? — 5x2) 


f (x) = (9x? + 4х)(3х2 — 10x) + (х3 — 5x2)(18x + 4) 


Example 2: y = Wx + 4a! x (x5 + 11x8) 
(tm 
y = (x + Ayo — 887) G5 — 118) 20 ax? 
Lo Ley tad 1 
(=+5-)(4-4+5) 
Example 3: у= ‘х х x /Ax x x 
155721 1 ЙГ 2 тет 1 II 
тэс ee 2707-0207 020 
y=\* х x x x x AU x x x X 


THE QUOTIENT RULE 


What happens when you have to take the derivative of a function that is the 
quotient of two other functions? You guessed it: Use the Quotient Rule. 


u 


The Quotient Rule: If f(x) = v, then f (x) = 


In this rule, as opposed to the Product Rule, the order in which you take the 
derivatives is very important, because yov’re subtracting instead of adding. 
It’s always the bottom function times the derivative of the top minus the top 
function times the derivative of the bottom. Then divide the whole thing by 
the bottom function squared. A good way to remember this is to say the 
following: 


You could also write 


For the Quotient Rule, remember that order 
matters! 


u 1 


f(x) = 0 as f(x) = uv 


Then you could derive the Quotient Rule using the Product Rule. 


Here are some more examples. 
(x° = 3x" ) 


Example 4: f(x) = (х^ +7х) 


(x? + 7x)(5x* -12:7)-(У -3x*)Qx +7) 


“(x)= 2 
f (x? +7х) 


вх) 
Example 5: y = (x^ +x") 


LM (x? tx J(-3x* -8x? ) x (x> -x? J2x? - 6х”) 


ах (х? Lx y 


We're not going to simplify these, although the Quotient Rule often produces 
expressions that simplify more readily than those involving the Product Rule. 
Sometimes it's helpful to simplify, but avoid it otherwise. When you have to 
find a second derivative, however, you do have to simplify the quotient. If 
this 18 the case, the AP Exam usually will give you a simple expression to 
deal with, such as in the example below. 


a dq 
Example 6: y = 5x — 3 


dy (5x-3)(8)-(8x*5)6) (15х-9)-(15х-25) _ -34 


dx (5х-3) (23-30 (28-21 
Фу 


In order to take the derivative of dx, you have to use the Chain Rule. 


THE CHAIN RULE 


The most important rule in this chapter (and sometimes the most difficult 
one) is called the Chain Rule. It’s used when you’re given composite 
functions—that is, a function inside of another function. You’ll always see 
one of these on the AP Exam, so it’s important to know the Chain Rule cold. 


A composite function is usually written as: f(g(x)). 


1 1 
For example: If f(x) = E and g(x) = Ух, then f(g(x)) = „Зх | 


9 
We could also find g(f(x)) = (> 


When finding the derivative of a composite function, we take the derivative 
of the “outside” function, with the inside function g considered as the 
variable, leaving the “inside” function alone. Then, we multiply this by the 
derivative of the “inside” function, with respect to its variable x. 


Here is another way to write the Chain Rule. 


ae 
ах ) 


The Chain Rule: If y = f(g(x)), then у = | dg 


This rule is tricky, so here are several examples. The last couple incorporate 
the Product Rule and the Quotient Rule. 


dy 
Example 7: If y = (5x3 + 3x)5, then dx = 5(5x3 + 3x)4(15x2 + 3). 
We just dealt with the derivative of something to the fifth power, like this: 
dy 
y =(g)5, so 4 = 5(2)4, where g = 5x3 + 3x 
Then we multiplied by the derivative of g: (15x2 + 3). 


Always do it this way. The process has several successive steps, like peeling 


away the layers of an onion until you reach the center. 
dy 1 | 
Example 8: If y = Vx’ — 4x , then dx = 203 — 4х) 2(3x2-4) 


Again, we took the derivative of the outside function, leaving the inside 
alone. Then we multiplied by the derivative of the inside. 


(X - 8x? yox t 6x) 
Example 9: If y = . , then 
ша 


2:25 ЇЇЗ — 8x? yox t DIE Ge —8x° )(2х + 6) + (x^ + 6x) (5s -24x* )] 


Messy, isn't it? That's because we used the Chain Rule and the Product Rule. 
Now for one with the Chain Rule and the Quotient Rule. 


| 2x48 | 
Example 10: If y = х -10x / then 


2-4 2х+8 [Ec em 


dx x^ - 10x (x -10х) 


dy 1 
MM 2 1 
Example 11: If y = V5x^ +, then dx = 2(5x3 + x) 2(15x2 + 1). 


Now we use the Product Rule and the Chain Rule to find the second 
derivative. 


y ln: 2 ligas cs 
p dari) +x) : (30x) + (15x ZEE +x) (15x н) 
You can also simplify this further, if necessary. 


There’s another representation of the Chain Rule that you need to learn. 


dy _ dy dv 


If y = y(v) and v = у(х), then dx du de 


Example 12: If y = 82 — бу and у = 5x3 — 11x, then 


dy 
dx =(16v = 6)(15x2 — 11) 


Then substitute for v. 


As you can see, these grow quite complex, so 
we simplify these only as a last resort. If you 


must simplify, the AP Exam will have only a very 
simple Chain Rule problem. 


dy 
dx = (16(5x3 – 11x)—6)(15x2 — 11) = (80x3 — 176x – 6)(15х2 — 11) 


Here are some solved problems. Cover the answers first, then check your 
work. 


dy 
PROBLEM 1. Find dx if y = (5x4 3x?)(x10 — 8x). 
dy 
Answer: dx = (5x4 + 3x7)(10x9 — 8) + (x10 — 8x)(20x3 + 2156) 
dy 
PROBLEM 2. Find dx if y = (x3 + 3x2 + 3x + DG2 + 2x + 1). 
dy 


Answer: dx = (x3 + 332 + 3x + 1)(2x +2) + (x2 + 2x + D)(3x2 + 6x + 3) 


t, (E 


PROBLEM 3. Find dx if y = 
ее 
Answer: dx = 3 X J4 x Д24х х 
Tm 
PROBLEM 4. Find dx if у= (3 + 1) Nae м] 


dy (24543) [s += 
Answer: dx = (x3 + 1) x (322) 


dy 2х-4 
PROBLEM 5. Find dx if y= x^ — 6. 


(x -6)2)-(Qx-4)Qx) -2х2-8х-12 


2 (x? Е 6) - [o - 6) 


Answer: dx = 
dy х +1 

PROBLEM 6. Find dx if y 2 х +x +4. 

(x? +x +4)(2x)—(x* +1)(2x +1) x +6x-1 


d 
- (x? +x+4) 


Answer: dx = we ge a 4) = 


dy ХЭ 
PROBLEM 7. Find dx if y= x – 5. 


dy (x-5)0)-(x*5)0) — -10 


Answer: dx = (x zi 5) M 5) 
dy 
PROBLEM 8. Find dx if y = (x4 + x). 
dy 


Answer: dx = 2(x4 + x)(4x3 + 1) 


dy =) 
PROBLEM 9. Find dx if y=\x-3/. 


dy E (553 
--18 


шээх 2 4 
Answer: dx = 34577 (x -3) (2) 
dy 
PROBLEM 10. Find dx at x = 1 if y = [GO + x)(x* — х2)]2. 


dy 
Answer: dx = 2[(x3 + x)(x4 — x2)][(x3 + x)(4x3 — 2x) + (x4 – x2)(3x2 + 1)] 


Once again, plug in right away. Never simplify until after you’ ve substituted. 


dy 
Atx=1, dx =0. 


PRACTICE PROBLEM SET 5 


Simplify when possible. The answers are in Chapter 19. 


| — 3x? | 
Find f(x) if fo) = 5x +1 


3: 

Find f (x) if f(x) = (2 — Ax + 3)(x + 1). 
3. 

Find f(x) if f(x) = 8 (x* – 4x" ) 


4. 


3 
X 
Find f(x) if fx) = E * 3 
5. 


: ERI 
Find f (x) if f(x) = VV Ox t 27, 


Go GEJ 
Find f% if fœ) = х 22) 


7. 
4 

Eon 
Find f (x) if f(x) = Ё 2 


8. 
Find f (x) if f(x) = (x2 -4-х)100, 


9. 


x^ +1 
Find f(x) if Ax) = V x? -1. 


10. 


илэх. 
х 


+4)(х-8) 
Find Р(х) at x 2 2 if f(x) = (x * 6)(x — 6). 
11. 
x* 4x? +6 
Find f(x) at x = 1 if fx) = (СЕА, 
12. 


х^ —3 


Find fŒ if f(x) = (*- 3), 


13. 
Find f(x) at x = 1 if f(x) = (x4 — x2)(2x3 + х). 


14. 
x^ +2x 
Find f(x) at x =2 if fx) = x^ — x^. 
15. 


Find Р(х) if fx) - N x^ +x’, 


16. 
dy Ї 
Find dx if y = u2 — 1 andu = x-1. 
17. 
dy t +2 
Find dx at x= 1 if y = t° —2 and t = 23. 
18. 
4 
Find dt if y = (х6 — 6x5)(5x2 + x) and x = Vt. 
19. 
ау 1+ и 


Find dx atx 2 1 іѓу= 1+ и” andu 232 - 1. 
20. 


du x 
Find dv if u = уз, y = x + 8, and x = v2. 


DERIVATIVES OF TRIG FUNCTIONS 


There are a lot of trigonometry problems in calculus and on the AP Calculus 
Exam. If you’re not sure of your trig, you should definitely go to the 
Appendix and review the unit on Prerequisite Math. You’ll need to 
remember your trig formulas, the values of the special angles, and the trig 
ratios, among other stuff. 


PO 


These formulas can also be found Online in your 
student tools. 


In addition, angles are alwa ians. You can forget all about 


using degrees. 


You should know the deriv ctions. The good news is 
that the derivatives are prett e to do is memorize them. 
Because the AP Exam might a is, though, let’s use the 


definition of the derivative to ve of sin x. 
If f(x) = sin x, (x +h). 


Substitute this into the definition of the derivative: 


Remember that sin(x + Л) = sin x cos h + cos x sinh. Now simplify it. 


Next, rewrite this as 


. sin х(соѕ/ — 1) - cosxsinh .. sin x (cosh -1) . cosxsinh 
lim — —— — lim ——— ——— t lim ————— 
50 р 50 h 1—0 р 
Next, use some of the trigonometric limits that you memorized back in 
Chapter 3. Specifically, 


This gives you 


SOE (ов Ре ва 
р—>0 р 50 


d 


dxsin x 2 cos x 


Л 
Example 1: Find the derivative of sin | 2 ‘| 
Eat) уна) 


Use some of the rules of trigonometry you remember from last year. Because 


л п 
sin Z- x)= cosx and cos х мах, 
2 DE 


you can substitute into the above expression and get 


d 


dxcos x 2 — sinx 


Now, let's derive the derivatives of the other four trigonometric functions. 


sinx 


Example 2: Find the derivative of cos x. 


Use the Quotient Rule. 


d sinx (соѕх)(соѕх)– (ѕіпх)(–ѕіпх) cos? x+ sin? x 1 3 
хална De шахна А ЫЙ “мг 2. еа ae piace =sec x 
dx cosx (cos x) cos’ x cos’ x 

sin x 


Because cos x = tan x, you should get 


d 


dx tan x = sec? х 


COS X 
Example 3: Find the derivative of sin x. 


Use the Quotient Rule. 
a cosx _ (sin x)(-sinx)— (cos x)(cos x) 2 = (со x sin x) SN 1 ЕР 
ах sinx (ѕіп х) sin? x sin x 
COS X d 


Because sin x = cot x, you get: dx cot x = — csc? x. 


Ї 


Example 4: Find the derivative of cos x. 


Use the Reciprocal Rule. 
d 1 -1 | sin x 1 sinx 
= 5 (-sinx) = = = sec x tan x 
dx cosx (cos x) COS х  COSX COSX 
1 


Because cos x = sec х, you get 


d 


dxsec x = sec x tan x 


1 
Example 5: Find the derivative of sin x. 
You get the idea by now. 
d 1 -1 —cosx -1 cosx 
== = т(с08х)- 2 = =—cscxcotx 
dx sinx (sinx) sin x  sinx sinx 
1 


Because sin x = csc x, you get 


d 


dx cscx = — csc x cot x 


There you go. We have now found the derivatives of all six of the 
trigonometric functions. (A chart of them appears at the end of the book.) 
Now memorize them. You'll thank us later. 


Let’s do some more examples. 


Example 6: Find the derivative of sin(5x). 
d 
dx sin(5x) 2 cos(5x)(5) 2 5cos(5x) 
Example 7: Find the derivative of sec(x2). 
d 
dx sec(x2) = sec(x2) tan(a2) 2x) 
Example 8: Find the derivative of csc(x3 — 5x). 


d 


dx csc(x3 — 5х) = — сѕс(х3 — 5x)cot(x3 — 5x)(3x2 — 5) 


These derivatives are almost like formulas. You just follow the pattern and 
use the Chain Rule when appropriate. 


Here are some solved problems. Do each problem, covering the answer first, 
then checking your answer. 


PROBLEM 1. Find f (x) if f(x) 2 sin(2x2). 
Answer: Follow the rule: f(x) = cos(2x3)6x2 
PROBLEM 2. Find f(x) if f(x) = сов(43х). 
E 3x) | -3sin(/3x) 
Answer: Р(х) = -sin(V3x 2 = 24/3х 


X 
PROBLEM 3. Find f (x) if f(x) = al х+1 | 


Answer: f(x) = ECL І Р | 1). | sec? 5) 


PROBLEM 4. Find f (x) if f(x) = cse(x3 + x + 1). 


Answer: Follow the rule: f(x) = —csc(x? + x + 1)cot(x3 + x + 1)(3x2 + 1) 


GRAPHICAL DERIVATIVES 


Sometimes, we are given the graph of a function and we are asked to graph 
the derivative. We do this by analyzing the sign of derivative at various 
places on the graph and then sketching a graph of the derivative from that 
information. Let’s start with something simple. Suppose we have the graph 
of y = f(x) below and we are asked to sketch the graph of its derivative. 


First, note that the derivative is zero at the point (0, 1) because the tangent 
line is horizontal there. Next, the derivative is negative for all x < 0 because 
the tangent lines to the curve have negative slopes everywhere on the interval 
(—oo, 0). Finally, the derivative is positive for all x > 0 because the tangent 
lines to the curve have positive slopes everywhere on the interval (0, ee). 
Now we can make a graph of the derivative. It will go through the origin 
(because the derivative is 0 at x = 0), it will be negative on the interval (-~, 
0) and will be positive on the interval (0, о ). The graph looks something like 
the following: 


re b 


Note that it’s not important for your graph to be 
exact. All we are doing here is sketching the 


derivative. The important parts of the graph are 
where the derivative is positive, negative, and 
zero. 


Now let’s try something a little harder. Suppose we have the following graph 
and we are asked to sketch the graph of the derivative: 


Notice that the tangent line looks as if it’s horizontal at x = 1. This means 
that the graph of the derivative is zero there. Next, the curve is increasing for 
all other values of x, so the graph of the derivative will be positive. As we go 
from left to right on the graph, notice that the slope starts out very steep, so 
the derivatives are large positive numbers. As we approach x = 1, the curve 
starts to flatten out, so the derivatives will approach zero but will still be 
positive. Then, the slope is zero at x = 1. Then the curve gets steep again. If 
we sketch the derivative, we get something like the following: 


Here is an important one to understand. Suppose we have the graph of y = sin 
x. 


Notice that the slope of the tangent line will be horizontal at all of the 


maxima and minima of the graph. Because the slope of a horizontal line is 
m 5m 
zero, this means that the derivative will be zero at those values (€ 2, 2 ,...). 
Next, notice that the slope of the curve is about 1 as the curve goes through 
sin x 


im 
the origin. This should make sense if you recall that *^? x = 1. The slope 
of the curve is about —1 as the curve goes through x = #. And so on. If we 


now sketch the derivative, it looks something like the following: 


Notice that this is the graph of y = cos x. This should be obvious because the 
derivative of sin x is cos x. 


Now let's do a hard one. Suppose we have the following graph: 


First, notice that we have two vertical asymptotes at x = 6 and x = —6. This 
means that the graph of the derivative will also have vertical asymptotes at x 
= 6 and x = —6. Next, notice that the curve is always decreasing. This means 
that the graph of the derivative will always be negative. Moving from left to 
right, the graph starts out close to flat, so the derivative will be close to zero. 
Then, the graph gets very steep and points downward, so the graph of the 
derivative will be negative and getting more negative. Then, we have the 
asymptote x = —6. Next, the graph begins very steep and negative and starts 


to flatten out as we approach the origin. At the origin, the slope of the graph 
1 


is approximately —2. This means that the graph of the derivative will 


increase until it reaches | | 3 Then, the graph starts to get steep again as 
we approach the other asymptote x = 6. Thus, the graph will get more 


negative again. Finally, to the right of the asymptote х = 6, the graph starts 
out steep and negative and flattens out, approaching zero. This means that the 
graph of the derivative will start out very negative and will approach zero. If 


we now sketch the derivative, it looks something like the following: 


PRACTICE PROBLEM SET 6 


Now try these problems. The answers are in Chapter 19. 


1. 
dy 
Find dx if y = sin? x. 
2, 
ау 
Find dx if y = соѕ x2. 
3, 
22) 
Find dx if y = (tan x)(sec x). 
4. 
dy 
Find dx if y = Vsin3x, 
5: 
dy 1+sinx 


Find dx if y 2 1—sin x. 


6. 
dy 
Find dx if y = csc? x2. 
Ts 
d'y 
Find dx“ if y = sin 2x. 
8. 


dy 
Find dx if y = sin t — cos t and t = 1 + cos? x. 


9. 


dy | tan x | 
Find dx if y=\1—tanx /, 


10. 
4 
Find 40 if r=cos(1 + sin). 
11. 
dr ѕесӨ 


Pind 0 itr. Bean. 
12. 


-2 
dy h + (21 
Find dx if y = 23 : 


Chapter 7 
Implicit Differentiation 


HOW TO DO IT 


By now, it should be easy for you to take the derivative of an equation, such 
as y = 3x5 — 7x. If you're given an equation such as y? = 3х5 — 7x, you can 
still figure out the derivative by taking the square root of both sides, which 
gives you y in terms of x. This is known as finding the derivative explicitly. 
It's messy, but possible. 


If you have to find the derivative of y2 + y = 3x5 — 7x, you don't have an easy 
way to get y in terms of x, so you can't differentiate this equation using any 
of the techniques you've learned so far. That's because each of those 
previous techniques needs to be used on an equation in which y is in terms of 
x. When you can't isolate y in terms of x (or if isolating y makes taking the 
derivative a nightmare), it's time to take the derivative implicitly. 

Implicit differentiation 18 one of the simpler techniques you need to learn to 
do in calculus, but for some reason it gives many students trouble. Suppose 
you have the equation y? 2 3x? — 7x. This means that the value of y is a 

dy 

function of the value of x. When we take the derivative, dx, we're looking at 
the rate at which y changes as x changes. Thus, given y = x? + x, when we 


write 


we're saying that “the rate" at which y changes, X. ect to how x 


changes, is 2x + 1. 
ou might "o 


l P 
Now, supp@se you want to find dy! 
So here, 4 2х+1. But notice that this derivative is in terms of x, not y, and 


dx 1 


you need to find the derivative with respect to y. This derivative is an 


implicit one. When you can’t isolate the variables of an equation, you often 


end up with a derivative that is in terms of both variables. 


Another way to think of this is that there is a hidden term in the derivative, 
dx 


dx, and when we take the derivative, what we really get is 


A fraction that has t Xp: lh y Maor е is equal 
to 1, so we write 

2) 

dx = 2x(1) -1(1)-2х41 


Every time we take a derivative of a term with x in it, we multiply by the 
dx 
term dx, but because this is 1, we ignore it. Suppose however, that we 


wanted to find out how y changes with respect to t (for time). Then we would 


have 


a id d 
If we wanted to find EA Torta 8559) only we would have 


v d С “Р 
and if we wanted to fihd gut фулу hanged With Tespect to y, we would have 
XP) XP MP 


2 =2x| s |+ 22 | or1=2x a ae 
dy 4j) dy dy 


This is how we really do differentiation. Remember the following: 


When you have an equation of x in terms of y, and you want to find the 


derivative with respect to y, simply differentiate. But if the equation is of y in 


dy dx 


terms of x, find dx and take its reciprocal to find Чу. Go back to our original 
example. 


y2 + у = 3х5 – 7х 


To take the derivative according to the information in the last paragraph, you 
get 


Гэ 11 


You should-use implicit differentiation.any time 


you cant ms. of 
the-varialie that we want to take the difivative 
with геѕр у?" 


its appropriate dx. Now. 


ur 
Gon this way: dx dx 


remembering that dv = 1, re 
= 15x4- 7. 

dy 
Next, factor dx out of the 


dy dy 


This is the derivative you’re looking for. Notice how the derivative is defined 
dy 
in terms of y and x. Up until now, dx has been strictly in terms of x. This is 


why the differentiation is “implicit.” 


Confused? Let’s do a few examples and you will get the hang of it. 


dy 
Example 1: Find dx if y3 — 4y2 = x5 + 3x4. 


Using implicit differentiation, you get 
dx dy 
Remember that 4х = 1: dx(3y2 — 8y) = 5x4 + 1223. 
dy 
After you factor out dx, divide both sides by 3у2 — 8y. 


Note: Now that You (9 —, 86 <} ative Bem with respect 


dx 
to x will always b TU e "a 5 H7 won't write dx 
anymore. You aei agit S is -—, 

dy 


Example 2: Find dx if sin y? — cos x2 = cos y? + sin x2. 


Use implicit differentiation. 


22) 292) 
cos y2 dx / + sin x2(2x) = -sin y? dx + cos х2(2х) 
Then simplify. 
dy dy 
2y cos Jd] + 2x sin x? = —2y sin y? e + 2x cos x2 
a 


Next, put all of the terms containing dx on the left and all of the other terms 
on the right. 


Ee pa 
2y cos у? ах) + 2y sin y? dx J = 2x sin x2 + 2x cos x2 
En 


Next, factor out dx. 


dy 
dx(2y COS y? + 2y sin y2) = —2x sin x2 + 2x cos x2 
dy 
And isolate dx. 


(„Сш Сс + ,Csoo £c) X 
This can be simplified furtiesowtie-follwig: P 


Си + (soo xp 


ve oed sesetie pee pao. 


to make you do this. All of the same 


differentiation rules that you've learned up until 
now still apply. We're just adding another 
technique. 


dy 
Example 3: Find dx if 3x2 + 5xy2 – 4y? = 8. 


Implicit differentiation should result in the following: 


You can simplify this to 
dy dy 
бх + 10xydx + 5у2 - 12y2dx = 0 
dy 


Next, put all of the terms containing dx on the left and all of the other terms 
on the right. 


dy dy 
10хуах - 12y2dx = -6х - 5y? 
dy 


Next, factor out dx. 


4у 
(10ху-12у2)4х = —6x — 5y2 
dy 


Then, isolate dx. 


Example 4: Find (Gada 4x 99. -9 зайд! ). 
х= © | p 


You need to use implicit (с = xO— to find x 


x x 
ee ES 
Р Р 
Be smart pon хи ШО 0 epe Just 
because : gesn't 
mean tha ; 


plugging Nis 
effective. 


Now, instead of rearrangi isolate dx, р ilg in (2, 1) immediately and 
solve for the derivative. 


а) 
Simplify: 12 – 7 dx /= 


next examples are slightly ha 


2х-5у 


Example 5: Find the derivative of 4y =x --ха (1, 1). 
First, cross-multiply. 
2x — 5у2 = —x(Ay3 – x2) 


Distribute. 


2х — 5у2 = —4xy3 + x? 
Take the derivative. 


Ф ура 
2-10у 2 --443у 2 jenem 
dx 


Do not simplify now. Rather, plug in (1, 1) right away. This will save you 
from the algebra. 


dy 
Now solve for dx. 

LO 
SECOND DERIVATIVES? 


Sometimes, you'll be asked to find a second derivative implicitly. 
X 
dy LT. 
Example 6: Find dx? if y2 + 2y = 4x2 +p. 


Differentiating implicitly, you get 


Рау dy ЭР 
I [77 зо ИА 
dy 


Next, simplify and solve for dx. 


Now, it’s шин 4 rie again. Х 
1554) 


nee AP 


о Е a 


Finally, substitute for dx. 
A ie 
ко) d 4(y+1) - (4x1 


0+7, (7+1) 


3 


Try these solved problems without looking at the answers. Then check your 
work. 


Remember: When it is required to take a second 


derivative, the first derivative should be 
simplified first. 


dy 
PROBLEM 1. Find dx if x2 + y? = 6xy. 
Answer: Differentiate with respect to x. 
dy dy 
2x + 2ydx = 6xdx + бу 


dy 
Group all of the ах terms on the left and the other terms on the right. 
dy Фу 
2ydx - 6xdx = бу- 2х 
a 


Now factor out dx. 
dy 
dx (2y — бх) = бу – 2x 


Therefore, the first derivative is the following: 


хс-46 хо0-46 хр 
dy x-4(g 2-09 kp 
PROBLEM 2. Find dx if x — cos y = xy. 
Answer: Differentiate with respect to x. 
dy dy 
1 sin ydx -xdx 2 y - 1 


Grouping the terms, you get 


dy dy 
sin ydx - хх =у- 1 
dy 
Now factor out dx. 
dy 
dx(sin y - x) -у-1 


The derivative is 


PROBLEM 3. Ха md. Ші. wit 24 to t of x2 + y? 


= 72, 


4 5 2 
Answer: 2x dt + 2ydt|- edt: (C — Kp 


1 
PROBLEM 4. Find the derivative of each variable with respect to t of V = 3 


mrzh. 
[в 
Answer: dt 3 dt dt 


d'y 
PROBLEM 5. Find dx’ if y2 = x2 – 2x. 


Answer: First, take the derivative with respect to x. 
dy 
2ydx 82x -2 
dy 
Then, solve for dx. 


С (Tc xp 


The second derivative with respect to x becomes _ 


pex 27-40 40 


dy 
Now substitute for dx and simplify. 


PRACTICE PROBLEM SET 7 


Use implicit differentiation to find the following derivatives. The answers are 
in Chapter 19. 


1. 
dy 
Find dx if x3 – уЗ = y. 
2. 
dy 
Find dx if x2 – 16ху + у? = 1. 
3. 
dy SHE 
Find dx at (2, 1) if *~ J 23. 
4. 
dy 
Find dx if 1632 — 16xy + y2 = 1 at (1, 1). 
5. 
EAD 
Find dx ifxsiny+ysinx= 2V2 at 4. 4) 
6. 
2 
d'y 
Find dx’ if 32 + 4y2 = 1. 
7. 
d'y 
Find dx’ if sin x + 1 = cos y. 
8. 
718) 


Find dx? if x2 - 4x 2 2y - 2. 


Unit 1 Drill 


For answers and explanations, turn to Chapter 19. 


Ї: 
lin z?- 
х0 
2. 
| [semen 
lim | —————— |= 
х— x —8 
3. 
: БЕН 
lim | ——— |= 
хоо X 
4. 
lim = 
x0 Ix| 
5. 
x — 
x7 (x—7Yy 
6. 
sin Зх 


. im . 
Find х0 sin 8x. 


p 
х? sinx 
гоц = 
Find *>0 | — соѕ x. 
8. 
i sin(x + й) —sinx 
im ——— ———— — — 
Find 7-20 р 
9. 
p. qo xe 3 
Is the function f(x) 5 7x tl x25 continuous at x = 3? 


10. 
-бх-12, x « -3 
k^ —5k, х= –3 
For what value(s) of k is the function f(x) = 6, x» -3 
continuous at x 2 —3? 


11. 
Find the derivative of f(x) = 2х2 at x = 5. 


For problems 12-19, find the derivative. 


12, 
fix) = x4 


13. 
f(x) = cos x 


14. 


18. 
(x2 + 8x — 4)0x2 + x-4) 


19. 
ах5 + bx* + cx? + ах + ext f 


20. 
Find f (x) if f(x) = (x + 1)!0. 


21. 


ax х 
Find f(x) iff) = 8х“ 


22. 
Ped 
Find f(x) atx=1 if = |. 
23. 


Find f(w) ахти» = 1+2”). 


24. 
du 
Find dv atv=2ifu=Vx° +x andx=v. 
25. 
dy 


Find dx if y = cot 4x. 


26. 
e 


Find dx if y 2 2 sin 3x cos 4x. 


27: 
dr 


Find 40 if r= sec0 tan 20. 


28. 
dy 


Find dx if y = 
29. 
dy 
Find dx if cos y — sin x = sin y — cos x. 


30. 
dy VS D 


Я 2 
Find dx if X^ ТУ" = 2y2 at (1, 1). 


sin(cos(V/x)) 


Unit 2 
Differential Calculus Applications 


Chapter 8 
Basic Applications of the Derivative 


EQUATIONS OF TANGENT LINES AND 
NORMAL LINES 


Finding the equation of a line tangent to a certain curve at a certain point is a 
standard calculus problem. This is because, among other things, the 
derivative is the slope of a tangent line to a curve at a particular point. Thus, 
we can find the equation of the tangent line to a curve if we have the equation 
of the curve and the point at which we want to find the tangent line. Then all 
we have to do is take the derivative of the equation, plug in the x-coordinate 
of the point to find the slope, then use the point and the slope to find the 
equation of the line. Let’s take this one step at a time. 


Suppose we have a point (xj, уу) and a slope т. Then the equation of the line 
through that point with that slope is 


(у-у) = m(x — x1) 
You should remember this formula from algebra. If not, memorize it! 


Next, suppose that we have an equation y = f(x), where (xi, ут) satisfies that 
equation. Then f'(x1) = т, and we can plug all of our values into the equation 
for a line and get the equation of the tangent line. This is much easier to 
explain with a simple example. 


Example 1: Find the equation of the tangent line to the curve y = 5x? at the 
point (3, 45). 


First of all, notice that the point satisfies the equation: when x = 3, y = 45. 
Now, take the derivative of the equation. 


dy 
dx = 10x 
Now, if you plug in x 23, you'll get the slope of the curve at that point. 
dy 
dx|..3 = 10(3) = 30 


Thus, we have the slope and the point, and the equation is 


(y - 45) = 30(x - 3) 
It's customary to simplify the equation if it's not too onerous. 


y = 30x - 45 


NEN 


Ву the waysthe notation for plugging in a point is 
|х -. Learn to recognize it! 


р” “Ч 


Example 2: Find the equation orm line to y = x? + x? at (3, 36). 


The derivative looks like the foll 


So, the slope is 


323) + 2(3) = 


The equation looks like the fo 
(y — 36) = 33(x — 3), or y = 33x - 63 


Naturally, there are a couple of things that can be done to make the problems 
harder. First of all, you can be given only the x-coordinate. Second, the 
equation can be more difficult to differentiate. 


In order to find the y-coordinate, all you have to do is plug the x-value into 
the equation for the curve and solve for y. Remember this: You'll see it 
again! 


2x45 


Example 3: Find the equation of the tangent line to y = x^—-3z-atx-l. 


First, find the y-coordinate. 


Second, take the derivative. 


CSA E 
(xcc-xc-(e-.x) p 
You're probably dreading having to simplify this derivative. Don't waste 
your time! Plug in x = 1 right away. 


4 _ (E -3)(2)-(20)+5)(20)) 
das (8-3) 


Now, we have a slope and a point, so the equation is 


2 2 


y+ 2 =-2(x- 1), or 2y 2 -9x +2 


Sometimes, instead of finding the equation of a tangent line, you will be 
asked to find the equation of a normal line. A normal line is simply the line 
perpendicular to the tangent line at the same point. You follow the same 
steps as with the tangent line, but you use the slope that will give you a 
perpendicular line. 


Remember: The slope of a perpendicular line is 


just the negative reciprocal of the slope of the 
tangent line. 


Example 4: Find the equation of the line normal to y = х5 - x4 + 1 at x = 2. 
First, find the y-coordinate. 
у (2) = 25 - 24+1=17 
Second, take the derivative. 
dy 
ах = 5x4 — 4x3 
Third, find the slope at x = 2. 
dy 
dx |2 = 5(2)4 — 4(2)3 = 48 


1 
Fourth, take the negative reciprocal of 48, which is —48. 


Finally, the equation becomes 


1 
ый) 


Try these solved problems. Do each problem, covering the answer first, then 
checking your answer. 


PROBLEM 1. Find the equation of the tangent line to the graph of y = 4 — 3x 
— x? at the point (2, —6). 


Answer: First, take the derivative of the equation. 
dy 
dx =-3 – 2х 
Now, plug in x = 2 to get the slope of the tangent line. 


dy 
dx 2-3-2(2)2-7 

Third, plug the slope and the point into the equation for the line. 
y- (6) =-7 x-2) 

This simplifies to y = —7x + 8. 


PROBLEM 2. Find the equation of the normal line to the graph of y = 6 — x – 
х ах =-1. 


Answer: Plug x = –1 into the original equation to get the y-coordinate. 
y=6+1-1=6 
Once again, take that derivative. 


dy 
dx =-1-2х 
Now plug in x = -1 to get the slope of the tangent. 
dy 
dx =-1-2(-1)=1 


Use the negative reciprocal of the slope in the second step to get the slope of 


the normal line. 
m=-l 
Finally, plug the slope and the point into the equation for the line. 
y-6=-l(x+1) 


This simplifies to y = —x + 5. 


PROBLEM 3. Find the equations of the tangent and normal lines to the graph 
10x 


of y 2 x^ +1 at the point (2, 4). 


Answer: This problem will put your algebra to the test. You have to use the 
Quotient Rule to take the derivative of this mess. 


(1+ 2) 7 


Second, plug in x = 2 to get HEN lópe ‘OF die tan angent. 


ШЭНЭ 220 £ 22 
9 0€ (9)00)-(00(0) Ф 


Now, plug the slope and the point into the equation for the tangent line. 


d 
y-42-5(x-2) 


That simplifies to 6x + 5y = 32. The equation of the normal line must then be 


2 
у-4=-6(х-2) 
That, in turn, simplifies to —5х + бу = 14. 


PROBLEM 4. The curve у = ах? + bx + с passes through the point (2, 4) and 
is tangent to the line y 2 x + 1 at (0, 1). Find a, b, and c. 


Answer: The curve passes through (2, 4), so if you plug in x = 2, you'll get y 
= 4. Therefore, 


4=4a+2b+c 


Second, the curve also passes through the point (0, 1), soc = 1. 


Because the curve is tangent to the line y = x + 1 at (0, 1), they must both 
have the same slope at that point. The slope of the line is 1. The slope of the 
curve is the first derivative. 


0=х хр 
ау 9-44(0)/7С- УРА 
At (0, 1), dx = Б. Therefore, b = 1. Р 


Now that you know b and c, plug them back into thfquation from the first 
step and solve for a. 9 + XIT = " 
ir 


4=4a+2+1,anda=4 


PROBLEM 5. Find the points on the curve y = 2x3 — 3x2 — 12x + 20 where the 
tangent is parallel to the x-axis. 


Answer: The x-axis 1s a horizontal line, so it has a slope of zero. Therefore, 
you want to know where the derivative of this curve is zero. Take the 
derivative. 


dy 
dx = 62 — 6x- 12 


Set it equal to zero and solve for x. Get accustomed to doing this: It's one of 
the most common questions in differential calculus. 


dy 
dx = 6x2 - 6x- 1220 
602-х-2)-0 
6(х- 2)(x + 1) = 0 
x=20rx=-1 
Third, find the y-coordinates of these two points. 


y = 2(8) - 3(4) - 12(2) + 2020 


уг2(-1)-3(1)-12(1)-20-27 


Therefore, the points are (2, 0) and (-1, 27). 
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Now try these problems. The answers are in Chapter 19. 


(9 
Find the equation of the tangent to the graph of y = 332— xat x = 1. 


2. 
Find the equation of the tangent to the graph of y = x? — 3x at x = 3. 


3. 
1 


Find the equation of the tangent to the graph of y = Vv X +7 atx 23. 


4. 
x+3 


Find the equation of the normal to the graph of y = x — at x = 4. 


5. 
Find the equation of the tangent to the graph of y = 2x3 — 3x2 — 12x + 
20 at x = 2. 


6. 
x F4 


Find the equation of the tangent to the graph of y= x — 6 atx=5. 


T: 
Find the equation of the tangent to the graph of y = V X 5-15а (4, 7). 
8 


Find the values of x where the tangent to the graph of y = 2x3 — 8x has а 
slope equal to the slope of y = x. 


9. 
3x +5 


Find the equation of the normal to the graph of y= x —1 atx=3. 
10. 


Find the values of x where the normal to the graph of (x — 9)? is parallel 


to the y-axis. 


11. 


Find the coordinates where the tangent to the graph of y = 8 – 3x – x2 is 


parallel to the x-axis. 


12. 


Find the values of a, b, and c where the curves y = x2 + ах + band y= 


cx + x2 have a common tangent line at (—1, 0). 


THE MEAN VALUE THEOREM FOR 
DERIVATIVES 


If y 2 f(x) is continuous on the interval [a, b], and 18 
differentiable everywhere on the interval (а, b), then there is 
at least one number c between a and b such that 


Мань | 


In other words, (12) ome-y(i } fre interval а the slope of the 
tangent line equals the slope of the sécant line that connects the endpoints of 
the interval. (The function has to be continuous at the endpoints of the 
interval, but it doesn't have to be differentiable at the endpoints. Is this 
important? Maybe to mathematicians, but probably not to you!) You can see 


this graphically in the following figure: 


= A 


Remember that; order forThe Mean Value 


Theorem for D'&rigatives to work, the curve must 


be continuous on Ше interval and at the 


ЭМ qju2cuem, 


endpoints. 4 


Example 1: Suppose you have the function f(x) = x2, and you're looking at 
the interval [1, 3]. The Mean Value Theorem for Derivatives (this is often 


abbreviated MVTD) states that there is some number c such that 


Because f(x) = 2. Мин? 2 c £ 2. Notice that 2 is 
in the interval. ТЬ is what the MVTD predicted’ If don't get a value for 
c within the interval, something о wrong; either the function is not 
continuous and differentiable in the required interval, or you made a mistake. 


Example 2: Consider the function f(x) = x? — 12x on the interval [-2, 2]. The 
MV TD states that there is a c such that 


2 
Then f(c) = 3c? – 122-8 ара с = "NE (which is approximately +1.155). 


Notice that here there are two values of c that satisfy the MVTD. That's 
allowed. In fact, there can be infinitely many values, depending on the 
function. 


1 


Example 3: Consider the function f(x) = x on the interval [-2, 2]. 
Follow the MVTD. 


Then = (2,4 


Because f(x) isnat camtimuouszata 0, "wirrch[is ПУ the inteyval. Suppose the 
interval had been [1, 3], 3], elimjpating the discon\nuit esult would have 
been 


There is no ao c that A this = exp 


1 

e d 1 PE 
= =-- and ==, ¢=+ 3 
fe) за ты: fe) сааж 2 43 


c 2 —NÓ is not in the interval, but c = J3 is. The answer is c = 43 А 


Note: This is a great way to self-check your 


work. Always look at whether your answer 


makes sense. 


Example 4: Consider the function f(x) = x? — x — 12 on the interval [-3, 4]. 
Follow the MVTD. 
0-0 1 


Рс) = 7 =Oandf(c)=2c-—1=0,soc=2 


In this last example, you discovered where the derivative of the equation 
equaled zero. This is going to be the single most common problem you’ll 
encounter in differential calculus. So now, we’ve got an important tip for 
you. 


When you don’t know what to do, take the derivative of the 


equation and set it equal to zero!!! 


Remember this advice for the rest of AP Calculus. 


ROLLE’S THEOREM 


Now let's learn Rolle's Theorem, which is a special case of the MVTD. 


If y 2 f(x) is continuous on the interval [a, b], and 18 
differentiable everywhere on the interval (a, b), and if f(a) = 


f(b) = 0, then there is at least one number c between a and b 
such that f'(c) = 0. 


Graphically, this means that a continuous, differentiable curve has a 
horizontal tangent between any two points where it crosses the x-axis. 


4 əv 


—À— 


Example 4 was an example of Rollé's Theorem, but let's do another. 


12 
Example 5: Consider the function f(x) = E - бх on the interval (0, 12]. 
First, show that 
0 144 
100) = 2 — 6(0) = 0 and f(12) = E — 6(12) 20 
Then find 
fw =x-6,sof(c)=c-6 


If you set this equal to zero (remember what we told you!), you get c = 6. 
This value of c falls in the interval, so the theorem holds for this example. 


As with the MVTD, you’ll run into problems with the theorem when the 
function is not continuous and differentiable over the interval. This is where 
you need to look out for a trap set by ETS. Otherwise, just follow what we 
did here and you won’t have any trouble with either Rolle’s Theorem or the 
MVTD. Try these example problems, and cover the responses until you 
check your work. 


PROBLEM 1. Find the values of c that satisfy the MVTD for f(x) = х2 + 2x - 
1 on the interval (0, 1]. 


Answer: First, find f(0) and f(1). 


Ко) = 02 + 2(0) - 1 2—1 and f(1) = 12+ 201) - 1 22 


Then, 
I 0-1 
Next, find f(x) Е 
xt, fin X). C 1-)-2 
f(x) =2x +2 


1 


Thus, f(c) -2с-2-3,аас-2 


PROBLEM 2. Find the values of c that satisfy the MVTD for f(x) = x? + 1 on 
the interval [1, 2]. 


Answer: Find f(1) = 13 + 1 = 2 and f(2) = 23 + 1 = 9. Then, 
Next, f(x) = 3x2, (2) EO RES P C= TA 


Notice that there are two answers for c, but С. one of them is in the 


7 


interval. The answer is c = 13 


1 


PROBLEM 3. Find the values of c that satisfy the MVTD for f(x) 2 x + x on 
the interval [-4, 4]. 


Answer: First, because the function is not continuous on the interval, there 


1 
may not be a soliton Ier 5. Let's show that this is true. Find f(-4) = -4 – 4 = 


And (2324 теь, 


(7-)-7 
1 == 
Next, f(x) =1- х? х2. Therefore, та AL 1 А 


There’s по solution to this equation. 


PROBLEM 4. Find the values of c that satisfy Rolle’s Theorem for f(x) = x^ — 
x on the interval [0, 1]. 


Answer: Show that f(0) = 04 — 0 = 0 and that ДТ) = 1^ — 1 = 0. 


Next, find f(x) = 4x? — 1. By setting f (c) = 4c? — 1 = 0 and solving, you'll see 


1 
3 pe 
that c — it which is in the interval. 
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Now try these problems. The answers are in Chapter 19. 


1. 
Find the values of c that satisfy the MVTD for f(x) = 3x2 + 5x — 2 on 
the interval [-1, 1]. 


2 
Find the values of c that satisfy the MVTD for f(x) = х3 + 24х - 16 on 
the interval (0, 41. 


3, 
6 


Find the values of c that satisfy the MVTD for f(x) = x - 3 on the 
interval [1, 2]. 


4. 
6 


Find the values of c that satisfy the MVTD for f(x) = x - 3 on the 
interval [—1, 2]. 


S: 
Find the values of c that satisfy Rolle’ s Theorem for f(x) = x? — 8x + 12 
on the interval [2, 6]. 


6. 
Find the values of c that satisfy Rolle's Theorem for f(x) 2 x(1 — x) on 
the interval (0, 11. 


7. 
1 


Find the values of c that satisfy Rolle's Theorem for f(x) = 1 — x^ on 
the interval [-1, 1]. 


8. 
1 


Find the values of c that satisfy Rolle's Theorem for f(x) = x? — x? on 
the interval (0, 11. 


Chapter 9 
Maxima and Minima 


Here’s another chapter of material involving more ways to apply the 
derivative to several other types of problems. This stuff focuses mainly on 
using the derivative to aid in graphing a function, etc. 


APPLIED MAXIMA AND MINIMA 
PROBLEMS 


One of the most common applications of the derivative is to find a maximum 
or minimum value of a function. These values can be called extreme values, 
optimal values, or critical points. Each of these problems involves the same, 
very simple principle. 


A maximum or a minimum of a function occurs at a point 


where the derivative of a function is zero, or where the 
derivative fails to exist. 


At a point where the first derivative equals zero, the curve has a horizontal 
tangent line, at which point it could be reaching either a “peak” (maximum) 
or a “valley” (minimum). 


There are a few exceptions to every rule. This rule is no different. 


If the derivative of a function is zero at a certain point, it is 
usually a maximum or minimum—but not always. 


There are two different kinds of maxima and minima: 
relative and absolute. A relative or local maximum or 


minimum means that the curve has a horizontal tangent line 
at that point, but it is not the highest or lowest value that the 
function attains. In the figure to the right, the two indicated 
points are relative maxima/minima. 


An absolute maximum ог minimum occurs either at an 
artificial point or an end point. In the figure below, the two 


indicated points are absolute maxima/minima. A relative 
maximum can also be an absolute maximum. 


A typical word problem will ask you to find a maximum or a minimum value 
of a function, as it pertains to a certain situation. Sometimes you’re given the 
equation; other times, you have to figure it out for yourself. Once you have 
the equation, you find its derivative and set it equal to zero. The values you 
get are called critical values. That 15, if f(c) = 0 or f(c) does not exist, then c 
18 a critical value. Then, test these values to determine whether each value 18 
a maximum or a minimum. The simplest way to do this is with the second 
derivative test. 


If a function has a critical value at x = c, then that value is a 


relative maximum if (с) < О and it is a relative minimum if 


fe) > 0. 


If the second derivative is also zero at x = c, then the point is neither a 
maximum nor a minimum but a point of inflection. More about that later. 


It’s time to do some examples. 
Example 1: Find the minimum value on the curve y = ax? , if a> 0. 


Take the derivative and set it equal to zero. 


dy 
dx -2ах-0 
The first derivative is equal to zero at x = 0. By plugging 0 back into the 


original equation, we can solve for the y-coordinate of the minimum (the y- 
coordinate is also 0, so the point is at the origin). 


ИХ. 


Extreme Learning 

The extreme value theorem says that if a 
function is continuous on the interval [a,b], then 
somewhere in the interval (a,b), there exists a 
maximum or minimum value of fc) bemsen Ка) 


is continuous in some interval, ty 
have a maximum ог minimuryg ere in the 


In order to determine mE or a minimum, take the second 
derivative. 


Because a is positive, the second derivative is positive and the critical point 
we obtained from the first derivative is a minimum point. Had a been 
negative, the second derivative would have been negative and a maximum 
would have occurred at the critical point. 


Example 2: A manufacturing company has determined that the total cost of 
producing an item can be determined from the equation С = 8x? — 176x + 
1,800, where x is the number of units that the company makes. How many 
units should the company manufacture in order to minimize the cost? 


Once again, take the derivative of the cost equation and set it equal to zero. 


dC 
dx -16х-176-0 
х= 11 
This tells us that 11 is a critical point of the equation. Now we need to figure 
out if this is a maximum or a minimum using the second derivative. 


dC 
dx^ =16 


Because 16 is always positive, any critical value is going to be a minimum. 
Therefore, the company should manufacture 11 units in order to minimize its 
cost. 


Example 3: A rocket is fired into the air, and its height in meters at any 
given time f can be calculated using the formula A(t) = 1,600 + 196; — 4.97. 
Find the maximum height of the rocket and the time at which it occurs. 


Take the derivative and set it equal to zero. 


dh 


dt = 196 — 9.81 
t= 20 


Now that we know 20 is a critical point of the equation, use the second 
derivative test. 


Яр 
dt? =-9.8 


This is always negative, so any critical value is a maximum. To determine 
the maximum height of the rocket, plug t = 20 into the equation. 


h(20) = 1,600 + 196(20) - 4.9(202) = 3,560 meters 


The technique is always the same: (a) take the derivative of 


the equation; (b) set it equal to zero; and (c) use the second 
derivative test. 


The hardest part of these word problems is when you have to set up the 
equation yourself. The following is a classic AP problem: 


Example 4: Max wants to make a box with no lid from a rectangular sheet of 
cardboard that is 18 inches by 24 inches. The box is to be made by cutting a 
square of side x from each corner of the sheet and folding up the sides (see 
figure below). Find the value of x that maximizes the volume of the box. 


After we cut out the squares of side x and fold up the sides, the dimensions of 
the box will be 


width: 18 — 2x 


length: 24 — 2x 
depth: x 


Using the formula for the volume of a rectangular prism, we can get an 
equation for the volume in terms of x. 


V = x(18 – 2x)(24 - 2x) 
Multiply the terms together (and be careful with your algebra). 
V=x(18 – 2x)(24 - 2x) = 4x3 - 84x2 + 432x 
Now take the derivative. 


dv 
dx = 12x2 — 168x + 432 


Set the derivative equal to zero, and solve for x. 
12x2 – 168x + 432 = 0 


х2 – 14x + 36 = 0 


14+ 4196 -144 = 
xo ER 271413 234,106 


At the end of the day, no matter how complex 
the math might get, if a problem is based on a 


real world example, like this cardboard box, then 
the answer will make sense in reality. 


Common sense tells us that you can't cut out two square pieces that measure 
10.6 inches to a side (the sheet's only 18 inches wide!), so the maximizing 
value has to be 3.4 inches. Here's the second derivative test, just to be sure. 


d’ V 
dx’ = 24х — 168 


At x = 3.4, 


AV 
dx” = -86.4 


So, the volume of the box will be maximized when x = 3.4. 


Therefore, the dimensions of the box that maximize the volume are 
approximately: 11.2 in. х 17.2 in. x 3.4 in. 


Sometimes, particularly when the domain of a function is restricted, you 
have to test the endpoints of the interval as well. This is because the highest 
or lowest value of a function may be at an endpoint of that interval; the 
critical value you obtained from the derivative might be just a local 
maximum or minimum. For the purposes of the AP Exam, however, 
endpoints are considered separate from critical values. 


Example 5: Find the absolute maximum and minimum values of y = x3 — x 
on the interval [-3, 3]. 


Take the derivative and set it equal to zero. 


dy 
dx 232-120 


Solve for x. 


Test the critical points. 


| 1 
Atx= 221 we have a minimum. At x = ET we have a maximum. 
1 І 17222 
Е Е E = 0.385 
1 ] 1 2 


ЕЕ —— + — = —— 
Atx=V3,y=-3V3 43 34/3 = –0.385 


Now it’s time to check the endpoints of the interval. 


Atx2-3,y = 24 


Atx=3,y=24 


We can see that the function actually has a lower value at x = —3 than at its 
1 


“minimum” when x = 43 : similarly, the function has a higher value at x = 3 


than at its "maximum" of x = —v3. This means that the function has a “local 


minimum" at x = J3 and an “absolute minimum" when x = —3. And, the 


function has а “local maximum" at x = —V3 and an “absolute maximum" at x 
zm 


Example 6: A rectangle is to be inscribed in a semicircle with radius 4, with 
one side on the semicircle's diameter. What is the largest area this rectangle 
can have? 


Let's look at this on the coordinate axes. The equation for a circle of radius 
4, centered at the origin, is x2 + у2 = 16; a semicircle has the equation у = 


416-х". Ош rectangle can then be expressed as a function of x, where the 
height is V16 — x^ and the base is 2x. See the following figure: 


The area of the rectangle is: 4-= 2xv16 — x^ Let's take the derivative of the 
area. — А и 


SEMI xp 
COE 


The derivative is not defined at x = +4. Setting the derivative equal to zero, 
we get 


If you’re wondering why we don’t use the 


negative root, it’s because there is no such thing 
as a negative area. 


Note that the domain of this function is —4 < x < 4, so these numbers serve 
as endpoints of the interval. Let’s compare the critical values and the 


endpoints. 
When x = —4, y = 0 and the area is 0. 


When x = 4, y = 0 and the area 180. 


When x = 48, y= 48 and the area is 16. 


Thus, the maximum area occurs when x = 48 and the area equals 16. 


Try some of these solved problems on your own. As always, cover the 
answers as you work. 


PROBLEM 1. A rectangular field, bounded on one side by a building, is to be 
fenced in on the other three sides. If 3,000 feet of fence is to be used, find the 
dimensions of the largest field that can be fenced in. 


Answer: First, let's make a rough sketch of the situation. 


If we call the length of the field yjand the width of the field x, the formula for 
the area of the field becomes Sapma 


mi 


А = xy 


The perimeter of the fencing is equal to the sum of two widths and the 
length. 


2x + y = 3,000 
Now solve this second equation for y. 
y = 3,000 – 2x 


When you plug this expression into the formula for the area, you get a 
formula for A in terms of x. 


A = x(3,000 - 2x) = 3,000x - 2x2 


Next, take the derivative, set it equal to zero, and solve for x. 


ал 
dx = 3,000 -4х=0 


х = 750 


Let’s check to make sure it’s a maximum. Find the second derivative. 


Because we have a negative result, x = 750 is a mat ally, if we plug 
in x = 750 and solve for y, we find that y Cc e largest field will 
measure 7 eet by 1,500 feet. 


[eJ 
PROBLEM Ё. A poster IS to ааыа 100 square inches of picture surrounded 


by a 4-inch Margin at the top and bottom and a 2-inch margin on each side. 
Find the overall dimensions that will пи те total are poster. 


Answer: First, make a sketch. 


Let the area of the picture be xy = MEER. area of the poster is A = (x + 
4)(y + 8). Then, expand the e ation. i T- 


o10y 


вв, 2 


100 
Substitute ху = 100 and y= x into the area equation, and we get 
400 


A=132+ x +8х 


Now take the derivative and set it equal to zero. 


т Х 
Solving for х, о-в Now Gélvesfors—by-plugging х = 450 


into the area equa hen check that th gnensions give us a 
minimum. 


This is positive when x is positive, so the minimum area occurs when x = 


420. Thus, the overall dimensions of the poster are 4 + V50 inches by 8 + 2 
50 inches. 


PROBLEM 3. An open-top box with a square bottom and rectangular sides is 
to have a volume of 256 cubic inches. Find the dimensions that require the 
minimum amount of material. 


Answer: First, make a sketch of the situation. 


area. 


equation, we get 


Now take the derivative and set it equal to zero. 


Я 
If we solve this fof y. MT Na and XX T. Sutving-fer y, we get y = 4. 
Check that these NE LIN us*a minimum. 5 P 


Х 


This is positive when х 2 positive qo пише surface area occurs when 
х = 8. The р 11 c" С е8 ЭГ, p by 4 inches. 
PROBLEM 4. Find the point on the curve y = х that is a minimum distance 


from the point (4, 0). 


Answer: First, make that sketch. 


Using the distance formula, we get 
D2 = (х- 4)2 + (у – 0)2 = х2 - 8x + 16 + y2 
Because у = Vx, 
D2 = x2 — 8x + 164+x=x2-7x+16 


Next, let L = D2. We can do this because the minimum value of D? will occur 
at the same value of x as the minimum value of D. Therefore, it’s simpler to 
minimize D? rather than D (because we won't have to take a square root!). 


1-х2-7х-4 16 


Now, take the derivative and set it equal to zero. 


aL 
ax =2x=7=0 
2 
xe 
a 
Solving for y, we get y= V2. 
287 E | 
Finally, because dx” = 2, the point \2 \2/ is the minimum distance from 


the point (4, 0). 
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Now try these problems on your own. The answers are in Chapter 19. 


1. 
A rectangle has its base on the x-axis and its two upper corners on the 
parabola y = 12 — x2. What is the largest possible area of the rectangle? 


2. 
An open rectangular box is to be made from a 9 x 12 inch piece of tin 
by cutting squares of side x inches from the corners and folding up the 
sides. What should x be to maximize the volume of the box? 


3. 
A 384-square-meter plot of land is to be enclosed by a fence and 
divided into two equal parts by another fence parallel to one pair of 
sides. What dimensions of the outer rectangle will minimize the amount 
of fence used? 


4. 
What is the radius of a cylindrical soda can with volume of 512 cubic 
inches that will use the minimum material? 


5, 
А swimmer is at a point 500 m from the closest point оп a straight 
shoreline. She needs to reach a cottage located 1,800 m down shore 
from the closest point. If she swims at 4 m/s and she walks at 6 m/s, 
how far from the cottage should she come ashore so as to arrive at the 
cottage in the shortest time? 


6. 
Find the closest point on the curve x? + y? = 1 to the point (2, 1). 


Ч: 
A window consists of an open rectangle topped by a semicircle and is 
to have a perimeter of 288 inches. Find the radius of the semicircle that 
will maximize the area of the window. 


v, sin 20 
The range of a projectile is R = § — , where vo is its initial 


velocity, g is the acceleration due to gravity and is a constant, and 0 is 


its firing angle. Find the angle that maximizes the projectile’s range. 


9, 
A box with a square base, vertical sides, and an open top contains 500 
ft? of material. Find the dimensions of the base that minimize the 
surface area. 


10. 
1 


Where on the curve y = 1+ x^ does the tangent line have the greatest 


slope? 


CURVE SKETCHING 


Another topic on which students spend a lot of time in calculus is curve 
sketching. In the old days, whole courses (called “Analytic Geometry") were 
devoted to the subject, and students had to master a wide variety of 
techniques to learn how to sketch a curve accurately. 


Fortunately (or unfortunately, depending on your point of view), students no 
longer need to be as good at analytic geometry. There are two reasons for 
this: (1) The AP Exam tests only a few types of curves; and (2) you can use a 
graphing calculator. Because of the calculator, you can get an idea of the 
shape of the curve, and all you need to do is find important points to label the 
graph. We use calculus to find some of these points. 


When it's time to sketch a curve, we'll show you a four-part analysis that’ Il 
give you all the information you need. 


Step 1: Test the Function 

Find where f(x) = 0. This tells you the function’s x-intercepts (or roots). By 
setting x = 0, we can determine the y-intercepts. Then find any horizontal 
and/or vertical asymptotes. 


Step 2: Test the First Derivative 

Find where f(x) = 0. This tells you the critical points. We can determine 
whether the curve is rising or falling, as well as where the maxima and 
minima are. It's also possible to determine if the curve has any points where 
it's nondifferentiable. 


Step 3: Test the Second Derivative 

Find where f(x) = 0. This shows you where any points of inflection are. 
(These are points where the graph of a function changes concavity.) Then we 
can determine where the graph curves upward and where it curves 
downward. 


Step 4: Test End Behavior 

Look at what the general shape of the graph will be, based on the values of y 
for very large values of +x. Using this analysis, we can always come up with 
a sketch of a curve. 


And now, the rules. 


(1) 
When f(x) = 0, the curve is rising; when f (x) < 0, the 
curve is falling; when f'(x) = 0, the curve is at a critical 
point. 


(2) 


When f" (x) > 0, the curve is “concave up"; when f" (x) 
< 0, the curve is “concave down"; and when f" (x) = 0, 
the curve is at a point of inflection. 


(3) 
The y-coordinates of each critical point are found by 
plugging the x-value into the original equation. 


As always, this stuff will sink in better if we try a few examples. 
Example 1: Sketch the equation y 2 x? — 12x. 
Step 1: Find the x-intercepts. 
x3— 12x20 
x(x2 – 12) = 0 
x(x — JD + 412) -0 
x=0,+ 112 


The curve has x-intercepts at (N12 ; 0)-V12 ‚ 0) and (0, 0). 


Next, find the y-intercepts. 
y= (0) - 120) =0 
The curve has a y-intercept at (0, 0). 


There are no asymptotes, because there’s no place where the curve is 
undefined (you won’t have asymptotes for curves that are polynomials). 


Step 2: Take the derivative of the function to find the critical points. 


dy 
dx = 332 -12 


Set the derivative equal to zero, and solve for x. 
352-12-0 
302-4)-0 
3(x – 2)(x + 2) = 0 
so x = 2, —2. 


Next, plug x = 2, —2 into the original equation to find the y-coordinates of the 
critical points. 


у = (2)3 – 12(2) =-16 
y = (-2)3 – 12(-2) = 16 
Thus, we have critical points at (2, —16) and (—2, 16). 


Step 3: Now, take the second derivative to find any points of inflection. 


This equals zero at x = 0. We already know that when x 0, y = 0, so the 
curve has a point of inflection at (0, 0). 


Now, plug the critical values into the second derivative to determine whether 


each is a maximum or a minimum. f (2) = 6(2) = 12. This is positive, so the 
curve has a minimum at (2, —16), and the curve is concave up at that point. f 
"(-2) = 6(—2) = -12. This value is negative, so the curve has a maximum at 
(—2, 16) and the curve is concave down there. 


Armed with this information, we can now plot the graph. 


The good news is that if the roots aren't easy to 


find, ETS won't ask you to find them, or you can 
find them with your calculator. 


Example 2: Sketch the graph of y = x^ + 2x3 — 2x2 + 1. 
Step 1: First, let’s find the x-intercepts. 
x4 + 2x3 —2x24+1=0 


If the equation doesn’t factor easily, it’s best not to bother to find the 
function’s roots. Convenient, huh? 


Next, let’s find the y-intercepts. 
y = (0)4 + 205 - 2(0)2 + 1 
The curve has a y-intercept at (0, 1). 


There are no vertical asymptotes because there is no place where the curve is 
undefined. 


Step 2: Now we take the derivative to find the critical points. 
dy 
dx = 4x3 + 6x2 — 4x 

Set the derivative equal to zero. 


4x3 + 6x2 – 4x =0 


2х(2х2 + 3x -— 2) = 0 


2xQx - Dx +2) =0 
1 
x=0, 2, -2 


Next, plug these three values into the original equation to find the у- 
coordinates of the critical points. We already know that when x = 0, у = 1. 


1,5) 6) 2) = 
Е pae eec 
When x= 2, y=\2 2 2 16 


When x 2 22, y = (-2)4 + 2(-2)3 - 2(-2)2+ 1 = —7 


1713 


Thus, we have critical points at (0, 1), Ё | al and (-2, –7). 
Step 3: Take the second derivative to find any points of inflection. 
d'y 
dx’? = 122 + 12x - 4 


Set this equal to zero. 
1222 + 12x - 420 
3x2 + 3x-1=0 
oTi- 9009 — =r 
ЕО 
Therefore, the curve has points of inflection at x = 6 
Now solve for the y-coordinates. 


(0.26, 0.90) and (-1.26, —3.66) 


We can now plug the critical values into the second derivative to determine 
whether each is a maximum or a minimum. 


12(0)2 + 12(0) - 4 = -4 


This is negative, so the curve has a maximum at (0, 1); the curve is concave 
down there. 


c c 
Sd eee. 
Lin i 


z 
This is positive, so the curve has a minimum &t\2 16 | the curve is concave 


up there. 
12(—2)2 + 12(-2) - 4 = 20 


This is positive, so the curve has a minimum at (—2, —7) and the curve is also 
concave up there. 


We can now plot the graph. 


Finding a Cusp 

If the derivative of a function approaches œ from one side of a point and — ee 
from the other, and if the function is continuous at that point, then the curve 
has a “cusp” at that point. In order to find a cusp, you need to look at points 
where the first derivative 1s undefined, as well as where it's zero. 


2 


Example 3: Sketch the graph of y 2 2 — х, 


Step 1: Find the x-intercepts. 


2 3 


0. делого 
The x-intercepts are at (42472 , 0). 


Next, find the y-intercepts. 


2 
у=2 - (0)? =2 
The curve has а y-intercept at (0, 2). 


There are no asymptotes because there is no place where the curve is 
undefined. 


Step 2: Now, take the derivative to find the critical points. 


What’s next? You guessed C. the derivative equal M, 


A A 


There are no values of x for which the equation is . But here’s the new 
stuff to deal with: At x = 0, the derivative is undefin we look at the limit 
as x appro 0 from both sides, we can mine whether the graph has a 


cusp. С 


Therefore, the curve has a cusp at (0, 2). 


There aren’t any other critical LM But we can see that when x «0, the 
derivative is positive (which means that the curve is rising to the left of zero), 
and when x > 0, the derivative is negative (which means that the curve is 
falling to the right of zero). 


Step 3: Now, we take the second derivative to find any points of inflection. 


positive at all values of x ept 0. Therefore, «he gragl is concave up 
everywhere. eS 


Again, there's no x-value уу гейі is zero. In = derivative is 


Now it’s fe to graph this. 


шээ Я A p 


There’s E type of graph you should know about rational function. 
In order to graph a rational func&pr£ уі Сптее@ to know how to find that 
function's asymptotes. x 


How to Find Asymptotes 
A line y = c is a horizontal asymptote off th€ graph of y = f(x) if 


lim 


A lim 
x f(x) = c or if x>» f(x) = с 


A line x = kis a vertical asymptote of the graph of y = f(x) if 


im . lim 
хэ f(x) = +оо or if xk f(x) = + оо 
3x 
Example 4: Sketch the graph of y= x + 2. 


Step 1: Find the x-intercepts. A fraction can be equal to zero only when its 
numerator is equal to zero (provided that the denominator is not also zero 
there). All we have to do is set 3x = 0, and you get x = 0. Thus, the graph has 
an x-intercept at (0, 0). Note: This is also the y-intercept. 


Next, look for asymptotes. The denominator is undefined at x = —2, and if we 
take the left- and right-hand limits of the function, we see the following: 


The curve has a vertical asymptote at x = —2. 
TOE тэ, 
lim | 


im 
If we take >°” x -2 = 3 and »2-? x - 2 = 3, the curve has a horizontal 
asymptote at y — 3. 


Step 2: Now, take the derivative to figure out the critical points. 


r9 (z+) 
2 (00ке) –(0)(с+х) 


E 
=F 


There are no values of x that make the derivative equal to zero. Because the 
numerator is 6 and the denominator is squared, the derivative will always be 
positive (the curve is always rising). You should note that the derivative is 
undefined at x = —2, but you already know that there’s an asymptote at x = — 
2, so you don’t need to examine this point further. 


Step 3: Now, it’s time for the second derivative. 


This is never equal to zero. The expression is positive when x < —2, so the 
graph is concave up when х < –2. The second derivative is negative when x > 
—2, so it’s concave down when x > -2. 


Now plot the graph. 


Now it’s time to practice some problems. Do each problem, covering the 
answer first, then check your answer. 


PROBLEM 1. Sketch the graph of y = x? — 9x? + 24x — 10. Plot all extrema, 
points of inflection, and asymptotes. 


Answer: Follow the three steps. 


First, see if the x-intercepts are easy to find. This is a cubic equation that isn’t 
easily factored. So skip this step. 


Next, find the y-intercepts by setting x = 0. 
у = (0)3 — 9(0)2 + 24(0) – 10 = -10 
The curve has a y-intercept at (0, —10). 
There are no asymptotes, because the curve is a simple polynomial. 


Next, find the critical points using the first derivative. 


dy 
dx = 3x2 – 18x + 24 


Set the derivative equal to zero and solve for х. 
3x2 - 18x + 24=0 
3(x2-6x+ 8) = 0 
3(x — 4)(х- 2) = 0 
х= 2,4 


Plug x = 2 and х = 4 into the original equation to find the y-coordinates of the 
critical points. 


When x = 2, y= 10 


When x=4,y=6 
Thus, we have critical points at (2, 10) and (4, 6). 
In our third step, the second derivative indicates any points of inflection. 
d'y 
dx” -бх-18 


This equals zero at x = 3. 


Next, plug x = 3 into the original equation to find the y-coordinates of the 
point of inflection, which is at (3, 8). Plug the critical values into the second 
derivative to determine whether each is a maximum or a minimum. 


6(2) - 18 = —6 


This is negative, so the curve has a maximum at (2, 10), and the curve is 
concave down there. 


6(4) - 1826 


This is positive, so the curve has a minimum at (4, 6), and the curve is 
concave up there. 


It's graph-plotting time. 


PROBLEM 2. Sketch the graph of y = 8x2 — 16x4. Plot all extrema, points of 
inflection, and asymptotes. 


Answer: Factor the polynomial. 
8x2(1 — x2) =0 
1 


1 
Solving for х, we get x = 0 (a double root), x = ux. and x = 402, 


Find the y-intercepts: when x = 0, у = 0. 


There аге по asymptotes, because the curve is а simple polynomial. 


Find the critical points using the first derivative. 
dy 
dx = 16x — 64x3 
1 


Pel the derivative equal to zero and solve for x. You get x = 0, x = 2 and x = 


- 2. 
B 1 


Next, plug x = 0, x = 2 and x = -2 into the original equation to find the y- 
coordinates of the critical points. 
When x = 0, y=0 
1 
When x = 2, y= 1 
1 
When x =-2, y= 1 


DES 
-,1 --,1 
Thus, there are critical points at (0, 0), E and\ 2 /, 


Take the second derivative to find any points of inflection. 


d'y 
ах? = 16 – 19222 
NN EM 
This equals zero at x — 412 and x= - /12, 
1 | 


Next, plug x = V12 and x = —v12 into the original equation to find the y- 
coordinates of the points of inflection, which are at 412 9 / and 


| N12 9 ) Now determine whether the points are maxima or minima. 


At x = 0, we have a minimum; the curve is concave up there. 


1 
At x = 2, it’s a maximum, and the curve is concave down. 


I 


At x = –2, it's also a maximum (still concave down). 


Now plot. 


х-4 


2 
PROBLEM 3. Sketch the graph of y = Е ЭР B . Plot all extrema, points of 
inflection, and asymptotes. 


Answer: This should seem rather routine by now. 


Find the x-intercepts by setting the numerator equal to zero; x = 4. The graph 
has an x-intercept at (4, 0). (It's a double root.) 


Next, find the y-intercept by plugging in x = 0. 
16 
у= 9 


The denominator is undefined at х = —3, so there’s a vertical asymptote at 
that point. 


Look at the limits. 


The curve has a horizontal asymptote at y = 1. 


It’s time for the first derivative. 


dy ES 14х-56 
х+3 (+3) (x +3) 


The derivative is zero when x = 4, and the derivative is undefined at x = —3. 
(There’s an asymptote there, so we can ignore the point. If the curve were 
defined at x 2 —3, then it would be a critical point, as you'll see in the next 
example.) 


Now for the second derivative. 


Фу (x*3)(14)-(14x—56)3(x-3) _ -28% +210 


ах? (х+ зу (х+ 3) 


15 


This is zero when х = fs The second derivative is positive (and the graph is 


concave up) when x < 2, and it’s negative (and the graph is concave down) 


whenx> 2. 


We can now plug x = 4 into the second derivative. It’s positive there, so (4, 
0) is a minimum. 


Your graph should look like the following: 


N 


E 
2 
PROBLEM 4. Sketch the graph of y = (x — 4)3. Plot all extrema, points of 
inflection, and asymptotes. 
Answer: By inspection, the x-intercept is at x = 4. 
Next, find the y-intercepts. When x = 0, y = 416 = 2.52. 


No asymptotes exist because there’s no place where the curve is undefined. 


The first derivative is 


Set it equal to zero. C | 


(вх) = = 


This can never equal zero. But, at y= 4 the derivative Y Goes so this is 
a critical pon’) yousteok ae Шиа x approaches from both sides, you 


can see if ther& Ja cusp. 
ЕЗ ар 
ig) 3 = оо and lim 3074) - 


The curve has a cusp at (4, 0). 


There were no other critical points. But, we can see that when x > 4, the 
derivative is positive and the curve is rising; when x < 4 the derivative is 
negative, and the curve is falling. 


The second derivative is 


No value of x сар Lr t о а derivative is 
negative at all 23 p с the СЭ is concave down 
everywhere. C 


Your graph should look like the following: 


a 
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It’s time for you to try some of these оп your own. Sketch each of the graphs 


below and check the answers in Chapter 19. 


1. 
y2x3-9x-6 

2, 
у = -=x – 6х2 - 9x -4 

3: 

= (2 —4)(9 = 22) 

4. 

x 
y=x+8 

S: 

хо-4 
y= xm 

6. 


Chapter 10 
Мопоп 


This chapter deals with two different types of word problems that involve 
motion: related rates and the relationship between velocity and acceleration 
of a particle. The subject matter might seem arcane, but once you get the 
hang of them, you’ll see that these aren’t so hard, either. Besides, the AP 
Exam tests only a few basic problem types. 


RELATED RATES 


The idea behind these problems is very simple. In a typical problem, you'll 
be given an equation relating two or more variables. These variables will 
change with respect to time, and you'll use derivatives to determine how the 
rates of change are related. (Hence the name: related rates.) Sounds easy, 
doesn't it? 


Example 1: A circular pool of water is expanding at the rate of in.2/sec. At 
what rate is the radius expanding when the radius is 4 inches? 


Note: The pool is expanding in square inches per second. We've been given 
the rate that the area is changing, and we need to find the rate of change of 
the radius. What equation relates the area of a circle to its radius? A = r2. 


Step 1: Set up the equation and take the derivative of this equation with 
respect to ¢ (time). 


n pP 


In this equation, dt SW a p an at which the area is changing, and 4 
is the rate at which the ing. The simplest way to explain this is 


that wheneve v ami a Tun in an equation YP the 


derivative with respect to time ej represents the rate at which that variable 
is increasing or decreasing. 


Step 2: Now we can plug in the values for the rate of change of the area and 
for the radius. (Never plug in the values until after you have taken the 
derivative or you will get nonsense!) 


dr 
Solving for dt, we get 


1р 1 
The radius is changi Сато рей, y" 20 С 754 18 1 
ging at a yte of 2 in/gec. It’s important to note that this is 
the rate only when the radius is 4 inches. As the circle gets bigger and bigger, 
the radius will expand at a slower and slower rate. 


Example 2: A 25-foot long ladder is leaning against a wall and sliding 
toward the floor. If the foot of the ladder is sliding away from the base of the 
wall at a rate of 15 ft/sec, how fast is the top of the ladder sliding down the 
wall when the top of the ladder is 7 feet from the ground? 


Here’s another classic related rates problem. As always, a picture is worth 
1,000 words. 


ШЕЕЕЕЕЕ 

You can see that the IadderNoerms a right triangle with the wall. Let x stand 

for the distance from the foot ofthe ladder to th¢ base of the wall, and let y 

represent the distance from the top ofthe ladde togth ground. What’s our 

favorite theorem that deals with me triangles? |T Pythagorean Theorem 

tells us here that x? + y? = 252. Now we have.àn ation that relates the 
ct to t. 


variables to each other. 


Now take the derivative of the equation with respg 


1P 
Just plug in what Qu Tower Wa. Вас еле по for the rate at 
Р 24 Ф 


which the vertical distance is changing, we're going to solve for dt. 


Let’s see what we know. We’re given the rate at which the ladder is sliding 
dx 

away from the wall: dt = 15. The distance from the ladder to the top of the 

wall is 7 feet (y = 7). To find x, use the Pythagorean Theorem. If we plug in y 


= 7 to the equation x? + y2 = 252, x = 24. 


Now plug all this information into the derivative equation. 


995 IP 


Example 3: A spherical ba 1993 а. t a rate of 60r in.3/sec. How 
fast is the surface area of the’b expafiding when the radius of the 
balloon is 4 in.? 


Step 1: You're given the # е at which the velume’s expanding, and you 
know the equation tu eat eh фка (а ib) (58 би have to relate radius 


to surface area as well, because you have to find the surface area’s rate of 
change. This means that you’ll need the equations for volume and surface 
area of a sphere. 


ii 
V= 3707 
A = 4nr? 
dA dr 


You're trying to find dt, but A is given in terms of г, so you have to get dt 

first. Because we know the volume, if we work with the equation that gives 
dr 

us volume in terms of seus, we can find dt. From there, work with the 


other equation to find. dt. If we take the derivative of the equation with 
dV dr dV 


respect ti we get dt = 4nr?dt. Plugging in for dt and for r, we get 60r 
7 


= 4п(4)2 dt. 
dr 
Solving for dt, we get 


Step 2: Now we take the derivative of 41... Бин He respect to f. 
JIS [ ul — 
GI р 4p 


dr 


We can plug in for r and dt from the previous step to get 


One final example. 


Example 4: An underground conical tank, standing on its vertex, is being 
filled with water at the rate of 187 ft?/min. If the tank has а height of 30 feet 
and a radius of 15 feet, how fast is the water level rising when the water is 12 
feet deep? 


This “сопе” problem is also typical. The key point to getting these right is 
knowing that the ratio of the height of a right circular cone to its radius 18 
constant. By telling us that the height of the cone 18 30 and the radius is 15, 
we know that at any level, the height of the water will be twice its radius, or 
h = 2r. 


1 
The volume of a cone is V = 37/7h. (You'll learn 


to derive this formula through integration in 


Chapter 17.) 


You must find the rate at which the water is rising (the height is changing), or 


dh 


dt. Therelore; you want to eliminate the radius from the volume. By 


substituting 2 = г into the equation for volume, we get 


cl 0:1::5 


Differentiate both sides 9 respect ey 1— = Л 
€ Т | 


iP "ma el ЯР. 
Now we can plug Up soge ЯТ лр р 


In order to solve related rates problems, you have to be good at determining 
relationships between variables. Once you figure that out, the rest is a piece 
of cake. Many of these problems involve geometric relationships, so review 
the formulas for the volumes and areas of cones, spheres, boxes, and other 
solids. Once you get the hang of setting up the problems, you'll see that these 
problems follow the same predictable patterns. Look through these sample 
problems. 


PROBLEM 1. A circle is increasing in area at the rate of 16r 1п.2/5. How fast 
is the radius increasing when the radius is 2 in.? 


Answer: Use the expression that relates the area of a circle to its radius: A = 
nr?. 


Next, take the derivative of the expression with respect to f. 
2] 7 
Now, plug in dt = 16r у M С — 
7 4 
dr dr 


When you solve-for dt yoy g Шт 2f | 


otice that velocity is given in miles per hour 


and the answer asks for radians per second. In 
situations like this one, you have to be sure to 
convert the units properly, or you'll get nailed. 


PROBLEM 2. A rocket is rising vertically at a rate of 5,400 miles per hour. 
An observer on the ground is standing 20 miles from the rocket’s launch 
point. How fast (in radians per second) is the angle of elevation between the 
ground and the observer’s line of sight of the rocket increasing when the 
rocket is at an elevation of 40 miles? 


Answer: First, draw a picture. 


Now, find the equation that relates the angle of elevation to the rocket’s 
altitude. 


h 
tan 0 = 20 


If we take the derivative of both sides of this expression with respect to t, we 
get 


„Р 0С 1 


a A 298 
We know that dt еэ рет BE. theCproblem asks for time in 
er 


seconds, so we пее о con Tor this There are 3,600 seconds in an 


dh 3 


hour, so d = 2 miles per second. Next, we know that tan, so when h = 40, 


tan@ = 20, so when h = 40, tan0 = 2. Because 1 + tan20= sec?0, we get sec?0 
= 5. 
Plug in the following information: 


1 
529 - (2) and 23 radians per second 
dt 20 dt 200 
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Now try these problems on your own. The answers are in Chapter 19. 


1. 
Oil spilled from a tanker spreads in a circle whose circumference 
increases at a rate of 40 ft/sec. How fast is the area of the spill 
increasing when the circumference of the circle is 100r feet? 


2. 
A spherical balloon is inflating at a rate of 277 in.3/sec. How fast is the 
radius of the balloon increasing when the radius is 3 inches? 


3. 
Cars A and B leave a town at the same time. Car A heads due south at a 
rate of 80 km/hr and car B heads due west at a rate of 60 km/hr. How 


fast is the distance between the cars increasing after three hours? 


4. 
The sides of an equilateral triangle are increasing at the rate of 27 in./ 
sec. How fast is the triangle’s area increasing when the sides of the 
triangle are each 18 inches long? 


5. 
An inverted conical container has a diameter of 42 inches and a depth 
of 15 inches. If water is flowing out of the vertex of the container at a 
rate of 35r in.3/sec, how fast is the depth of the water dropping when 
the height is 5 in.? 


6. 
A boat is being pulled toward a dock by a rope attached to its bow 
through a pulley on the dock 7 feet above the bow. If the rope is hauled 
in at a rate of 4 ft/sec, how fast is the boat approaching the dock when 
25 ft of rope is out? 


7. 
A 6-foot-tall woman is walking at the rate of 4 ft/sec away from a street 
lamp that is 24 ft tall. How fast is the length of her shadow changing? 


8. 
The minute hand of a clock is 6 inches long. Starting from noon, how 
fast is the area of the sector swept out by the minute hand increasing in 
in.2/min at any instant? 


POSITION, VELOCITY, AND 
ACCELERATION 


Almost every AP Exam has a question on position, velocity, or acceleration. 
It’s one of the traditional areas of physics where calculus comes in handy. 
Some of these problems require the use of integral calculus, which we won’t 
talk about until the second half of this book. So this unit is divided in half; 
you'll see the other half later. 


If you have a function that gives you the position of an object (usually called 
a "particle") at a specified time, then the derivative of that function with 
respect to time is the velocity of the object, and the second derivative is the 
acceleration. These are usually represented by the following: 


Position: x(t) ог sometimes 5(7) 
Velocity: v(t), which is х (f) 
Acceleration: a(t), which is х (1) or v (f) 


Please note that these equations are usually 
functions of time (t). Typically, tis greater than 
zero, but it doesn't have to be. 


By the way, speed is the absolute value of velocity. 


Example 1: If the position of a particle at a time / is given by the equation 
x(t) = В —11£? + 24t, find the velocity and the acceleration of the particle at 
time f = 5. 


First, take the derivative of х(0). 
x(t) = 32 — 221+ 24 = v(t) 
Second, plug in f = 5 to find the velocity at that time. 
v(5) = 3(52) - 22(5) + 24 = -11 

Third, take the derivative of v(f) to find a(t). 

v (t) = 6t 22 = a(t) 
Finally, plug in ѓ = 5 to find the acceleration at that time. 

a(5) = 6(5) – 22 = 8 


See the negative velocity? The sign of the velocity is important because it 
indicates the direction of the particle. Make sure that you know the 
following: 


When the velocity is negative, the particle is moving to the 
left. 


When the velocity is positive, the particle is moving to the 


right. 


When the velocity and acceleration of the particle have the 
same signs, the particle’s speed is increasing. 


When the velocity and acceleration of the particle have 
opposite signs, the particle’s speed is decreasing (or slowing 
down). 


When the velocity is zero and the acceleration is not zero, the 
particle is momentarily stopped and changing direction. 


Example 2: If the position of a particle is given by х(® = В — 122 + 361+ 18, 
where : > 0, find the point at which the particle changes direction. 


The derivative is 
x(t) = v(t) = 3? — 24t + 36 
Set it equal to zero and solve for t. 
x(t) = 32 —24t + 36 = 0 
Р- 81+ 12 = 0 
(t — 2)(t — 6) = 0 
So we know that 1 = 20r = 6. 


You need to check that the acceleration is not 0: x(t) = 6t — 24. This equals 
0 at t = 4. Therefore, the particle is changing direction at t = 2 and t= 6. 


Example 3: Given the same position function as in Example 2, find the 
interval of time during which the particle is slowing down. 


When 0 < f < 2 and ¢ > 6, the particle's velocity is positive; when 2 < t < 6, 
the particle's velocity is negative. You can verify this by graphing the 
function and seeing when it's above or below the x-axis. Or, try some points 
in the regions between the roots and outside the roots. Now, we need to 
determine the same information about the acceleration. 


a(t) = v(t) = 6t — 24 


So the acceleration will be negative when / < 4, and positive when t > 4. 


So we have 
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Whenever the velocity and acceleration have opposite signs, the particle is 
slowing down. Here the particle is slowing down during the first two seconds 
(0 < t < 2) and between the fourth and sixth seconds (4 < t < 6). 


Another typical question you'll be asked is to find the distance a particle has 
traveled from one time to another. This is the distance that the particle has 
covered without regard to the sign, not just the displacement. In other words, 
if the particle had an odometer on it, what would it read? Usually, all you 
have to do is plug the two times into the position function and find the 
difference. 


Example 4: How far does a particle travel between the eighth and tenth 
seconds if its position function is x(t) = £ — 6t? 


Find x(10) — x(8) = (100 — 60) - (64 - 48) = 24 


Be careful about one very important thing: If the velocity changes sign 
during the problem's time interval, you'll get the wrong answer if you 
simply follow the method in the paragraph above. For example, suppose we 
had the same position function as above but we wanted to find the distance 
that the particle travels from t = 2 to t = 4. 


x(4) - x(2) = C8) - (-8) = 


This is wrong. The particle travels from —8 back to —8, but it hasn't stood 
still. To fix this problem, divide the time interval into the time when the 
velocity is negative and the time when the velocity is positive, and add the 
absolute values of each distance. Here the velocity is v(t) = 2t — 6. The 
velocity is negative when / < 3 and positive when t > 3. So we find the 
absolute value of the distance traveled from 1 = 2 to t = 3, and add to that the 


absolute value of the distance traveled from f = 3 to t = 4. 
Because x(t) = 2 — 6t, 

Ix(3) — x(2)| + [x(4) — x(3)| = |-9 + 8] + |-8 + 9| 22 
This is the distance that the particle traveled. 


Example 5: Given the position function x(t) = t4 — 82, find the distance that 
the particle travels from t= 0 to r= 4. 


First, find the first derivative (v(t) = 4t? — 167) and set it equal to zero. 
48 – 16t = 0 402 – 4) = 01= 0, 2, –2 
So we need to divide the time interval into = 0 to t = 2 and t = 2 to = 4. 
Ix(2) — х(0) + [x(4) - x(2)| = 16 + 144 = 160 


Here are some solved problems. Do each problem, covering the answer first, 
then check your answer. 


PROBLEM 1. Find the velocity and acceleration of a particle whose position 
function is x(t) = 28 — 212 + 60t + 3, for t > 0. 


Answer: Find the first two derivatives. 
v(t) = 62 — 421+ 60 
a(t) = 12t — 42 


PROBLEM 2. Given the position function in problem 1, find when the 
particle's speed is increasing. 


Answer: First, set v(t) = 0. 
6f? — 421+ 60 =0 
Р- 71+ 10=0 
(t - 2)(t—5)20 


221555 


You should be able to determine that the velocity is positive from 0 < f < 2, 
negative from 2 < ft < 5, and positive again from t > 5. 


Now, set a(t) = 0. 
121-42-0 
7 
г-2 
You should be able to determine that the acceleration is negative from 0 < t < 


? 


2 and positive from t= 5. 


The intervals where the velocity and the acceleration have the same sign are 
and ft > 5. 


PROBLEM 3. Given that the position of a particle is found by x(t) = В – 62 + 
1, t > 0, find the distance that the particle travels from 1 = 2 to t = 5. 


Answer: First, find v(t). 
v(t) = 32 — 121 
Second, set v(t) -0 and find the critical values. 
32-121-0 34(1-4)-0 t= (0,4) 


Because the particle changes direction after four seconds, you have to figure 
out two time intervals separately (from 1 = 2 to t = 4 and from t = 4 to t = 5) 
and add the absolute values of the distances. 


|04) - x2)| + x5) - x(4)| = (31) - C15] + ((24)-(-311 = 23 
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Now try these problems. The answers are in Chapter 19. 


1. 
Find the velocity and acceleration of a particle whose position function 
is x(t) = Ë — 92 + 241, t > 0. 


2. 
Find the velocity and acceleration of a particle whose position function 
is x(t) = sin(2t) + cos(f). 


3, 
і 


If the position function of a particle is x(t) = sin G ) 0 <7 < 4nr, find 
when the particle is changing direction. 


4. 
If the position function of a particle is x(t) = 32 + 2t + 4, t > 0, find the 
distance that the particle travels from t= 2 to t = 5. 


5: 
If the position function of a particle is x(t) = 2 + 8t, t > 0, find the 
distance that the particle travels from t= 0 to t = 4. 


6. 
If the position function of a particle is x(t) = 2sin?t + 2cos?t, t > 0, find 
the velocity and acceleration of the particle. 


7. 
If the position function of a particle is x(t) = 8 + 82 — 2t + 4, t > 0, find 
when the particle is changing direction. 


8. 
If the position function of a particle is x(t) = 28 — 62 + 12t — 18, t > 0, 
find when the particle is changing direction. 


Chapter 11 
Exponential and Logarithmic Functions, 
Part One 


As with trigonometric functions, you'll be expected to remember all of the 
logarithmic and exponential functions you’ve studied in the past. If you’re 
not sure about any of this stuff, review the unit on Prerequisite Mathematics. 
Also, this is only part one of our treatment of exponents and logs. Much of 
what you need to know about these functions requires knowledge of integrals 
(the second half of the book), so we'll discuss them again later. 


THE DERIVATIVE OF In x 


When you studied logs in the past, you probably concentrated on common 
logs (that is, those with a base of 10), and avoided natural logarithms (base e) 
as much as possible. Well, we have bad news for you: most of what you'll 
see from now on involves natural logs. In fact, common logs almost never 
show up in calculus. But that's okay. All you have to do is memorize a bunch 
of rules, and you'll be fine. 


dy 1 


Rule No. 1: If y = In x, then 4х (x 


This rule has a corollary that incorporates the Chain Rule and is actually a 
more useful rule to memorize. 


dy _ 


Rule No. 2: If y = In u, then dx и dx 


du 


Remember: и is a function of x, and dx is its derivative. 


You'll see how simple this rule is after we try a few examples. 


Example 1: Find the derivative of f(x) 2 In(x?). 


If you recall your rules of logarithms, you could have done this another way. 


In(x3) = 3 In x 


(2 
Therefore, f(x) = х; Хх. 
Example 2: Find the derivative of f(x) = In(5x — 3x9). 


Example 3: Find MEETS In(cos x). 
— —á =(x) S 


( р и х 3oo a 


Finding the deriva ive of a natural togarithm is just a matter of following a 
simple formula. 


THE DERIVATIVE OF ex 


As you'll see in Rule No. 3, the derivative of ех is probably the easiest thing 
that you'll ever have to do in calculus. 


Rule No. 3: If y = e*, then ах 


That's not a typo. The derivative is the same as the original function! 
Incorporating the Chain Rule, we get a good formula for finding the 
derivative. 


dy du 


u 


M dumm 
Rule No. 4: If y = e", then ах dx 


And you were worried that all of this logarithm and exponential stuff was 
going to be hard! 


Example 4: Find the derivative of f(x) = езх. 


f(x) = e3x(3) = 3e 

Example 5: Find the derivative of f(x) 2 ex. 
f(x) = e«(3x2) = Зх2ехз 

Example 6: Find the derivative of f(x) = etan x, 

f(x) = (sec? x)etan х 
Example 7: Find the second derivative of f(x) = ex. 

Р(х) = 2xe» 
f'(x) = 2е + 4x2e2 


Once again, it’s just a matter of following a formula. 


THE DERIVATIVE OF logax 


This derivative is actually a little trickier than the derivative of a natural log. 
First, if you remember your logarithm rules about change of base, we can 
rewrite log, x. 


Review the unit on Prerequisite Mathematics ma eaves you scratching 
your head. Anyway, because In a is a co derivative. 


This leads us tó № r Ш 


dy 1l 


Rule No. 5: If y = logax, then dx ха 


Once again, incorporating the Chain Rule gives us а more useful formula. 


dy 1 du 


Rule No. 6: If y = logau, then dx — ulna dx 


Example 8: Find the derivative of f(x) = logiox. 


1 
fix) = xIn10 


Note: We refer to the 100140 x as log x. 


Example 9: Find the derivative of f(x) = logg (x? + x). 


2X1 
feo - (x? + xJIn8 
Example 10: Find the derivative of f(x) = logex. 
1 1 


fix) = xIne (x 


You can expect this result from Rules 1 and 2 involving natural logs. 


THE DERIVATIVE OF ах 


You should recall from your precalculus days that we can rewrite ах as ех а, 
Keep in mind that In a is just a constant, which gives us the next rule. 


dy 


Rule No. 7: If y = ax, then dx = (ex na)ln a = a*(In a) 


Given the pattern of this chapter, you can guess what's coming: another rule 
that incorporates the Chain Rule. 


dy du 
Rule No. 8: If y = au, then dx = аи(ш a) dx 


And now, some examples. 
Example 11: Find the derivative of f(x) = 

f(x) = 3x In 3 
Example 12: Find the derivative of f(x) = 845. 

f(x) = 8*6 (20х9) 08 
Example 13: Find the derivative of f(x) = ляп x. 
f(x) = пят x (cos x)In zr. 

Finally, here’s every nasty teacher’s favorite exponential derivative. 
Example 14: Find the derivative of f(x) = хх. 


First, rewrite this as f(x) = e*!nx, Then, take the derivative. 


inse] 
"EMI х = exh y (In x+ 1) 2 xxIn x + 1) 


Would you have thought of that? Remember this trick. It might come in 
handy! Okay. Ready for some practice? Here are some more solved 
problems. Cover the solutions and get cracking. 


PROBLEM 1. Find the derivative of y = 3In(532 + 4x). 
Answer: Use Rule No. 2. 

УС XG ИЕ XG um 
PROBLEM 2. Find the debates Mor fy OK sinc ). 


Answer: Use Rule No. 2 in addition to the Chain Rule. 


PROBLEM 3. Find the derivative of f(x) = еЗ - 4x. 
Answer: Use Rule No. 4. 

f(x) = (21x6 – 8x)2 ex- 4x. 
PROBLEM 4. Find the derivative of f(x) = log4(tan x). 


Answer: Use Rule No. 6. 


X ЧЕ] иг 


a 


Answer: First, use the rules of logarithms to rewrite the equation. 


1 
y = 213 logs x - logg (1 + x?)] 


PROBLEM 5. Find the en Wave ihe = logsV 1+ x 


Now it’s much easier to find the derivative. 
dy ] 1 |I 2x m 113 2х 
52311 esi] E I 


PROBLEM 6. Find the derivative of у = 525 


Answer: Use Rule No. 8. 


XNE хс хр 
p RE 


e 


PROBLEM 7. Find the derivative of y = 5 


Answer: Here, you need to use the Quotient Rule and Rules Nos. 4 and 8. 


dy 25 (ee ) E e End In5(- siti х) дух x (5x ) i (sinxIn5) d Зх? *sinxIn5 


— = — = e ыы 


ах Бай y 520% ges 
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Now find the derivative of each of the following functions. The answers are 
in Chapter 19. 


1. 
f(x) = 1004 + 8) 


2. 
fix) = InGxv3 + x) 


3. 
f(x) = In(cot x — csc x) 


5x? 
fx) = 12 | 


5. 
fo) = бх ©OS x 


6. 
f(x) = ex sin 5x 


7a 
fo) = enx — In erx 


8. 
F(x) = logi» 68) 


9. 
log, x 
fx) - p” 
10 


fix) = logv10"* 


11. 
fo) = езх — Зех 


12. 
fx) = 105in x 


13. 
f(x) = In(10x) 


14. 


fx) = 35x 


Chapter 12 
Other Topics in Differential Calculus 


This chapter is devoted to other topics involving differential calculus that 
don’t fit into a specific category. 


THE DERIVATIVE OF AN INVERSE 
FUNCTION 


ETS occasionally asks a question about finding the derivative of an inverse 
function. To do this, you need to learn only this simple formula. 


Suppose we have a function x = f(y) that is defined and differentiable at y = a 


where x = c. Suppose we also know that the f-!(x) exists at x = c. Thus, f(a) = 
1 
D _ dx 
c and f-!(c) = a. Then, because ах dy , 


pak 
(р 
ree d 
[ 13 4 m 


XP 
т (x) f— 
To translate, we can find the derivative of'a function’s inverse at a particular 


point by taking the reciprocal of the derivative at that point’s corresponding 
y-value. These examples should help clear up any confusion. 


Example 1: If f(x) = х2, find a derivative of f-!(x) at x = 9. 


First, notice that f(3) = 9. One of the most confusing parts of finding the 
derivative of an inverse function is that when you're asked to find the 
derivative at a value of x, they're really asking you for the derivative of the 
inverse of the function at the value that corresponds to f(x) = 9. This is 
because x-values of the inverse correspond to f(x)-values of the original 
function. 


The rule is very simple: when you're asked to find the derivative of f-!(x) at 
X = c, you take the reciprocal of the derivative of f(x) at x = a, where Ка) = c. 


d 
We know that Zxf(x) = 2x. This means that we're going to plug x = 3 into the 


formula (because f(3) = 9). This gives us 


We can уе у tis by finding the inVerse of the f “ч а then taking 
the derivative. Whe inverse of the function f(x) 4x? 1s the f@nction РКХ) = 
Ух . Now we find the derivative and evaluate it а 3) = 9. 

— —— б=х х № Р 
Remember thf rule: Find-the val#é—a—efstxtht-sives Fou the value of x 


that the probllim asks for. Then plug|that value! a, о th reciprocal of the 
derivative of tle inverse function. 


Example 2: Find a derivative of the inverse of y = x3 — 1 when y = 7. 


First, we need to find the x-value that corresponds to y = 7. A little algebra 
tells us that this is x = 2. Then, 


Xp 
E voe xp 
Therefore, the derivatiy& 6f the pers a 


d eT 


T T С y Р 
Verify it: 0, |. of the function y = x? — | is rb XC = Y xt. 


The derivative of this latter function is 


[=x | 
Let's do one шаге’ (1 + x) Ç 

! CI Z 22 
Example 3: Find а derivatrve of thd inverse of y = x? + 4 when y = 29. 
At y 2 29, x = 5, КИ РИ of the function is 


dy 
dx = 2х 


So, а derivative of the inverse is 


STX] y 
Note that x 4... us y = 29, so - 10 is alsþ a Xho not that 


hard, once you get the hang of it. 


This is all you’ll be required to know involving derivatives of inverses. 
Naturally, the e ways to create harder problenjs, but AP Exam stays 
away from thengland sticks to simpler stuff. 


Here are some solved problems. Do each problem, lover the answer first, and 
then check your answer. 


PROBLEM 1. Find a derivative of the inverse of f(x) = 2х3 + 5x + laty = 8. 
Answer: First, we take the derivative of f(x). 

Р(х) = 6x2 + 5 
A possible value of x is x = 1. 


Then, we use the formula to find the derivative of the inverse. 


PROBLEM 2 Find § derivative of the fhversg of А) = 3x3 — x fF 7 at y = 9. 


Answer: Firg, (аке ре derivative of ЛЖ. 7 


— 509) = 9х2 — 1 
A possible value of x is x = 1. 


Then, use the ѓо тиа to find the derivative of the 1 егѕе. 


8 
PROBLEM 3. Find a derivative of the inverse of at y = x? at yel. 


Answer: Take the derivative of y. 


Find the value of X ye]. 
-рр 


Use the v ! ^u 
12 


Here’s one more. = Бай 


PROBLEM 4. Find a derivative of the inverse of y = 2x —x3 at = 1. 


Answer: The derivative of the function is 
dy 
ах =2 – 3x2 
Next, find the value of x where y = 1. By inspection, y = 1 when x= 1. 


Then, we use the formula to find the derivative of the inverse. 


1=х 


9 54 
(e-z) в 
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Find a derivative of the inverse of each of the following functions. The 
answers are in Chapter 19. 


1. 
1 17 
y=x+xaty= 4; wherex> 1 
2. 


y=3x-5x3aty = 2 


3. 
y=eaty=e 


4. 
y=x+xaty=-2 


5. 
у= 4х- х3 аѓу = 3 
6. 
y=Inxaty=0 


DIFFERENTIALS 


Sometimes this is called “linearization.” A differential is a very small 
quantity that corresponds to a change in a number. We use the symbol Ax to 
denote a differential. What are differentials used for? The AP Exam mostly 
wants you to use them to approximate the value of a function or to find the 
error of an approximation. 


Recall the formula for the definition of the derivative. 


Oe 

eye) nor 

Replace h with Ax, which also stands for a very small increment of x, and get 
rid of the limit. 


хү 
Teves OF 
Notice that this is no longer equal to the derivative, but an approximation of 
it. If Ax is kept small, the approximation remains fairly accurate. Next, 
rearrange the equation as follows: 


flat Ax) = Дх) «700 Ах 


This is our formula for differentials. It says that “the value of a function (at x 
plus a little bit) equals the value of the function (at x) plus the product of the 
derivative of the function (at x) and the little bit.” 


Example 1: Use differentials to approximate v9.01. 


You can start by letting x = 9, Ax = + 0.01, f(x) = Ух . Next, we need to find f 


1 
f(x) = Vx 


Now, plug in to the formula. 


m. = ху tx 
охл хужа 


Now, if we plug in x = 9 and А+ 0)0 Ev +) 


If you enter V9.01 into your calculator, you get: 3.001666204. As you can 
see, Our answer is a pretty good approximation. It’s not so good, however, 


when Ax is too big. How big is too big? Good question. 


Example 2: Use differentials to approximate v9.5. 


Let x = 9, Ax = +.5 fN x and plug in to what you found in Example 1. 


oM 
€€€£€ec80'€ = o% + of = S6f 


However, V2.5 equals 208220 Il on a calculator. This is good to only two 


decimal places. As the ratio of x grows larger, the approximation gets less 
accurate, and we start to get away from the actual value. 


There's another approximation formula that you'll need to know for the АР 
Exam. This formula is used to estimate the error in a measurement, or to find 
the effect on a formula when a small change in measurement is made. The 
formula is: 


Note that this equation is simply a 
dy 


rearrangement of dx = f(x). 


This notation may look a little confusing. It says that the change in a 
measurement dy, due to a differential dx, is found by multiplying the 
derivative of the equation for y by the differential. Let's do an example. 


Example 3: The radius of a circle is increased from 3 to 3.04. Estimate the 
change in area. 


Let A = zr. Then our formula says that dA = A dr, where A “is the derivative 
of the area with respect to r, and dr = 0.04 (the change). First, find the 
derivative of the area: A “= 27r. Now, plug in to the formula. 


dA = 2zr dr = 2z11(3)(0.04) = 0.754 


The actual change in the area is from 97 to 9.24167, which is approximately 
0.759. As you can see, this approximation formula 18 pretty accurate. 


Here are some sample problems involving this differential formula. Try them 
out, then check your work against the answers directly beneath. 


PROBLEM 1. Use differentials to approximate (3.98)4. 


Answer: Let f(x) = x^, x = 4, and Ax = —0.02. Next, find f(x), which is: f(x) = 
4x3. 


Now, plug in to the formula. 


fix + Ax) = fix) + f G)Ax 
(x + Ax) = x4 + 4x3Ax 


If you plug in = 4 and Ax = -0.02, you get 
(3.08) = 44 + 4(4)3(-0.02) = 250.88 


Check (3.98)4 by using your calculator; you should get 250.9182722. Not a 
bad approximation. 


You’re probably asking yourself, why can’t I just use my calculator every 
time? Because most math teachers are dedicated to teaching you several 
complicated ways to calculate things without your calculator. 


PROBLEM 2. Use differentials to approximate sin 46°. 


Answer: This is a tricky question. The formula doesn’t work if you use 
degrees. Here’s why: Let f(x) = sin x, x = 45°, and Ax = 1°. The derivative is f 
(x) = cos х. 


If you plug this information into the formula, you get: sin 46° = sin 45° + 


cos 45°(1°) = 42. You should recognize that this is nonsense for two reasons: 


(1) the sine of any angle is between —1 and 1; and (2) the answer should be 
1 


close to sin 45° = 42. 


What went wrong? You have to use radians! As we mentioned before, angles 
in calculus problems are measured in radians, not degrees. 


Л Л 


Let f(x) = sin x, х = 4, and Ax = 180. Now plug in to the formula. 
, (467 7 Л Л 
«(| B0 )= si 1 [o + \ =) = 0.7194 


PROBLEM 3. The radius of a sphere is measured to be 4 cm with an error of 
+0.01 cm. Use differentials to approximate the error in the surface area. 


Answer: Now it’s time for the other differential formula. The formula for the 
surface area of a sphere is 


S = 4772 


The formula says that dS = S ағ, so first, we find the derivative of the surface 
area, (S = 8лт) and plug away. 


dS = 8лтаг = 8л(4)(40.01) = +1.0053 


This looks like a big error, but given that the surface area of a sphere with 
radius 4 is approximately 201 cm2, the error is quite small. 


PRACTICE PROBLEM SET 16 


Use the differential formulas in this chapter to solve these problems. The 
answers are in Chapter 19. 


1. 


Approximate v 25.02, 


3, 
Approximate Y 63.97. 


3. 
Approximate tan 61°. 


4. 
The side of a cube is measured to be 6 in. with an error of in. Estimate 
the error in the volume of the cube. 


5. 
When a spherical ball bearing is heated, its radius increases by 0.01 
mm. Estimate the change in volume of the ball bearing when the radius 
is 5 mm. 


6. 
A cylindrical tank is constructed to have a diameter of 5 meters and a 
height of 20 meters. Find the error in the volume if 


(a) 


the diameter is exact, but the height is 20.1 meters; and 


(b) 


the height is exact, but the diameter is 5.1 meters. 


L'HÓPITAL'S RULE 


L'Hópital's Rule is a way to find the limit of certain kinds of expressions that 


0 оо 


are indeterminate forms. If the limit of an expression results in 0 ог оо, ће 
limit is called “indeterminate” and you can use L'Hópital's Rule to evaluate 


these expressions. 


If f(c) = g(c) = 0, and if f'(c) and g'(c) exist, and if g'(c) # 0, 
then 


| (2),2 (х)5 jc 


If fic) 


= g(c) = ee, and if f'(c) and g'(c) exist, and if g'(c) + 


(2),2 


(х ) 2 2<– X 
In other words, if (vv J: mefe) f an undéfined expression, 
О œ 1 


like 0 or оо, L’H6pital’s Rule says we can take the derivative of the top and 
the derivative of the bottom and see if we get a determinate expression. If 


not, we can repeat the process. 


sinx 


lim 
Example 1: Find ^^? x . 


0 


First, notice that plugging in 0 results in 0, which is indeterminate. Take the 
derivative of the top and of the bottom. 


The limit equals 1. E - X 


2x Sn 
пп 
СЕСЕ 2: Find *>0 x 


If you plug ш. 0, you_get , Which is ul , take the 
derivative о WS Cy 


This limit also equals 1. 


444Хх-2 


. lim 
Example 3: Find ^^ 2х 
0 


OL plugging in 0 is no help; you get 0. Take the derivative of the top and 
ottom. 


8 С Ox 


iim 2-2 ш 


Ехашре 4: Find s T a Usa: y С 
Take the derivative E the to 
X v jx 


И | 
Now if you take di we giil spt г i C e 


= -801- ox 
--- 7 um 
2 c(x*y)-- 
Now let's try a couple of оо forms¢ 
DX 
im 
Example 5: Find >>> 3x +1. 


оо 


Now, the limit is co. The derivative of the top апа bottom is 


Don’t you e. you had learned С- Coen шал эг? 
SCC Xx 
Example 6: Find ^^; zi dius. 28 | | | I 
mcs] cz 
The derivative of the НОГ is is 


Example 7: C. г х cot х. С 


Taking this limit results in (0)(еоо), which is also indeterminate. (But you 
x 


lim 
can’t use fhe rule yet!) If you rewrite this expression as *>0* tan x, it’s of 


the form 0, and we can use L' Hópital's Rule. 


That's all that уоц пееа to know абош L' sei ust check to see 1f 
the limit results nf iodetermmnrate-formrtit do e rule until you get 
a determinate for 


Here are some more examples. 


sin 8x 


im 
PROBLEM 1. Find ^*^? х 


0 
Answer: First, notice that plugging 1 in O gives us an indeterminate result: 0 
Now, take the derivative of the top and of the bottom. 


Ї| oce 
: -2 
_ (lim xe ^ UII 
PROBLEM 2. Find ~ ССІ 
e 
x Q m ай, 
Answer: First, rewrite this expression as S that when x nears 
infinity, the expression becomes oo, which is indeterminate. 


Take the derivative of the top and bottom. 


SQ 4x +1 -4х +1" IC co<— X 


PROBLEM 3 2 мэ 7x? + 2x — [DEUS M. 
Answer: We Чбагпеа this in T 3, remember?® Now we'll use 


L'Hópital's Rule. At first glance, the Timit is indeterminate: oc. Let's take 


some derivatives. 


This is still ind@terminate, | it’s y» "M "e of the top and 


bottom again. 


It's still i e more u'll get a fraction with 


no variables: 2 which can be simp to 7 5 we expected). 


та 
шинни |i 
PROBLEM 4. Find ^5 9% 


оо in 2 po you —X(€ of 0. The 
When “Х- of | Il we 


PRACTICE PROBLEM gel 17 


Now find these limits using L' Hópital's Rule. The answers are in Chapter 19. 


1. 
ENH 510355 
lim 
Find »^? sin 4х. 
2. 
lim — 
Find *?7 sinx. 


3. 


x FL 


5. 
eps 
lim ————— 
Find *^? sin x — x. 
6. 
202 
lim 7-1 
Find >°” е. 
7. 
x Ах” B 


lim 775—124 
Find =>” 7х’ —3x^ —1. 
8. 
ims 
на n(sin x) 
Find ^" In(tanx), 
9. 
lim 
Find «> cotx. 


10. 


cot 2x 


X 


lim ———— 
Find 29% ln(x +1), 


Unit 2 Drill 


For answers and explanations, turn to Chapter 19. 
1. 
Find the equation of the normal to the graph of y = V8 at x = 2. 


2. 
Find the equation of the tangent to the graph of y 2 4 — 3x — x? at (0, 4). 


3. 
Find the equation of the tangent to the graph of y = (x2 + 4х + 42 at x = 
-2. 


4. 
Find the values of c that satisfy the MVTD for f(x) = x? + 12x? + 7x on 
the interval [-4, 4]. 


5. 
Find the values of с that satisfy Rolle’s Theorem for f(x) = x3 — хоп the 
interval [-1, 1]. 


6. 
A computer company determines that its profit equation (in millions of 
dollars) is given by P = x? — 48x? + 720x — 1,000, where x is the 
number of thousands of units of software sold and 0 « x < 40. 
Optimize the manufacturer's profit. 


T: 
Find the dimensions of the rectangle with maximum area that can be 
inscribed in a circle of radius 10. 


8. 
Find the coordinates of any maxima/minima and points of inflection of 
the following function. Then sketch the graph of the function. 


E the co f any maxima/minima ud aoi of inflection of 
the Б t€ Then sketch the graplmet-*he tion. 
10. Ӯ 


A cylindrical tank with a radius of 6 meters is filling with fluid at a rate 
of 1087 m3/s. How fast is the height increasing? 


11. 
The voltage, V, in an electrical circuit is related to the current, /, and the 
resistance, А, by the equation V = IR. The current is decreasing at —4 
amps/s as the resistance increases at 20 ohms/s. How fast is the voltage 


changing when the voltage is 100 volts and the current is 20 amps? 


12. 
Ї 


If the position function of a particle is x(t) = £ 2 + 9. t» 0, find when 
the particle is changing direction. 


13. 
If the position function of a particle is x(t) = sin? 2t, t > 0, find the 
distance that the particle travels from t = 0 to t = 2. 


For questions 14—20, find the derivative of each function. 


14. 
f(x) = xln cos 3х- x? 
15, 
tan4x 
Хх) = 4x 
16. 
f(x) = loge (3x tan x) 
17. 
f(x) = шх log x 
18. 
Дх) = 5 nx 
19. 
f(x) = x! – 2x5 + 2х3 at f(x) = 1 
20. 
Dod 
y=x3+x5aty=2 
21: 
Approximate (9.99)3. 
23. 


A side of an equilateral triangle is measured to be 10 cm. Estimate the 


change in the area of the triangle when the side shrinks to 9.8 cm. 


23. 


45x4 25-5 


lim ———— —— = 


24. 
Ө -sin cos 9 1 


im 
x0  tanO - 0 


ШИ 


Study Break! 

You're about halfway through your review! 
Before you divae e to give 
yourself ЗО wntimdilito let УЗ іп absorb 


Unit 3 
Integral Calculus Essentials 


Chapter 13 
The Integral 


Welcome to the other half of calculus! This, unfortunately, is the more 
difficult half, but don’t worry. We’ll get you through it. In differential 
calculus, you learned all of the fun things that you can do with the derivative. 
Now you’ll learn to do the reverse: how to take an integral. As you might 
imagine, there’s a bunch of new fun things that you can do with integrals too. 


It’s also time for a new symbol | , which stands for integration. An integral 
actually serves several different purposes, but the first, and most basic, is that 


of the antiderivative. 


THE ANTIDERIVATIVE 


An antiderivative is a derivative in reverse. Therefore, we’re going to reverse 
some of the rules we learned with derivatives and apply them to integrals. 
For example, we know that the derivative of x2 is 2x. If we are given the 
derivative of a function and have to figure out the original function, we use 
antidifferentiation. Thus, the antiderivative of 2x is x2. (Actually, the answer 
is slightly more complicated than that, but we'll get into that in a few 
moments.) 


Now we need to add some info here to make sure that you get this absolutely 
correct. First, as far as notation goes, it is traditional to write the 
antiderivative of a function using its uppercase letter, so the antiderivative of 
f(x) is F(x), the antiderivative of g(x) is G(x), and so on. 


The second idea is very important: each function has more than one 
antiderivative. In fact, there are an infinite number of antiderivatives of a 
function. Let's go back to our example to help illustrate this. 


Remember that the antiderivative of 2x is x2? Well, consider this. If you take 
the derivative of x2 + 1, you get 2x. The same is true for x2 + 2 , x? — 1, and 
so on. In fact, if any constant is added (0 x?, the derivative 18 still 2x because 
the derivative of a constant 1s zero. 


Because of this, we write the antiderivative of 2x as x2 + C, where C stands 
for any constant. 


Finally, whenever you take the integral (or antiderivative) of a function of x, 
you always add the term dx (or dy if it's a function of y, etc.) to the integrand 
(the thing inside the integral). You'll learn why later. 


Here is the Power Rule for antiderivatives. 


Just remember that you must always-use the dx 
symbol, and teachers love to take points off for 


forgetting the dx. p ° but they do! 


(except when n = -1). 


Using the Power Rule, wajget 


om 


Don't forget the constant C, or your teachers will take points off for that too! 


Example 2: Find J x? dx. 


The Power Rule works with negative exponents too. 


Not terribly hard d ) цэ Now it's me Xp fe mere rules that look 
remarkably simil the rules Бэ инж th&{-we saw іп Chapter 6. 


; kf(x)dx = К | Хах 


| [féx) + 800) 4Х = | Тодах + | g(x)dx 


[mE 


Here are a few more examples to make you an expert. 


Example 3: | 5 dx = 5x + C 


23 
Example 4: J 7 х3 dx= 4 +С 


Example 5: | (3x2 + 2х) dx =x +02 + С 


Example 6: | Ух х ах = 


sin ах dx = — 
sin ax 


cosaxdx= a +C 


Sec ах 


tan ах 
sec? ахах= а +С 
CSC AX 
cscaxcotaxdx=- 4 +С 


cot ax 


J 
J 
2 то 
J 
J 
J 


csc? axdx=- а +C 


INTEGRALS OF TRIG FUNCTIONS 


The integrals of some trigonometric functions follow directly from the 


derivative formulas in Chapter 6. 


We didn’t mention the integrals of tangent, cotangent, secant, and cosecant, 
because you need to know some rules about logarithms to figure them out. 
We'll get to them in a few chapters. Notice also that each of the answers is 
divided by a constant. This is to account for the Chain Rule. Let's do some 
examples. 


cos5x 


Example 7: Check the integral | sin 5x=- 5 + C by differentiating the 
answer. 


Notice how the constant is accounted for in the answer? 


tan 3x 
Example 8: | sec23xdx= 3 +С 


sint x 


Example 9: Jos лхах= л +С 


J sec 2) tan (=) dx = 2sec 2) +C 
Example 10: 2 2 2 


If you’re not sure if you have the correct answer when you take an integral, 
you can always check by differentiating the answer and seeing if you get 
what you started with. Try to get in the habit of doing that at the beginning, 
because itll help you build confidence in your ability to find integrals 
properly. You'll see that, although you can differentiate just about any 
expression that you'll normally encounter, you won't be able to integrate 
many of the functions you see. 


ADDITION AND SUBTRACTION 


By using the rules for addition and subtraction, we can integrate most 
polynomials. 


Example 11: Find J (x2 + x2 - x) ах. 


We can break this into separate integrals, which gives us 


хр J ир px | 


Now you can integrate each of these individually. 


С € p 

Duc 01 
You can combine the constants into efie constant (it doesn't matter how 
many C's we use, because their sum is one collective constant whose 


derivative is zero). 


Sometimes you'll iyen information about ue function you’re seeking 
that will enable y 21 for the constant. Oftén, this s an “initial value," 
which is the value of the Mi when ariable 1 е As we've seen, 
normally there are an infinite number of Solutions ur an integral, but when 
we solve for the constant, there's only one. 


dy 
Example 12: Find the equation of y where dx = Зх + 5 and y = 6 when x = 0. 


Let's put this in integral form. 


Integrating, we Xp (< +X С | | = (C 
Now we can 9 ще bgcause we knowthay§ : = 6 when x= 0. 
Therefore, C = 6 бэн-(0)0- We = 9 


Example 13: XO) X G cos x and f= 3( 
Integrate f(x). Х 
ntegrate f(x z Ç 


PEIR 001 dx = – cos x — sin x + C) 


Now solve for the constant. 
3 = — соѕ(л) - sin(m) + C 
С-2 
Therefore, the equation becomes 
f(x) =-cos x ^ sin x +2 


Now we've covered the basics of integration. However, integration is a very 
sophisticated topic and there are many types of integrals that will cause you 
trouble. We will need several techniques to learn how to evaluate these 
integrals. The first and most important is called u-substitution, which we will 
cover in the second half of this chapter. 


In the meantime, here are some solved problems. Do each problem, covering 
the answer first, then check your answer. 


5 
PROBLEM 1. Evaluate | A ах 


Answer: Here’s the Power Rule again. 


[+4 
Using the rule, 2 + —— — = Xp X 


! с" 


зэ — 
You сап rewrite itas 8 + С. 9 


PROBLEM 2. Эв! ПЕ == +5 = T +4) XP сх С 


Answer: We can break this t several integrafi. 


jos + х2 — бх + 4)ах = NN "mr РИ ka 


Each of these can be integrated according to the Power Rule. 


This can be rewritten as 


X Mec p 
Notice that we combine ёс S stus icine into ane opastant term С. 
€ ӯ 


PROBLEM 3. Evaluate | (3 — x?» dx. 


Answer: First, expand the integrand. 


о + x4) ах 


Break this up into several integrals. 


lodo das 


And integrate according to the Power Rule. 


G 
PROBLEM 4. Evaluge | a x zos C 2 хб 


Answer: Break this problem {nto two integrals. 


Pm eee 


Each of these trig integrals can be evaluated according to its rule. 


—4 cos x — 3 sin x + C 


PROBLEM 5. Evaluate | (2 sec? x — 5 esc? x) dx. 


Answer: Break the integral in two. 


less ах – 5 = x dx 


Each of these trig integrals can be evaluated according to its rule. 


2 tan x + 5cotx+ C 


PRACTICE PROBLEM SET 18 


Now evaluate the following integrals. The answers are in Chapter 19. 
1. 
ЇЕ: ах 
2 


3 
— 4, 
17: i 
3. 
J (5х4 — 3x2 + 2x + 6)dx 
4 


| (3x3 – 2x2 + x^ + 16х7)4х 


= 

fe (2+ x)dx 
6. 

ЇЕ + x)? ах 
a 

| X — 41 2 
8. 

Л - 1) dx 
9. 


| sec x(sec x + tan x)dx 


10. 


| (sec? x + x)dx 


11. 
| cos? х+4 


2 
С05 Х 


ах 


13. 


ar 


u-substitution 


When we discussed differentiation, one of the most important techniques we 
mastered was the Chain Rule. Now, you’ll learn the integration corollary of 
the Chain Rule (called u-substitution), which we use when the integrand is a 
composite function. All you do 18 replace the function with u, and then you 
can integrate the simpler function using the Power Rule (as shown below). 


1-0 
эх три 
G | 
Suppose you have to integrate J(x — 4)!0 dx. You could expand out this 


function and integrate each term, but that'll take a while. Instead, you can 
follow these four steps. 


du 
Step 1: Let u = x – 4. Then dx = 1 (rearrange this to get du = dx). 


Step 2: Substitute u = x — 4 and du = dx into the integrand. 


| uldu 
Step 3: Integrate. 


Ti 
LM 
J uldu = 11 +С 
Step 4: Substitute back for u. 


That's u-substitution. The main "MI have will be picking the 
appropriate fui to fet equal to и. The best way to get better is to 
practice. The tis) афа а functipn and replace it with и, then take the 
derivative of nd du. If we can’t feplgee all of the s № the integrand, 
we can’t do the substitution. 4 — Pu 


Let's do some examples. I | 


Example 1: | 10x(5x2 — 3)6 dx = 


Once again, you could expand this out and integrate each term, but that 
would be difficult. Use u-substitution. 


du 
Let u = 5x2 — 3. Then dx = 10x and du = 10x dx. Now you can substitute. 


| ибаи 


And integrate. 


и 
joins 7 +С 


Substituting back gives you 


(5x? Е 3) 
Confirm that this is the integral by differentiating 7 
d [ez 


dx 7 


+C 


ve | EC aae ca бо») 


Example 2: Р х -5 дх= 
du 
If u 2 x2 — 5, then 4х = 2x and du = 2x dx. Substitute и into the integrand. 


Integrate. 
£ 
: 24-5--04-Ё--өр "| 
And stitu ра С M. 
A 


Note: From now me. not gging to rearrange dx; wel directly to 


"du —" format. You should be 7 C that step AM redis 
С 


Example 3: | 3sin(3x - 1)dx = € 


Let u = 3x — 1. Then du = 3dx. Substitute the u in the integral. 


Ї и аи 


Figure out the integral. 


eT 


And throw the x’s back in. 
—cos(3x-1)+C 


So far, this is only the simplest kind of u-substitution; naturally, the process 


can get worse when the substitution isn’t as easy. Usually, you’ll have to 
insert a constant term to put the integrand into a workable form. 


Example 4: | (5x + 79 dx = 


Let u = 5x + 7. Then du = 5 dx. Notice that we can’t do the substitution 
immediately because we need to substitute for dx and we have 5 dx. No 
problem: Because 5 is a constant, just solve for dx. 


1 
5du = dx 
Now you can substitute. 
с 
Z5 san gus WAZ 5 xof 
Rearrange the integral and solve. 
fe (e ipea- iT scat кс 


And now it's time to substitute back. 


Example 5: Jx cos(3x? + 1)dx = 


Let u = 3x2 + 1. Then du = 6x dx. We need to substitute for x dx, so we can 
rearrange the du term. 


1 
баи = x ах 
Now substitute. 
1 
| бсов du 


Evaluate the integral. 


1 1 
| NNNM сэт 


And substitute back. 


1 1 
6sin u + C = Gsin(3x2 + 1) + C 


Example 6: | xsec2(x2) dx = 
1 
Let u = x2. Then du = 2x dx and 2du = x dx. 


Substitute. 


1 

| 2sec2 и du 

Evaluate the integral. 
1 I 
Bee udu= 2tanu=C 

Now the original function goes back in. 

1 

2tan(x2)+C 


This is a good technique to master, so practice on the following solved 
problems. Do each problem, covering the answer first, then check your 
answer. 


PROBLEM 1. Evaluate | sec? 3x ах. 
1 
Answer: Let u = 3x and du = Зах. Then Sdu = dx. 
Substitute and integrate. 
1 І 
ales и du = 3tan и+ С 


Then substitute back. 


1 
3tan 3x - C 


V5x-4 dx 


PROBLEM 2. Evaluate | 
1 
Answer: Let u = 5x — 4 and du = 5dx. Then 5 du = dx. 


Substitute and integrate. 


Then substitute back. 


ST 


PROBLEM 3. Evalúa% | Fc X C) — 
С i" Ç 


Answer: Let u = 4x2 — 7 and du = 8x dx. Then 8du = x dx. 


Substitute and integrate. 


1 1 
E du = 88u!! + C 
Then substitute back. 


1 
88(4x2 - T)! + C 
X X 


PROBLEM 4. Evaluate | tan3 вес2 Зах. 

x 1 5 X 
Answer: Let u tan 3 and du = 3sec? Зах. Then 3du = sec? Зах. 
Substituting, we get 


3 
11:02 


Then substitute back. 
3 x 
2tan2 3 +C 
PRACTICE PROBLEM SET 19 
Now evaluate the following integrals. The answers are in Chapter 19. 
1. 
| sin 2x cos 2x ах 
2: 
3x ах 
410 - x? 
3. 
|» J5x^ +20 dx 


4 


| (x2 + 1)(х3 + 3x) dx 
5. 

Jaco s dx 
x 


6. 


| x2 sec? x? dx 


J sin(sin x)cos x dx 


Chapter 14 
Definite Integrals 


AREA UNDER A CURVE 


It’s time to learn one of the most important uses of the integral. We’ve 
already discussed how integration can be used to "antidifferentiate" а 
function; now you'll see that you can also use it to find the area under a 
curve. First, here’s a little background about how to find the area without 
using integration. 


Suppose you have to find the area under the curve y = x2 + 2 from x = | to x 
= 3. The graph of the curve looks like the following: 


Don’t panic yet. Nothing you’ve learned in geometry thus far has taught you 
how to find the area of something like this. You have learned how to find the 
area of a rectangle, though, and we’re going to use rectangles to approximate 
the area between the curve and the x-axis. 


Let's divide the region into two rectangles, one from x = 1 to = 2 and one 
from x = 2 to x = 3, where the top of each rectangle comes just under the 
curve. It looks like the following: 


Notice that the width of each rectangle is 1. The height of the left rectangle is 
found by plugging 1 into the equation y = x2 + 2 (yielding 3); the height of 
the right rectangle is found by plugging 2 into the same equation (yielding 6). 
The combined area of the two rectangles is (1)(3) + (1)(6) = 9. So we could 
say that the area under the curve is approximately 9 square units. 


Naturally, this is a pretty rough approximation that significantly 
underestimates the area. Look at how much of the area we missed by using 
two rectangles! How do you suppose we could make the approximation 
better? Divide the region into more, thinner rectangles. 


1 


This time, cut up the region into four rectangles, each with a width of 2. It 
looks like the following: 


Now find the height of each rectangle the same way as before. Notice that the 
values we use are the left endpoints of each rectangle. The heights of the 
rectangles are, respectively, 


2 2 
(1) +2 =3; 2) С (2) +2=6 апа B +2= 


GJ" Ge 5-7 


This is a much better approximation of the area, but there's still a lot of space 
that isn't accounted for. We're still underestimating the area. The rectangles 
need to be thinner. But before we do that, let's do something else. 


Notice how each of the rectangles is inscribed in the region. Suppose we 
used circumscribed rectangles instead—that is, we could determine the 
height of each rectangle by the higher of the two y-values, not the lower. The 
following graph shows what the region would look like: 


| 


To find the area of the rectangles, we would still use the width of 2, but the 
heights would change. The heights of each rectangle are now found by 


plugging in the right endpoint of each rectangle. 


2 2 
(3) +2= a7 +2-6(3) £225 and (3) +2=11 


1 
Once again, multiply each height by the width of 2 and add up the areas. 


еде 
43 


The area under the curve using four left endpoint rectangles is 4 , and the 


59 
area using ш jen endpoint rectangles is 4 , so why not average the two? 


This gives us 4 , which is a better approximation of the area. 


Now that we've found the area using the rectangles a few times, let's turn the 
method into a formula. Call the left endpoint of the interval a and the right 


endpoint of the interval b, and set the number of rectangles we use equal to n. 
b—a 

So the width of each rectangle 15 и . The height of the first inscribed 

rectangle is yo, the height of the second rectangle is yı, the height of the third 


rectangle is y», and so on, up to the last rectangle, which is yn _ 1. If we use 


the left endpoint of each rectangle, the area under the curve 18 


u 
[€ ОРЧ 5) 
2—9 


If we use the right endpoint of each rectangle, then the formula is 


ERA u 
| Са Е ) 


q 


Now for the fun part. Remember how we said that we could make the 
approximation better by making more, thinner rectangles? By letting n 
approach infinity, we create an infinite number of rectangles that are 
infinitesimally thin. The formula for “left-endpoint” rectangles becomes 


For “right-endpoint” rectangles, the formula becomes 


[oC “| Jon 


Note: Sometimes these are called "inscribed" 
and “circumscribed” rectangles, but that restricts 
the use of the formula. It’s more exact to 
evaluate these rectangles using right and left 
endpoints. 


We could also find the area using the midpoint of each interval. Let’s once 
again use the above example, dividing the region into four rectangles. The 
region would look like the following: 


1 


To find the area of the rectangles, we would still use the width of 2, but the 
heights would now be found by plugging the midpoint of each interval into 


the equation. 


Sy cs elo am e 
Ce ie 1121 
1 
Once again, multiply each height by the width of 2 and add up the areas. 


[555 (55) CJID CJ за = в. 


The general formula for approximating the area under a curve using 
midpoints is 


[= 2127 iq] 7 
Бүр 50 Са (=) 
22-21 


(Note: The fractional subscript means to evaluate the function at the number 
halfway between each integral pair of values of n.) 


When you take the limit of this infinite sum, you get the integral. (You knew 
the integral had to show up sometime, didn’t you?) Actually, we write the 
integral as 


| 

It is called a definite intégral, and it means that wre findigle the area under 
the curve x? WE TE =. Уе” 11 diss ow to @valuate this ша 
moment.) On the AP EXam&yeu' ll only го td divideflhe region into a 
small number of rectangNs, so it won't be Very harg. Let's dB an example. 


Example 1: Approximate the area under the curve y x from x =2 tox =3 
using four left-endpoint rectangles. 


Draw four rectangles that look like the following: 


1 
The width of each rectangle is 4. The heights of the rectangles are 


Therefore, the area is 


Ge (2) G3) a зне 


Example 2: Repeat Example 1 using four right-endpoint rectangles. 


Now draw four rectangles that look like the following: 


1 


The width of each rectangle is still 4, but the heights of the rectangles are 
now 


The area is now 


GDEOOEDORO E 
Example 3: Repeat Example 1 using four midpoint rectangles. 
Now draw four rectangles that look like the following: 
íl 
1 


The width of each rectangle is still 4, but the heights of the rectangles are 
now 


The area is now 
(42) OE) GE) OQ) AR 


TABULAR RIEMANN SUMS 


Sometimes the AP Exam will ask you to find a Riemann sum, or to 
approximate an integral (same thing, right?), but won’t give you a function to 
work with. Instead, they will give you a table of values for x and f(x). These 
are quite simple to evaluate. All you do is use the right-hand or left-hand sum 
formula, plugging in the appropriate values for f(x). One thing you should 
watch out for is that sometimes the x-values are not evenly spaced, so make 
sure that you use the correct values for the widths of the rectangles. Let’s do 
an example. 


Example 4: Suppose we are given the following table of values for x and 


Јо). 


Use a right-hand Riemann sum with 5 subintervals indicated by the data in 


12 
the table to approximate | 2 f(x)dx. 


Recall that the formula for finding the area under the curve using the right 
wy 

endpoints 15: 7. Ду + yo + уз +...+ yn]. Here, the width of each rectangle 

is 2. We find the height of each rectangle by evaluating f(x) at the appropriate 


value of x, the right endpoint of each interval on the x-axis. Here, y; = 13, y? 


= 15, уз = 14, y4 = 9, and ys = 3. Therefore, we can approximate the integral 


12 
with | f(x)dx = (2)(13) + (2)(15) + (2)(14) + (2)(9) + (2)(3) = 108. 


Let’s do another example, but this time the values of x will not be evenly 
spaced on the x-axis. 


Example 5: Given the following table of values for x and f(x): 


Use a left-hand Riemann sum with 6 subintervals indicated by the data in the 


23 
table to approximate | o f(x)dx. 


Recall that the formula for finding the area under the curve using the left 
= 

endpoints is\ И Дуо + y1 + yo +...+ yn-1]. This formula assumes that the x- 

values are evenly spaced, but they aren’t here, so we will replace the values 


3 
of п / with the appropriate widths of each rectangle. The width of the 
first rectangle is 2 — 0 = 2; the second width is 5 — 2 = 3; the third is 11 – 5 = 


6; the fourth is 19 — 11 = 8; the fifth is 22 - 19 = 3; and the sixth is 23 – 22 = 
1. We find the height of each rectangle by evaluating f(x) at the appropriate 
value of x, the left endpoint of each interval on the x-axis. Here, yo = 4, у! = 


6, y2 = 16, уз = 18, y4 = 22, and ys = 29. Therefore, we can approximate the 


23 
integral with J o fddx = (2)(4) + (3(6) + (6)(16) + (8)(18) + (322) + (1) 


(29) = 361. 


That’s all there is to approximating the area under a curve using rectangles. 
Now let's learn how to find the area exactly. In order to evaluate this, you'll 
need to know... 


The Fundamental Theorem of Calculus 


Before, we said that if you create an infinite number of infinitely thin 
rectangles, you'll get the area under the curve, which is an integral. For the 
example above, the integral is 
| 
2 x3dx 


There is а rule for evaluating an integral like this. The rule is called the 
Fundamental Theorem of Calculus, and it says 


b 
J a f(x)dx = F(b) — F(a); M F(x) 1s the antiderivative of 
x). 


3 4 


Using this rule, you can find | 2 x3dx by integrating it, and we get 4. Now 
all you do is plug in 3 and 2 and take the difference. We use the following 


notation to symbolize this 


Thus, we have 


V vy Уу v y 


65 GO. m 2c 26 
Because 4 = 16.25, you can see how close we were with our three earlier 
approximations. 


3 
l Í (x? + 2)dx. 
Example 6: Find 7 i ? 


The Fundamental Theorem of Calculus yields the following: 


{Jnr 


If we evaluate this, we get thé following: 


This is the first function for which we found the approximate area by using 


inscribed rectangles. Our final estimate, where we averaged the inscribed and 
21 

а rectangles, was 4, апа as you can see, that was very close 

(off by 12). When we used the midpoints, we were off by 24. 


We're going to do only a few approximations using rectangles, because it’s 
not a big part of the AP Exam. On the other hand, definite integrals are a 
huge part of the rest of this book. 


Example 7: 


e 
3 2 


Example 8: 


T 


J? sin x dx = (—cos x) = [cos | = (- cos 0) =] 


оа 


Example 9: 


4 


л 
Z T 
2 
| ‘sec х dx =tanx pono 0-1 
0 


0 


The Trapezoid Rule 


There’s another approximation method that’s even better than the rectangle 
method. Essentially, all you do is divide the region into trapezoids instead of 
rectangles. Let’s use the problem that we did at the beginning of the chapter. 


We get a picture that looks like the following: 


As you should recall from geometry, the formula for the area of a trapezoid 
18 


(Note: bı and b» ar wa bases of the i e mon of the 
shapes is айгайс74 4 опе /) , SO 4 height Пйре7о1 is the length 
1 


value. We found these earlier in the rectangle example; they arg, in order: 3, 
17 33 
4.6, 4 and 11. We сап find the area of each trapezoid and add them up. 


1 17 \f 1 115122 1 1 33) 1 1132 1 21 
deese e) een 
Эд 


Recall that the actual value of the area is 3 ог 12.67; the Trapezoid Rule 
gives a pretty good approximation. 


of the interWal 2, And the b&ses are the y-valuesthat n to each x- 


Notice how each trapezoid shares a base with the trapezoid next to it, except 
for the end ones. This enables us to simplify the formula for using the 
Trapezoid Rule. Each trapezoid has a height equal to the length of the 
interval divided by the number of trapezoids we use. If the interval is from x 


= a to x = b, and the number of trapezoids is n, then the height of each 
b—a 


trapezoidis и . Then our formula is 


b-a 


n 


Jos +2y,+2y, +2yz...+2y, > +2 +), | 


This is all you need to know about the Trapezoid Rule. Just follow the 
formula, and you won’t have any problems. Let’s do one more example. 


Example 10: Approximate the area under the curve y = x3 from x = 2 tox =3 
using four inscribed trapezoids. 


3-2 1 
4 4. Thus, the 


Following the rule, the height of each trapezoid is 


approximate area is 
habe Ag) oe 
2Л4 4 2 4 64 
Compare this answer to the actual value we found earlier—it’s pretty close! 


PROBLEM 1. Approximate the area under the curve y = 4 — x? from x = –1 to 
x = 1 with n = 4 inscribed rectangles. 


Answer: Draw four rectangles that look like this. 


1 


The width of each rectangle is 2. The heights of the rectangles are found by 
evaluating y = 4 — x2 at the appropriate endpoints. 


15 15 
These can be simplified to 3, 4, 4 and3. Therefore, the area is 


1 [1/15 [1/15 1124.27 
(5/95(5/2)1:/1)12)9-2 


PROBLEM 2. Find the area under the curve y = 4 – x2 from x =-1 tox = 1 
with n = 4 circumscribed rectangles. 


Answer: Draw four rectangles that look like the following: 


1 


The width of each rectangle is 2. The heights of the rectangles are found by 
evaluating y = 4 — x2 at the appropriate endpoints. 


15 15 
These can be simplified to 4,4,4, and А. Therefore, the area is 


GGG) (5) G3)-3 
2/47 327 2) 24 4 


PROBLEM 3. Find the area under the curve y = 4 – х2 from x =-1 tox = 1 
using the Trapezoid Rule with n = 4. 


Answer: Draw four trapezoids that look like the following: 
1 
l 


The width of each trapezoid is 2. Evaluate the bases of the trapezoid by 
calculating y = 4 — x2 at the appropriate endpoints. Following the rule, we get 


that the area is approximately 


PROBLEM 4. Find the area under the curve y = 4 – х2 from x =-1 tox = 1 
using the Midpoint Formula with n = 4. 


Answer: Draw four rectangles that look like the following: 


1 


The width of each rectangle is 2. The heights of the rectangles are found by 
evaluating y = 4 — x2 at the appropriate points. 


317253 1Y 63 1) 63 QE 
“| 3 Е S 21 В Tue B 716 
1 
Multiply each height by the width of 2, and add up the areas. 


(GG e) GG) 015 8 
PROBLEM 5. Find the area under the curve y = 4 — х2 from x = -1 to x = 1. 


Answer: Now we can use the definite integral by evaluating. 


This can be Эрр ав ( X E ) | 
га! "C of Calculus. 


Follow the Fund 
€ € € 
СЕ 55 ( »| Ё ) 


Ше following table of values A a 


PROBLEM 6. Gi 


5 Ї I 
v 


Use a Т 1 тоол with 6 subintervals indicated by the data in 


14 
the table to approximate | 0 f(t) dt. 


Answer: The width of the first rectangle is 2 — 0 = 2; the second width is 4 — 
2 = 2; the third is 7 — 4 = 3; the fourth is 11 — 7 = 4; the fifth is 13 - 11 = 2; 
and the sixth is 14 — 13 = 1. We find the height of each rectangle by 
evaluating f(t) at the appropriate value of t, the right endpoint of each interval 
on the f-axis. Here y, = 6, y2 = 10, уз = 15 y4 = 20, ys = 26, and у; = 30. 
Therefore, we can approximate the integral with 


14 
|. Қр) dt = (2)(6) + (2)(10) + (3)(15) + (4)(20) + (2)(26) + (1)(30) = 239 


PRACTICE PROBLEM SET 20 


Here’s a great opportunity to practice finding the area beneath a curve and 
evaluating integrals. The answers are in Chapter 19. 


1. 
Find the area under the curve y = 2x — x2 from x = 1 to x = 2 with n = 4 
left-endpoint rectangles. 


2. 
Find the area under the curve y = 2x – x2 from x = 1 tox = 2 with n = 4 
right-endpoint rectangles. 


3. 
Find the area under the curve y = 2x — x2 from x = 1 to x = 2 using the 
Trapezoid Rule with n = 4. 


4. 
Find the area under the curve y = 2x — x2 from x = 1 to x = 2 using the 
Midpoint Formula with n = 4. 


5. 
Find the area under the curve y = 2x - x? from x = 1 to x = 2. 


6. 


л 


2 
„COS х ах 
Evaluate * 2 


Ts 


9 
| 2х4 х ах 


Evaluate * : 


8. 


1 
Evaluate J 0(x4 — 5x3 + 3x2 — 4х — 6)dx. 
9, 


л 
2 5 
„sin x dx 
Evaluate" 2 


10. 
Suppose we are given the following table of values for x and g(x): 


Use a left-hand Riemann sum with 5 subintervals indicated by the data 


14 
g(x)dx 


in the table to approximate J 0 


THE MEAN VALUE THEOREM FOR 
INTEGRALS 


As you recall, we did the Mean Value Theorem once before, in Chapter 8, 
but this time we'll apply it to integrals, not derivatives. In fact, some books 
refer to it as the “Mean Value Theorem for Integrals” or MVTI. The most 
important aspect of the MVTI is that it enables you to find the average value 
of a function. In fact, the AP Exam will often ask you to find the average 


value of a function, which is just its way of testing your knowledge of the 
MVTI. 


Here's the theorem. 


If f(x) is continuous on a closed interval [a, b], then at some 


point c in the interval [a, b] the following is true: 


(7-4) рео f 


This tells you that the area under the curve of f(x) on the interval [a, b] is 
equal to the value of the function at some value c (between a and b) times the 
length of the interval. If you look at this graphically, you can see that you're 
finding the area of a rectangle whose base is the interval and whose height is 
some value of f(x) that creates a rectangle with the same area as the area 
under the curve. 


The number Кс) gives us the average value of f on [a, b] . Thus, if we 
rearrange the theorem, we get the formula for finding the average value of 


f(x) on [a, b]. 


There's all you need to know about finding average values. Try some 
examples. 


Example 1: Find the average value of f(x) = x? from x = 2 to x = 4. 
1 4 


Evaluate the integral 4 — 2 42 


1 Г 2? 1|х7 
БИЗЭЭ d ets 
4-24: 2123 


х dx 


T iret 8\ 28 

Е 1 3 T 3 

Example 2: Find the average value of f(x) = sin x on [0, л]. 
1 [ | 

— — | sin x dx 


Evaluate л — 0 Jo 


| sinx dx = ~(-cosx)| ee +cos0)= 
0 Л Л 


ajn 


л-0 


The Second Fundamental Theorem of Calculus 

As you saw in the last chapter, we’ve only half-learned the theorem. It has 
two parts, often referred to as the First and Second Fundamental 
Theorems of Calculus. 


The First Fundamental Theorem of Calculus (which 
you've already seen): 


If f(x) is continuous at every point of [a, b], and F(x) is ап 


b 
antiderivative of f(x) on [a, b], then J a f(x)dx = F(b) — F(a). 


The Second Fundamental Theorem of Calculus: 


If f(x) 1s continuous on [a, b], then the derivative of the 


X 
function F(x) = J Лаг 18 
()f- ror [7-7 


These theorems are sometimes taught in 
reverse order. 


We've already made use of the first theorem in evaluating definite integrals. 
In fact, we use the first Fundamental Theorem every time we evaluate a 
definite integral, so we’re not going to give you any examples of that here. 
There is one aspect of the first Fundamental Theorem, however, that involves 
the area between curves (we’ll discuss that in Chapter 16). 


But for now, you should know the following: 


If we have a point c in the interval [a, b], then 


In other words, we can divide up the region into parts, add them up, and find 
the area of the region based on the result. We'll get back to this in the chapter 
on the area between two curves. 


The second theorem tells us how to find the derivative of an integral. 


"ET 
--| cost dt 
Example 3: Find dx 4: . 


The second Fundamental Theorem says that the derivative of this integral is 
just cos х. 


d X 
— (1 - п) dt 
Example 4: Find dx * 2 . 


Here, the theorem says that the derivative of this integral is just (1 — x3). 


Isn’t this easy? Let’s add a couple of nuances. First, the constant term in the 
limits of integration is a “dummy term.” Any constant will give the same 
answer. For example, 


Ч р 3 dp 3 d р 3 
d эхэн | tae em) аа 
In other words, all we're concerned with is the variable term. 


Second, if the upper limit is a function of x, instead of just plain x, we 
multiply the answer by the derivative of that term. For example, 


4 (1-0) -1-2)24-0-5)04) 

d [5 
Example 5: Find dx о (1+4Р)ах = [3x4 + 4(3x4)2](1 2x3). 
Try these solved problems on your own. You know the drill. 


1 


PROBLEM 1. Find the average value of f(x) = x^ on the interval [1, 3]. 


Answer: According to the Mean Value Theorem, the average value is found 
by evaluating 


Your result should be 


AEN (8 
p PL. eb ui 


PROBLEM 2. Find the average value of f(x) = sin x on the interval 1-7, л]. 


Answer: According to the Mean Value Theorem, the average value is found 
by evaluating 


1- 11 C 
Integrating, we get XP Х UIS — 


Р Ї 


a | dt 
PROBLEM 3. Find 4x4: 1- 5/2, 


Answer: According to the Second Fundamental Theorem of Calculus, 


"cL ON PT 
di tde T шинж 
PROBLEM 4. Find dx i sint. IP xd P 


Answer: According to the Second Fundamental Theorem of Calculus, 


Accumulation Functions 


The AP Exam will also have problems that deal with accumulation 
X 


functions. These are simply functions of the form F(x) = | 0 f(t) dt. These 
are called accumulation functions because the value of the integral is the area 


under the curve from the constant to the value x, and as x gets bigger, so does 
the area (it “accumulates’”). In these functions, t is a dummy variable that is 
used as the variable of integration. 


Let’s do an example. 


х 


Example 1: Suppose we have the function F(x) = J 0 t dt. Let's evaluate this 
at different values of x. First, let's find F(1). Graphically, we are looking for 


the area under the curve y = t from t = 0 to f= 1. It looks like the following: 


1 
F(1) is just the area of the triangle 2 2. If we evaluate the 
1 27 
Ра) = «di 48| 


1 1 
---0-- 
integral, we get 2 ?. Let's now find F(2). This is the 
area under the curve y = t from t = 0 to t= 2. 


It looks like the following: 


y 


F(2) is just the area of the triangle: , 2 . If we evaluate the 


која (5) 25027 


integral, we get 0 


We can see that, as x increases, the function increases. 
This was a fairly simple example. Let’s do another one. 
b st 


Example 2: Suppose we have the function F(x) = J 0 sin f dt. Let's evaluate 


this as x increases from 0 to zr. Obviously F(0) = 0 because there is no area 


Л 


under the curve. So, first, let’s find | 6 | Graphically, we are looking for the 


area under the curve y = sin f from t = 0 to б. It looks like the following: 


If we evaluate the integral, we get 


(£ - јез tdt = (-сов ЭН = —cos 22000 22-20 0.134 
б 0 0 6 2 


Л 


Now let’s find F | 4 | It looks like the following: 


If we evaluate the integral, we get 


(4) = f sin th= (—cos ЭЛ = —cos Т +соѕ0=1- > = 0.293 


Let’s make a table of values of the accumulation function for different values 
of x. 


We can see that the area is accumulating under the curve as x increases from 
0 to zr. Naturally, the values will shrink as we move from to 27r because the 
values of x are negative. But, with accumulation functions, we are usually 
concerned only with positive areas. 


Let’s do one more example. 


x 
Example 3: ми we have the function F(x) = J 0 £ dt. Let's evaluate this 
as x increases from 0 to 4. First, let's find F(1). Graphically, we are looking 


for the area under the curve у = 2 from t = 0 to t = 1. It looks like the 
following: 


1 


цал a 
FQ)-[ : 4-15| 


As in the previous example, let’s make a table of values of the accumulation 
function for different values of x. 


3 
If we evaluate the integral, we get T 


Р 
3 


We can see that the values of F(x) will increase as x increases. 


PRACTICE PROBLEM SET 21 


Now try these problems. The answers are in Chapter 19. 


(9 


T 
«E 
Find the average value of f(x) 2 4x cos x? on the interval | 2j 


2. 
Find the average value of f(x) 2 on the interval [0, 16]. 


E the average value of f(x) = 2|x| on the interval [-1, 1]. 
4. 
Bu г. sin? t de 
» | 
Find 2 | 22: 
6. 
2 —2cos t dt 


Find ах?! 


Chapter 15 
Exponential and Logarithmic Functions, 
Part Two 


INVERSE TRIG FUNCTIONS 


In this unit, you'll learn a broader set of integration techniques. So far, you 
know how to do only a few types of integrals: polynomials, some trig 
functions, and logs. Now we'll turn our attention to a set of integrals that 
result in inverse trigonometric functions. But first, we need to go over the 
derivatives of the inverse trigonometric functions. (You might want to refer 
back to Chapter 12 on derivatives of inverse functions.) 


Suppose you have the equation sin y = x. If you differentiate both sides with 
respect to x, you get 


dy 
cos ydx = 1. 
Now divide both sides by cos y. 


Because ISO: ca) replace COS y with v, 


Finally, because bing Uh. am sin y Ї її x. The eA caua 


Now go back to the M ona dus sin y = x and Mp, n terms of x: 
y = sin! x. 


If you differentiate both sides with respect to x, you get 
dy / / 
Replace dx, au vod get == — ГЕ 
ПЕСИ 
gl. 
This is the derivative 'of 1 sine. By ву ssp me you can find the 
ey'r 


derivatives of all six е trig functions: 'rg,not difficult to derive, 


and they’re also not difficult to memorize. The choice is yours. We use u 
instead of x to account for the Chain Rule. 


ih ig u)- ! a -1«и«1 Жо и) = 
ах dx 


NE dx’ 


-1 du. 
l-w 23 


1 du d — du 


San" и) = Pics и) = — 


ETT lw dx 


zl du 


4 (ееси) : 2 jul >1 21 cu) 
sec u)- ; 7 csc u) = ; 
ах [м/и —1 ах dx lh -1 % 


|u| >1 


Notice the domain restrictions for inverse sine, cosine, secant, and cosecant. 


4 саг. 
Example 1: p. inse = 1-4 

d 5 5 
Example 2: tee E 1+ 25x2 
Example 3: 
d 2x -1 2x -1 


dx = sec-l(2 — x) = Je? = x] (87-37 = 1 |ә - ЕЕ x=] 


Finding the derivatives of inverse trig functions is just a matter of following 
the formulas. They’re very rarely tested on the AP Exam in this form and are 
not terribly important. In addition, the AP Exam almost always tests only 
inverse sine and tangent, and then usually only as integrals, not as 
derivatives. 


Therefore, it’s time to learn the integrals. The derivative formulas lead 
directly to the integral formulas, but because the only difference between the 
derivatives of inverse sine, tangent, and secant and those of inverse cosine, 
cotangent, and cosecant is the negative sign, only the former functions are 
generally used. 


The first two always show up on the AP Exam, so you should learn to 
recognize the pattern. Most of the time, the integration requires some sticky 
algebra to get the integral into the proper form. 


x dx 


4 
Example 4: V m 
1 


Don't forget about u-substitution. Let u = x2 and du = 2x dx. Thus, 2 du = x 
dx. Substituting and integrating, we get 


Dn Е = 5 
Now substitute back. 
1 
A2sin-! (x2) + C 
| ах 
2 
Example 5: a r 


Anytime you see an integral where you have the square root of a constant 
minus a function, try to turn it into an inverse sine. You can do that here with 
a little simple algebra. 


х 1 


Now use u-substitution: let u = 2 and du = 2 dx, so 2du = dx, and substitute. 


1 dx 1 
a Tu =a! 
Ши 


24и NS 
= =sin' и+С 


Е 1-2 
x ү! и 
4 


When you substitute back, you get 


X 
sin-! 2 -С 
e dx 
Example 6: J; +e” = 


Again, use u-substitution. Let u = ex and du = ex dx, and substitute. 


j du 
1+ и? =tan-u+C 
Then substitute back. 

tan-lex+C 


Let’s do one last type that’s slightly more difficult. For this one, you need to 
remember how to complete the square. 


f dx 
Example 7: * х + 4х + 5 = 


Complete the square in the denominator (your algebra teacher warned you 
about this). 


х +4x+5=(x+2)}+1 


Now rewrite the integral. 


Using u-substityyop, Саха = x}+ 2 X) dx. Е, "m" sy Bstitution. 


ЇЇ + X = лап! u + C 
When you put the function of M n to the integral, it reads: 


tan-l(x + 2) + C 


Evaluating these integrals involves looking for a particular pattern. If it's 
there, all you have to do is use algebra and u-substitution to make the 
integrand conform to the pattern. Once that's accomplished, the rest is easy. 
These integrals will show up again when we do partial fractions. Otherwise, 


as far as the AP Exam is concerned, this is all you need to know. 


Try these solved problems, and don’t forget to look for those patterns. Get 
out your index card, and cover the answers while you work. 


X 
PROBLEM 1. Find the derivative of y = sin-! E | 


Answer: The rule is 


xp "1 xp 
— | = (и urs) — 
The algebra looks like the following: 
A ( ERE QUE NE! 1 Z 2 | 1 
ах [A 2 хү2 2 х? 2| 14-х 21. 4-х 4-x 
SES г 
8 4 4 


| dx 
PROBLEM 2. Evaluate’ 4 + x^. 


Answer: First, you need to do a little algebra. Factor 4 out of the 
denominator. 


Next, rewrife the pr 


x 1 


Now you сфр Use u-s та? TU mde so 2du = dx. 


Now oe t. VA 


рс и+ С | 
And re-substitute. 


1 


1 X 
2 ап-1 2 + С 
ах 


-= 
PROBLEM 3. Evaluate N^* + 4^*-3, 


Answer: This time, you need to use some algebra by completing the square 
of the polynomial under the square root sign. 


-x2 + 4x — 3 = -(2 — 4x + 3) 2 -[(x - 2? - 1] = [1 - (x - 2] 


Now rewrite the integrand. 


And use u-substitu C u= x ара du = al 


Py 


Now, this looks familiargOnce you inte 
me Sin! и 


After you С back, it becomes 


PRACTICE PRO 


Here is some more practice work fn derivatives and integrals of inverse trig 
functions. The answers аге in Chapter 19. 


m 
Find the derivative of 4tan-!\ 4 /. 
2. 


1 
Find the derivative of ad x | 


3. 
Find the derivative of tan-!(e*). 


4. 
ах 


Evaluate хх T, 
5, 
f dx 
Evaluate * 7+ x^. 
6. 
dx 
Evaluate” x(1 + In^ x), 
7. 
| sec’ x dx 
Evaluate’ v!- tan” x . 
8. 
dx 
Evaluate JHAR . 


You've learned how to integrate polynomials and some of the trig functions 
(there are more of them to come), and you have the first technique of 
integration: u-substitution. Now it's time to learn how to integrate some other 
functions—namely, exponential and logarithmic functions. Yes, the long- 
awaited second part of Chapter 11. The first integral is the natural logarithm. 


| 71 | 


n|u[ = 
Notice the "me, value jn thp logarithm. Thi surs that you aren't 
taking the logarithm of a negative number. If y w that the term you're 
taking the log of is positive (for example, x? + 1), we can dispense with the 
absolute value marks. Let's do some examples. 


| 5dx 


Example 8: Find * x + 3. 


Whenever an integrand contains a fraction, check to see if the integral is a 
logarithm. Usually, the process involves u-substitution. Let u = x + 3 and du 


= dx. Then, 


2+ Huic = 5l d 
Substituting back, the final result 18 
5 In |x *3| +С 
f 2x dx 
Example 9: Find’ x^ +1. 


Let u = x? + 1 du = 2x dx and substitute into the integrand. 


1+ х 
| 2+ а sf 
Then substitute back. 


In (32-1) +С 


MORE INTEGRALS OF TRIG FUNCTIONS 


Remember when we started antiderivatives and we didn't do the integral of 
tangent, cotangent, secant, or cosecant? Well, their time has come. 


Example 10: Find J tan x dx. 


First, rewrite this integral as 


Now, we let и = cos x and du X X SQ‘) 
Now, “Ёт ute. 
-U. 1 5 


Thus, | tan x dx = -In|cos x| + C. 


Example 11: Find | cot x dx. 


Just as before, rewrite this integral in terms of sine and cosine. 


Now we let u = sin x and du X. LIIS Г 
о 


Now, integrate. 


| C= 1р [sin x| + C 


Therefore, | cot x dx = In |sin x| + С. 


This looks a lot like the previous example, doesn’t it? 


Exa i | 


You could rewrite this integral ав 


Howovog if you try ont $0). . SO what 


should you AAA y шинэ never guess, so we'll show yoll multiply the 
sec v + tani x 


sec x bylsec х + tan x. This gives you 
TW 


(sec x +tan х) sec x + sec x tan x 
IE ја = J 2 
(scx + tan x see x + tan x 


Now you can do u-substitution. Let u = й + tan x du = x tan x + sec? 
x) dx. яв 


Then rewrite the integral as 


Pretty slick, huh? 


The rest goes according to plan as you integrate. 


du 


и = |u| + C= 1n [sec x + tan x| + C 


Therefore, | sec х dx = In |sec x + tan x|+ C. 


Example 13: Find | cscx dx. 
csc x + cot X 


You guessed it! Multiply csc x by csc x+ cot x dx. This gives you 


2 
csc x + cot x csc” x + csc x cot x 

| ес x dx = | ах 
csc x + cot x cscx + cotx 


Let и = csc x + cot x and du = (- csc x cot x — csc? x) dx. And, just as in 
Example 5, you can rewrite the integral as 


And integrate. 


du 


А и =-ln |u| + C = -n [ese x + cot x| + C 


Therefore, | esc x dx = -ln |csc x + cot x| + C. 


As we do more integrals, the natural log will turn up over and over. It’s 
important that you get good at recognizing when integrating requires the use 
of the natural log. 


INTEGRATING ex AND ax 


d 


Now let's learn how to find the integral of ex. Remember that dx ex = ex? 
Well, you should be able to predict the following formula: 


As with the natural logarithm, most of these integrals use u-substitution. 


Example 14: Find | e7x dx. 
1 
Let и = 7x, du = Тах, and 7 du = dx. Then you have 


D+ aos ZEE - xp, | 


Substituting back, you get 


1 
7 ех + С 


In fact, whenever you see | Єїх dx, where К is a constant, the integral is 


Ї 


| Эн, эт 


Example 15: Find | хеЗх+1 dx. 
1 
Let u = 3x2 + 1, ди = 6x dx, and 6 du = x dx. The result is 


Now it’s time to put the x’s back in. 


1 


безе + 1 + С 


Example 16: Find | esin x cos x dx. 


Let u = sin x and du = cos x ах. The substitution here couldn't be simpler. 


| ЯРЧИИТ”Л ЭРЭР 


As you can see, these integrals are pretty straightforward. The key is to use 
u-substitution to transform nasty-looking integrals into simple ones. 


There's another type of exponential function whose integral you'll have to 
find occasionally. 
J au du 


As you should recall from your rules of logarithms and exponents, the term 
аш сап be written as eu!" а. Because In a is a constant, we can transform J а! 


du into | eua du. If you integrate this, you'll get 


VU 
1) F pu? FE = "Pss? | 
Now substituting back au for eu!™a , 


| p uj | 
D+, = | 
Ї 
Example 17: Find | 5x dx. 
Follow the rule we just derived. 


Gu 
Because these e Тэр Эн РР too 273 Kell AP Exam, this is the 


last you'll see of them in this book. You should, however, be able to 


integrate them using the rule, or by converting them into a form of | би dx. 


Try these on your own. Do each problem with the answers covered, and then 
check your answer. 


dx 
PROBLEM 4. Evaluate 4 Эх. 


Answer: Move the constant term outside of the integral, like this. 


Now you can integ 


PROBLEM 5. Evaluate J x^ — 1 dx. Ї i d Ї 


Answer: Let и = x? — 1 and du = 3x2 dx, substitute. 


Now integrate. 


In |u| 
And substit ack. 
In С 
PROBLEM 6. Evaftate | ех dx. 


1 
Answer: Let u = 5x and du = 5dx. Then 5 du = dx. Substitute in. 


5] 


еи du 


Integrate. 


Seu + C 
And substitute back. 
1 
Pos +С 
PROBLEM 7. Evaluate | 23х ах. 
1 
Answer: Let и = Зх and du = Зах . Then 3 du = dx. Make the substitution. 
1 
3l 2u du 


Integrate according to the rule. Your result should be 


Now get back to the expression as a жа xX. | | | 
T EIE 
) 2+ it, = D+ sl 
ГА 17 аван 


PRACTICE PROBLEM SET 23 


Evaluate the following integrals. The answers are in Chapter 19. 


1. 
| sec? x 
tan x dx 
2. 
| COS X 
] — sin x dx 


3. 


| Ї 
xInx ах 
4. 


| sin x — cos x 
COS X dx 


5 


jocum 
Jx(14 24 x) 
6 


ё dx 


Jos 


7 


| xe>x2-1 dx 


| x4- dx 
10. 


| 7sin x cos x dx 


Unit 3 Drill 


For answers and explanations, turn to Chapter 19. 


1. 
| x +7 
Evaluate x^ dx. 
2: 


Evaluate | (1 + x2)(x — 2) dx. 
3. 


Evaluate J (cos x — 5 sin x)dx. 


4. 
sinx 


Evaluate J cos? x dx. 


5: 


Evaluate | (tan2 x)dx. 


6. Р 
Gay 


Evaluate 


7i 
| sin2x 
3 
Evaluate (1- cos2x) dx. 
8. 


4 


Evaluate J -4 Мах. 


9. 
Find the area under the curve y = 2 + x3 from x = 0 to x = 3 using n = 6 
right-endpoint rectangles. 


10. 
Find the average value of f(x) = V1— x on the interval [-1, 1]. 


11. 


4 Ї 
Find ах» o |¢| dt. 


12. 
1 


Evaluate J х cos(In x) ах. 


15. 


Evaluate | ex с08(2 + ех)ах. 


14. 
| p dx 
Evaluate ^ 1 + е. 


15. 


1 
If KO) = sin- (40), find Á 8 | 


Unit 4 
Integral Calculus Applications 


Chapter 16 
The Area Between Two Curves 


These next two units discuss some of the most difficult topics you'll 
encounter in AP Calculus. For some reason, students have terrible trouble 
setting up these problems. Fortunately, the AP Exam asks only relatively 
simple versions of these problems on the exam. 


Unfortunately, this unit and the next are always on the AP Exam. We'll try to 
make them as simple as possible. You've already learned that if you want to 
find the area under a curve, you can integrate the function of the curve by 
using the endpoints as limits. So far, though, we've talked only about the 
area between a curve and the x-axis. What if you have to find the area 
between two curves? 


VERTICAL SLICES 


Suppose you wanted to find the area between the curve y = x and the curve y 
= X? from x = 2 to x = 4. First, sketch the curves. 


You can find the area by slicing up the region vertically, into a bunch of 
infinitely thin strips, and adding up the areas of all the strips. The height of 
each strip is х2 — x, and the width of each strip is dx. Add up all the strips by 
using the integral. 


4 
| 2 (x2 — x)dx 
Then, evaluate it. 
80460404 


That wasn’t so hard, was it? Don’t worry. The process gets more 
complicated, but the idea remains the same. Now let’s generalize this and 
come up with a rule. 


If a region is bounded by f(x) above and g(x) below at all 
points of the interval [a, b], then the area of the region is 
given by 


b 
J а fŒ) — gx) dx 


Example 1: Find the area of the region between the parabola y = 1 — x? and 
the line y= 1 — x. 


First, make a sketch of the region. 


To find the points of intersection of the graphs, set the two equations equal to 
each other and solve for x. 


1 =22=1-=5 


х2 -х= 0 
x(x- 1) = 0 
х= 0,1 


The left-hand edge of the region is x = 0 and the right-hand edge is х = 1, so 
the limits of integration are from 0 to 1. 


Next, note that the top curve is always y = 1 — x2, and the bottom curve is 
always y = 1 — x. (If the region has a place where the top and bottom curve 
switch, you need to make two integrals, one for each region. Fortunately, 
that's not the case here.) Thus, we need to evaluate the following: 


Sometimes you're given the endpoints of the region; sometimes you have to 
find them on your own. 


Example 2: Find the area of the region between the curve y = sin x and the 
Л 


curve y = cos x from О to 2. 


First, sketch the region. 


Л 
Notice that cos х 18 on top between 0 and 4, then sin x is on top between 4 


and 2. The point where they CLOSS is 4, so you have tg. divide the area into 


two integrals: one from 0 to 4, and the other from 4 to 2. In the first 
region, cos x is above sin x, so the integral to evaluate is 


ud 
| 4 
0 (cos x — sin x)dx 


The integral of the second region is a little different, because sin x is above 
COS X. 

2 

4 (sin x — cos x)dx 


If you add the two integrals, you'll get the area of the whole region. 


л 


T 


4 
| (cos x — sin x)dx = (sin x + cos x) 
л 
2 


-42-1 


= 
4 


л 
4 (sin x — cos x)dx = (—cos x — sin x) 


Adding these, we get that the area is 222 


HORIZONTAL SLICES 


Now for the fun part. We can slice a region vertically when one function is at 
the top of our section and a different function is at the bottom. But what if the 
same function is both the top and the bottom of the slice (what we call a 
double-valued function)? You have to slice the region horizontally. 


А Vertical slice n 


x= fly) 


x= fy) 1 : Л 
| Horizontal slice 
a 
! 
1 
ES 
! 
| 
1 
! 


-Х =x 


If we were to slice vertically, as in the left-hand picture, we’d have a 
problem. But if we were to slice horizontally, as in the right-hand picture, we 
don’t have a problem. Instead of integrating an equation fx) with respect to 
x, we need to integrate an equation f(y) with respect to y. As a result, our area 
formula changes a little. 


If a region is bounded by f(y) on the right and g(y) on the left 
at all points of the interval [c, d], then the area of the region 
is given by 


| 
с [Ку) - 807) ду 


Example 3: Find the area of the region between the curve x = y? and the 
curve x = y + 6 from y = 0 to y =3. 


First, sketch the region. 


When you slice up the area horizontally, the right end of each section is the 
curve x = y + 6, and the left end of each section is always the curve x = y2. 
Now set up our integral. 


3 
er 


Evaluating this gives us the area. 


Example 4: Find the area between the curve y = V* * Ó and the curve y= 


М3 -Х and the x-axis from x = -3 to x = 3. 


First, sketch the curves. 


From x = —3 to x = 0, if you slice the region vertically, the curve y = У +3 
is on top, and the x-axis is on the bottom; from x = 0 to x = 3, the curve y = 


"E — * is on top and the x-axis is on the bottom. Therefore, you can find the 
area by evaluating two integrals. 


Гор - Ode and [G5 =x - Ode 


Your results should be 


Let’s suppose you sliced the region horizontally instead. The curve y = 
Мх +3 is always on the left, and the curve y = УХ always оп the right. 
If you solve each equation for x in terms of y, you save some time by using 


only one integral instead of two. 


The two equations are x = y2 — 3 and x = 3 - y2. We also have to change the 


limits of integration from x-limits to y-limits. The two curves intersect at y — 


43 ‚ So our limits of integration are from y = 0 to y= 43 . The new integral is 


8 
3 3 3 
| [8-79 -0*-3)4 =| 6- 204 6-27 E 


0 


You get the same answer no matter which way you integrate (as long as you 
do it right!). The challenge of area problems is determining which way to 
integrate and then converting the equation to different terms. Unfortunately, 
there's no simple rule for how to do this. You have to look at the region and 


figure out its endpoints, as well as where the curves are with respect to each 
other. 


Once you can do that, then the actual set-up of the integral(s) isn’t that hard. 
Sometimes, evaluating the integrals isn’t easy; however, if the integral of an 
AP question is difficult to evaluate, you'll be required only to set it up, not to 
evaluate it. 


Here are some sample problems. On each, decide the best way to set up the 
integrals, and then evaluate them. Then check your answer. 


PROBLEM 1. Find the area of the region between the curve y = 3 — x? and the 
line y = 1 — x from x = 0 to x = 2. 


Answer: First, make a sketch. 


Because the curve y = 3 — x? is always above y = 1 — x within the interval, 
you have to evaluate the following integral: 


2 2 
J. (3 – х2) - (1 Louie + x — x2)dx 


Therefore, the area of the region is 


0 


€ € T 
PROBLEM 2. Find the Е еп n ghe хакі TN curve y 2 2 — x? from 
x=0 tox= 2; 


Answer: First, sketch the graph over the interval. 


Because the curve crosses the x-axis at V2 , you have to divide the region into 
two parts: from x = 0 to x = 42 and from x = V2 to x = 2. In the latter region, 
you'll need to integrate y = —(2 — x2) = x? — 2 to adjust for the region's being 


below the x-axis. Therefore, we can find the area by evaluating 
42 | 2 
| (2 — x2)dx + ~ J2(2 - 2) ах 


Integrating, we get 
л 


3 3 
2x4 =) *| = 
3 J, J 


PROBLEM 3. Find the area of the region between the curve x = y? — 4y and 
the line x = y. 


2 


ae ey eC ee 


л 


Answer: First, sketch the graph over the interval. 


You don’t have the endpoints this time, so you need to find where the two 
curves intersect. If you set them equal to each other, they intersect at y = 0 
and at y = 5. The curve x = y? — 4y is always to the left of x = y over the 
interval we just found, so we can evaluate the following integral: 


Ї | 
о [y - O? - 4у)]4у = * 0 (5y - у2)ау 


The result of the integration should be 


PROBLEM 4. Find s betwegn Ызба у апа the line x = 0 
the y-axis). 
(the y-axis) СС Ї | Ё (C Е С 


Answer: First, sketch the graph over the interval. 


Next, find where the two curves intersect. By setting y? — y = 0, you'll find 
that they intersect at y = —1, y = 0, and y = 1. Notice that the curve is to the 
right of the y-axis from y = —1 to y = 0 and to the left of the y-axis from y = 0 


to y = 1. Thus, the region must be divided into two parts: from y = -1 to y=0 
and from у= 0 to у = 1. 


Set up the two integrals. 


0 1 
i (уЗ — y)dy + ik — y3)dy 


And integrate them. 


zik ae 
ТЭ erar es 


i-es 
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Find the area of the region between the two curves in each problem, and be 
sure to sketch each one. (We gave you only endpoints in one of them.) The 
answers are in Chapter 19. 


1. 
The curve y = x? — 2 and the line у = 2. 


2. 
The curve y = x2 and the curve y = 4x – x2. 


3 
The curve y = x? — 4x — 5 and the curve y = 2x - 5. 


4. 
The curve y = x3 and the x-axis, from x = -1 to x = 2. 


5. 
The curve x = y2 and the line x = y + 2. 


6. 
The curve x = y? and the curve x = 3 — 2y2. 


T; 
The curve x = y? — 4y + 2 and the line x = y ~ 2. 


8. 


2 
The curve x = y3 and the curve x = 2 - y4. 


Chapter 17 
The Volume of a Solid of Revolution 


Does the chapter title leave you in a cold sweat? Don’t worry. You’re not 
alone. This chapter covers a topic widely seen as one of the most difficult on 
the AP Exam. There is always a volume question on the test. The good news 
is that you’re almost never asked to evaluate the integral—you usually only 
have to set it up. The difficulty with this chapter, as with Chapter 16, is that 
there aren’t any simple rules to follow. You have to draw the picture and 
figure it out. 


In this chapter, we’re going to take the region between two curves, rotate it 
around a line (usually the x- or y-axis), and find the volume of the region. 
There are two methods of doing this: the washers method and the 
cylindrical shells method. Sometimes you'll hear the washers method called 
the disk method, but a disk is only a washer without a hole in the middle. 


WASHERS AND DISKS 


Let's look at the region between the curve y = Ух and the x-axis (the curve у 
= 0), from x = 0 to = 1, and revolve it about the x-axis. The picture looks 


like the following: 


If you slice the resulting solid рена to the x-axis, each cross-section 


of the solid is a circle, or disk iia phrase "disk method"). The radii of 
the disks vary from one value of X'to the next, but you can find each radius 


f 
by plugging it into the equation for y: Each radius is x . Therefore, the area 


of each disk 1s 


лох = лх 


Each disk is infinitesimally thin, so its thickness is dx; И you add up the 
volumes of all the disks, you’ll get the entire volume. The way to add these 
up is by using the integral, with the endpoints of the interval as the limits of 
integration. Therefore, to find the volume, evaluate the integral. 


Now let’s generalize this. If you have a region whose area is bounded by the 


curve y = f(x) and the x-axis on the interval [a, b], each disk has a radius of 
f(x), and the area of each disk will be 


ml fix) |? 


To find the volume, evaluate the integral. 


b 
| a [f(x) Pdx 


This is the formula for finding the volume using disks. 


Example 1: Find the volume of the solid that results when the region 
between the curve y = x and the x-axis, from x = 0 to x = 1, is revolved about 
the x-axis. 


As always, sketch the region to get a better look at the problem. 


When you slice vertically, the top curve is y = x and the limits of integration 
are from x = 0 to x = 1. Using our formula, we evaluate the integral. 


| 
л. 0х2 dx 


€ | o 
—= |--11-3р x |x 
By the way, did you пое thatthe solid in the problem is a cone with а 


1 


height and radius of 1? The formula for the volume of a cone is 3zr?h, so 


The result is 


you should expect to get 3. 


Now let’s figure out how to find the volume of the solid that results when we 
revolve a region that does not touch the x-axis. Consider the region bounded 
above by the curve y = x? and below by the curve у = x2, from x = 2 to x = 4, 


which is revolved about the x-axis. Sketch the region first. 


If you slice this region vertically, each cross-section looks like a washer 
(hence the phrase “washer method"). 


The outer radius is R = x? and the inner radius is r= x2. To find the area of 
the region between the two circles, take the area of the outer circle, 7R2, and 
subtract the area of the inner circle, 7772. 


We can simplify this to A 
7р? P" = л(Е2 — r2?) 


Because the outer radius is R = x3 and the inner radius is r = x2, the area of 
each region is л(х6 — x4). You can sum up these regions using the integral. 


ce 

хоссу | 

Here’s the general idea: in a region whose area is bounded above by the 

curve y = f(x) and below by the curve y = g(x), on the interval [a, b], then 
each washer will have an area of 


xp (,х = зх) ЯГ 


[fix - 80)? 


To find the volume, evaluate the integral. 


b 
A a f) — g(x)? ]dx 


This is the formula for finding the volume using washers when the region is 
rotated around the x-axis. 


Example 2: Find the volume of the solid that results when the region 
bounded by y = x and y = X2, from x = 0 to x = 1, is revolved about the x-axis. 


Sketch it first. 


The top curve is y = x and the bottom curve is y = x? throughout the region. 
Then our formula tells us that we evaluate the integral. 


1 
4 0(х2 — x4)dx 


The result is 


Suppose the region we’re interested in is revolved around the y-axis instead 
of the x-axis. Now, to find the volume, you have to slice the region 
horizontally instead of vertically. We discussed how to do this in the 
previous unit on area. 


Now, if you have a region whose area is bounded on the right by the curve x 
= Ку) and on the left by the curve x = g(y), on the interval [c, d], then each 
washer has an area of 


nf y? — eO» 


To find the volume, evaluate the integral. 


d 
E c FOF — g0?]dy 


This is the formula for finding the volume using washers when the region is 
rotated about the y-axis. 


Example 3: Find the volume of the solid that results when the region 
bounded by the curve x = y? and the curve x = y?, from y = 0 to y = 1, is 
revolved about the y-axis. 


Sketch away. 


Because х = y is always on the outside and х = y3 is always on the inside, 
you have to evaluate the integral. 


1 
al 004 — уб)ау 
You should get the following: 


There’s only one more nuance to cover. Sometimes you’ll have to revolve 
the region about a line instead of one of the axes. If so, this will affect the 
radii of the washers; you'll have to adjust the integral to reflect the shift. 
Once you draw a picture, it usually isn’t too hard to see the difference. 


Example 4: Find the volume of the solid that results when the area bounded 
by the curve y = x? and the curve y = 4x is revolved about the line у = —2. Set 
up but do not evaluate the integral. (This is how the AP Exam will say it!) 


You’re not given the limits of integration here, so you need to find where the 
two curves intersect by setting the equations equal to each other. 


x2 = 4х 
х2 – 4х = 0 
х= 0,4 


These will be our limits of integration. Next, sketch the curve. 


Notice that the distance from the axis of revolution is no longer found by just 
using each equation. Now, you need to add 2 to each equation to account for 
the shift in the axis. Thus, the radii are x2 + 2 and 4x + 2. This means that we 
need to evaluate the integral. 


4 
1 о [(4x + 2) — (x2 + 2)2]dx 


Suppose instead that the region was revolved about the line x = —2. Sketch 
the region again. 


You'll have to slice the region horizontally this time; this means you're 
ЧД 


going to solve each equation for x in terms of y: x = Jy and x = 4. We also 
need to find the y-coordinates of the intersection of the two curves: y = 0, 16. 


Notice also that, again, each radius is going to be increased by 2 to reflect the 
shift in the axis of revolution. Thus, we will have to evaluate the integral. 


9|| 9288-0128 
Finding the volumes isn’t that hard, once you’ve drawn a picture, figured out 
whether you need to slice vertically or horizontally, and determined whether 
the axis of revolution has been shifted. Sometimes, though, there will be 
times when you want to slice vertically yet revolve around the y-axis (or slice 
horizontally yet revolve about the x-axis). Here’s the method for finding 
volumes in this way. 


CYLINDRICAL SHELLS 


Let’s examine the region bounded above by the curve y = 2 — x? and below 
by the curve y = 22, from x = 0 to x = 1. Suppose you had to revolve the 
region about the y-axis instead of the x-axis. 


If you slice the region vertically and revolve the slice, you won’t get a 
washer; you’ll get a cylinder instead. Because each slice is an infinitesimally 
thin rectangle, the cylinder’s “thickness” is also very, very thin, but real 
nonetheless. Thus, if you find the surface area of each cylinder and add them 
up, you'll get the volume of the region. 


This advanced topic isn’t likely to appear on the 


AP Exam, but it’s still worth familiarizing yourself 
with the principles of this technique. 


The formula for the surface area of a cylinder is 27rh. The height of the 
cylinder is the length of the vertical slice, (2 — x?) — x2 = 2 — 2x2, and the 
radius of the slice is x. Thus, evaluate the integral. 


1 
4l 0х(2 — 2x2)dx 
The math goes like the following: 


ANI 


f f [2-3 
"d 
27) ox(2 — 2x2)dx = 21d 0(2x – 233)dx = 2л 4 


0-7 


Suppose you tried to slice the region horizontally and use washers. You’d 
have to convert each equation and find the new limits of integration. Because 
the region is not bounded by the same pair of curves throughout, you would 
have to evaluate the region using several integrals. The cylindrical shells 
method was invented precisely so you can avoid this. 


НЭЭ. 


Why work. inthe dark? Just as you spend time 
practicing formulas in order to memorize them, 
make sure you actu on drawing these 
examples. If you the problem, you 
won't be able to s gral. 


From a general standpoint: if уе ауе а|гефоп whose area is bounded above 
by the curve y = f(x) and below е у = g(x), on the interval [a, b], 


(х), a radius of x, and an area 
of 2zrx[f(x) — g(x)]. 


To find the volume, eval 


This is the formula for finding the volume using cylindrical shells when the 
region is rotated around the y-axis. 


Example 5: Find the volume of the region that results when the region 


bounded by the curve y = Ух the x-axis, апа the line x = 9 is revolved about 


the y-axis. Set up but do not evaluate the integral. 


Your sketch should look like the following: 


Notice that the limits of integration are from x = 0 to x = 9, and that each 


vertical slice is bounded from above by the curve y = Ух and from below by 


the x-axis (y = 0). We need to evaluate the integral. 


Example 6: Find the volume that results when the region in Example 5 is 
revolved about the line x = -1. Set up but do not evaluate the integral. 


Sketch the figure. 


If you slice the region vertically, the height of the shell doesn't change 
because of the shift in axis of revolution, but you have to add 1 to each 
radius. 


Our integral thus becomes 


9 
E о(х + DO x)dx 


The last formula you need to learn involves slicing the region horizontally 
and revolving it about the x-axis. As you probably guessed, you'll get a 
cylindrical shell. 


If you have a region whose area is bounded on the right by the curve x = f(y) 
and on the left by the curve x = g(y), on the interval [c, d], then each cylinder 
will have a height of Ку) — g(y), а radius of y, and an area of 2лу[Ку) — g(y)]. 


To find the volume, evaluate the integral. 


Їй 
214 c У ДО) – &0)14у 


This is the formula for finding the volume using cylindrical shells when the 
region is rotated around the x-axis. 


Example 7: Find the volume of the region that results when the region 
bounded by the curve x = y and the line x = y, from y = 0 to y = 1, is rotated 
about the x-axis. Set up but do not evaluate the integral. 


Let your sketch be your guide. 


Each horizontal slice is bounded on the right by the curve x = y and on the 
left by the line x = y3. The integral to evaluate is 


1 
0y(y = y3)dy 


Suppose that you had to revolve this region about the line у = -1 instead. 
Now the region looks like the following: 


The radius of each cylinder is increased by | because of the shift in the axis 
of revolution, so the integral looks like the following: 


1 
xl + 1)(у - y3)dy 


Wasn’t this fun? Volumes of Solids of Revolution require you to sketch the 
region carefully and to decide whether it'll be easier to slice the region 
vertically or horizontally. Once you figure out the slices' boundaries and the 
limits of integration (and you've adjusted for an axis of revolution, if 
necessary), it's just a matter of plugging into the integral. Usually, you won't 
be asked to evaluate the integral unless it's a simple one. Once you've 
conquered this topic, you're ready for anything. 


VOLUMES OF SOLIDS WITH KNOWN 
CROSS-SECTIONS 


There is one other type of volume that you need to be able to find. 
Sometimes, you will be given an object where you know the shape of the 
base and where perpendicular cross-sections are all the same regular, planar 
geometric shape. These sound hard, but are actually quite straightforward. 
This is easiest to explain through an example. 


Example 8: Suppose we are asked to find the volume of a solid whose base 
is the circle x? + у? = 4, and where cross-sections perpendicular to the x-axis 
are all squares whose sides lie on the base of the circle. How would we find 
the volume? 


First, make a drawing of the circle. 


What this problem is telling us is that every time we make a vertical slice, the 
Slice is the length of the base of a square. If we want to find the volume of 
the solid, all we have to do is integrate the area of the square, from one 
endpoint of the circle to the other. 


The side of the square is the vertical slice whose length is 2y, which we can 


find by solving the equation of the circle for y and multiplying by 2. We get y 


2 2 
- V4 ~ * , Then the length of a side of the square is 2V 4-х . Because the 
2 


area of a square is side, we can find the volume with | —2(16 — 4х2)ах. 


Let's perform the integration, although on some problems you will be 
permitted to find the answer with a calculator. 


As you can see, the technique is very simple. First, you find the side of the 
cross-section in terms of y. This will involve a vertical slice. Then, you plug 
the side into the equation for the area of the cross-section. Then, integrate the 
area from one endpoint of the base to the other. On the AP Exam, cross- 
sections will be squares, equilateral triangles, circles, or semi-circles, or 
maybe isosceles right triangles. So here are some handy formulas to know. 


Given the side of an equilateral triangle, the area is A 


43 


(side)? 4. 


Given the diameter of a semi-circle, the area is A 
д 


(diameter)? 8 . 


Given the hypotenuse of an isosceles right triangle, the area 


(hypotenuse 
is A = 4 


Example 9: Use the same base as Example 8, except this time the cross- 


sections are equilateral triangles. We find the side of the triangle just as we 


2 
did above. It is 2y, which is oNÁ — * . Now, because the area of an 
J3 


equilatera] triangle is (side)? ҮЗ we can find the volume by evaluating the 


3 2 Г 
integral 4 ° -4)(4 – х2)ах = 5 -2(4 — x2)dx. 


Г 3(-=]| 3245 


5 -2(4 — x2)dx = 21-18 


We get 


Example 10: Use the same base as Example 8, except this time the cross- 


sections are semi-circles whose diameters lie on the base. We find the side of 


2 
the semi-circle just as we did above. It is 2y, which is a4 ТХ Now 
it 


because the area of a semi-circle 18 (diameter)? 8, we can find the volume by 


evaluating the integral 8 * 4(4)(4 — x2)dx = 2 *-2(4 — x2)dx. 


167 
mec. 


лг? | z) 
2 E 
We get 2 * -2(4 — x2)dx = 2 3 


Here are some solved problems. Do each problem, covering the answer first, 
then check your answer. 


PROBLEM 1. Find the volume of the solid that results when the region 
bounded by the curve y = 16 — x? and the curve y = 16 — 4x is rotated about 
the x-axis. Use the washer method and set up but do not evaluate the integral. 


Answer: First, sketch the region. 


Next, find where the curves intersect by setting the two equations equal to 
each other. 


16 – х2 = 16 – 4х 
х2 = 4х 
х2 – 4х = 0 
х= 0, 4 


Slicing vertically, the top curve is always у = 16 — x? and the bottom is 
always y = 16 — 4x, so the integral looks like the following: 


4 
1 [(16 — x2? – (16 — 4х)2]ах 


PROBLEM 2. Repeat Problem 1, but revolve the region about the y-axis and 
use the cylindrical shells method. Set up but do not evaluate the integral. 


Answer: Sketch the situation. 


Slicing vertically, the top of each cylinder is y = 16 — x2, the bottom is y = 16 
— 4x, and the radius is x. Therefore, you should set up the following: 


4 
а; x[(16 — x2) – (16 — 4x)]dx 


PROBLEM 3. Repeat Problem 1 but revolve the region about the x-axis and 
use the cylindrical shells method. Set up but do not evaluate the integral. 


Answer: Sketch the situation. 


To slice horizontally, you have (0.8 ich equation for x in terms of y and 
find the limits of integration with re pect to y. First, solve for x in terms of y. 


y= 16 - x2 becomes x = V16 7 I 
and 


16 — y 


y=16-4xbecomesx= 4 


Next, determine the limits of integration: They’re from y = 0 to y = 16. 


Slicing horizontally, the curve x = 416-7 is always on the right and the 
16 — y 


curvex= 4  isalways on the left. The radius is y, so we evaluate 


[T V \ 0 
4p 10-91 К “[uz 
4 гэ) (0-9) | NEZ 


PROBLEM 4. Repeat Problem 1 but revolve the region about the y-axis and 
use the washers method. Set up but do not evaluate the integral. 


Answer: Sketch. 


Slicing horizontally, the curve x = 416-7 is always on the right and the 
1680) 


curve x = 4 is always on the left. Your integral should look like the 


following: 


PROBLEM 5. Repeat Problem 1, but revolve the region about the line y = –3. 
You may use either method. Set up but do not evaluate the integral. 


Answer: Your sketch should resemble the one below (note that it’s not drawn 
exactly to scale). 


If you were to slice the region vertically, you would use washers. You'll 
need to add 3 to each radius to adjust for the axis of revolution. The integral 
to evaluate is 


4 
4l [(16 — x2 + 3? - (16 – 4х + 3?]dx 


To slice the region horizontally, use cylindrical shells. The radius of each 
shell would increase by 3, and you would evaluate 


PROBLEM 6. Repeat Problem 1, but revolve the region about the line x = 8. 
You may use either method. Set up but do not evaluate the integral. 


Warning! This one is tricky! 


Answer: First, sketch the region. 


If you choose cylindrical shells, slice the region vertically; you'll need to 


adjust for the axis of revolution. Each radius can be found by subtracting x 
from 8. (Not 8 from x. That was the tricky part, in case you missed it.) The 
integral to evaluate is 


4 
| (8 — x)[(16 — x2) – (16 — 4x)]dx 


If you choose washers, slice the region horizontally. The radius of each 

washer is found by subtracting each equation from 8. Notice also that the 
I6 =) 

curvex- 4 is now the outer radius of the washer, and the curve x = 

416 ~ J is the inner radius. The integral looks like the following: 


С) 


PROBLEM 7. Find the volume of a solid whose base is the region between 
the x-axis and the curve у = 4 — х2, and whose cross-sections perpendicular to 
the x-axis are equilateral triangles with a side that lies on the base. 


Answer: The curve y = 4 — x? intersects the x-axis at x = —2 and x = 2. The 


Ве 


side of the triangle is 4 — x2, so all that we have to do is evaluate 4 -2(4 — 
x?)2dx. 
Expand the integrand to get 
v3 | 
4 *-(16 — 8x2 + x*)dx 


Then integrate, which gives you 


PRACTICE PROBLEM SET 25 


Calculate the volumes below. The answers are in Chapter 19. 


Find the volume of the solid that results when the region bounded by y 


2 
= V? х and the x-axis is revolved around the x-axis. 


2. 


Find the volume of the solid that results when the region bounded by y 
Л Л 


= sec x and the x-axis from x = — 4 to x = 4 is revolved around the x- 
axis. 


3. 
Find the volume of the solid that results when the region bounded by x 
= | — y? and the y-axis is revolved around the y-axis. 


4. 
Find the volume of the solid that results when the region bounded by x 


= “уг and the y-axis from у = —1 to y = 1 is revolved around the y- 


axis. 


5i 


Use the method of cylindrical shells to find the volume of the solid that 
X 


results when the region bounded by y = x, x = 2, and y = – 2 is revolved 
around the y-axis. 


6. 


Use the method of cylindrical shells to find the volume of the solid that 


results when the region bounded by y = Ух , y =2x-— 1, and x = 0 is 


revolved around the y-axis. 


Te 
Use the method of cylindrical shells to find the volume of the solid that 
results when the region bounded by y = x2, y 2 4, and x = 0 is revolved 
around the x-axis. 


8. 


Use the method of cylindrical shells to find the volume of the solid that 


results when the region bounded by y = wx ,x=4, and y = 0 is 


revolved around the y-axis. 


9. 


Find the volume of the solid whose base is the region between the 


2 
semi-circle y = V16 7 х and the x-axis and whose cross-sections 


perpendicular to the x-axis are squares with a side on the base. 


10. 
Find the volume of the solid whose base is the region between y = x2 
and y = 4 and whose perpendicular cross-sections are isosceles right 
triangles with the hypotenuse on the base. 


Chapter 18 
Differential Equations 


There are many types of differential equations, but only a very small number 
of them appear on the AP Exam. There are courses devoted to learning how 
to solve a wide variety of differential equations, but AP Calculus provides 
only a very basic introduction to the topic. 


SEPARATION OF VARIABLES 


If you’re given an equation in which the derivative of a function is equal to 
some other function, you can determine the original function by integrating 
both sides of the equation and then solving for the constant term. 


dy 4x 
Example 1: If dx = 7 and y(0) =5, find an equation for y in terms of х. 


The first step in solving these is to put all of the terms that contain y on the 
left side of the equals sign and all of the terms that contain x on the right side. 
We then have y dy = 4x dx. The second step is to integrate both sides. 


| ydy= | Ax dx 
And then you integrate 
2 
bn 
2 =2x2+C 


You're not done yet. The final step is to solve for the constant by plugging in 
х= О апау = 5. 


23 25 
2 = 2(02) + C,soC= 2 
y 25 


The solutionis 2 22:24 2. 


That's all there is to it. Separate the variables, integrate both sides, and solve 
for the constant. Often, the equation will involve a logarithm. Let's do an 
example. 


dy 
Example 2: If dx = 332y and у(0) = 2, find an equation for y in terms of x. 


First, put the y terms on the left and the x terms on the right. 


У = 3х2 ах 


Next, integrate both sides. 


dy 
I5 а РУ? 


The result is In у = x3 + С. It’s customary to solve this equation for у. You 
can do this by putting both sides into exponential form. 


ес 


This can be rewritten as у = еж - ес and, because ес is a constant, the equation 
becomes 


у = Cex 


This is the preferred form of the equation. Now, solve for the constant. Plug 
in x 0 and y = 2, and you get 2 = Себ. 


Because е0 = 1, C= 2. The solution is y = 2ex. 


This is the typical differential equation that you'll see on the AP Exam. Other 
common problem types involve position, velocity, and acceleration or 
exponential growths and decay (Problem 4). We did several problems of this 
type in Chapter 10, before you knew how to use integrals. In a sample 
problem, you're given the velocity and acceleration and told to find distance 
(the reverse of what we did before). 


Example 3: If the acceleration of a particle is given by a(t) = —32 ft/sec?, and 
the velocity of the particle is 64 ft/sec and the height of the particle is 32 ft at 
time 1-0, find: (a) the equation of the particle's velocity at time 7; (b) the 
equation for the particle’s height, Л, at time г; and (c) the maximum height of 
the particle. 


Part A: Because acceleration is the rate of change of velocity with respect to 
dV 

time, you can write that dt = —32. Now separate the variables and integrate 

both sides. 


| -sz 


Integrating this expression, we get у = —32t + C. Now we can solve for the 
constant by plugging in 1 = 0 and v = 64. We get 64 = –32(0) + C and С = 64. 
Thus, velocity is v = —32t + 64. 


Part B: Because velocity is the rate of change of displacement with respect 
to time, you know that 


dh 
dt = —32t + 64 


Separate the variables and integrate both sides. 


js = = + 64) dt 


Integrate the expression: h = —16Р + 64t + C. Now solve for the constant by 
plugging in t= 0 and h = 32. 


32 = -16(02) + 64(0) + C and C = 32 
Thus, the equation for height is A = —16Р + 641+ 32. 


Part C: In order to find the maximum height, you need to take the derivative 
of the height with respect to time and set it equal to zero. Notice that the 
derivative of height with respect to time is the velocity; just set the velocity 
equal to zero and solve for t. 


—321+ 64 = 0, sotz2 


Thus, at time 1 = 2 , the height of the particle is a maximum. Now, plug t = 2 
into the equation for height. 


h = -16(2Y + 64(2) + 32 = 96 
Therefore, the maximum height of the particle is 96 feet. 


Here are some solved problems. Do each problem, covering the answer first, 
then check your answer. 


фу Эх 
PROBLEM 1. If dx = 2) and y(0) = 10, find an equation for y in terms of x. 


Answer: First, separate the variables. 
2y dy = 3x dx 


Then, we take the integral of both sides. 


И 


Next, integrate both sides. 


ae 
y= 2 +C 
Finally, solve for the constant. 
3(0)" 
1022 2 +С, ѕо С= 100 
зе 
The solution is y? = 2 +100. 
dy 
PROBLEM 2. If dx = 4xy2 and y(0) = 1, find an equation for y in terms of x. 
dy 
Answer: First, separate the variables: y* - 4x dx. Then, take the integral of 
both sides. 
D 
y = | 4 х ах 
1 


Next integrate both sides: -Y = 2x2 + C. You can rewrite this as у = — 
2x! + С 


Finally, solve for the constant. 


Ї 


The solution is y 2 — 2x” — 1. 
dy y 1 
PROBLEM 3. If dx = х and y(1) = 3, find an equation for y in terms of x. 


d d 


ЭР” . | 20209 
Answer: This time, separating the variables gives us this: Y = x . 


dy „dx 
Then, take the integral of both sides: y = J ГЭ 
Next, integrate both sides. 
L 
—J=Inx+C 


And rearrange the equation. 


т Н] 


— Ет is y= 


PROBLEM 4. A city had a population of 10,000 in 1980 and 13,000 in 1990. 
Assuming an exponential growth rate, estimate the city’s population in 2000. 


dy 
Answer: The phrase “exponential growth rate” means that dt = ky, where k 
is a constant. Take the integral of both sides. 


dy 
Ear 


Then, integrate both sides (In y = kt + C) and put them in exponential form. 


Би solv - 


In x — 3. 


y = ekttc = Cena 


Next, use the information about the population to solve for the constants. If 
you treat 1980 as г = 0 and 1990 as г = 10, then 


10,000 = СекО) and 13,000 = Сек(10) 


1 
So С = 10,000 and k = 10 In1.3 = 0.0262. 


The equation for population growth is approximately у = 10,0006:0262,, We 
can estimate that the population in 2000 will be 


y = 10,000e 0.026220 = 16,900 


SLOPE FIELDS 


The idea behind slope fields, also known as direction fields, is to make a 
graphical representation of the slope of a function at various points in the 
plane. We are given a differential equation, but not the equation itself. So 
how do we do this? Well, it’s always easiest to start with an example. 


dy 
Example 1: Given dx = x, sketch the slope field of the function. 


What does this mean? Look at the equation. It gives us the derivative of the 
function, which is the slope of the tangent line to the curve at any point x. In 
other words, the equation tells us that the slope of the curve at any point x is 
the x-value at that point. 


For example, the slope of the curve at x = 1 is 1. The slope of the curve at x = 
2 is 2. The slope of the curve at the origin is 0. The slope of the curve at x 2 — 
1 is –1. We will now represent these different slopes by drawing small 
segments of the tangent lines at those points. Let's make a sketch. 


See how all of these slopes are independent of the y-values, so for each value 
of x, the slope is the same vertically, but is different horizontally. Compare 
this slope field to the next example. 


dy 
Example 2: Given dx = y, sketch the slope field of the function. 


Here, the slope of the curve at y = 1 is 1. The slope of the curve at y = 2182. 
The slope of the curve at the origin is 0. The slope of the curve at y = –1 is — 
1. Let's make a sketch. 


See how all of these slopes are independent of the x-values, so for each value 
of y, the slope is the same horizontally, but is different vertically. 


Now let’s do a slightly harder example. 


dy 
Example 3: Given dx = xy, sketch the slope field of the function. 


Now, we have to think about both the x- and y-values at each point. Let’s 
calculate a few slopes. 


At (0, 0), the slope is (0)(0) = 0. 
At (1, 0), the slope is (1)(0) = 0. 
At (2, 0), the slope is (2)(0) = 0. 
At (0, 1), the slope is (0)(1) = 0. 
At (0, 2), the slope is (0)(2) = 0. 
So the slope will be zero at any point on the coordinate axes. 
At (1, 1), the slope is (1)(1) = 1. 
At (1, 2), the slope is (1)(2) = 2. 
At (1, —1), the slope is (1)(-1) =-1. 
At (1, —2), the slope is (1)(—2) = –2. 


So the slope at any point where x = 1 will be the y-value. Similarly, you 
should see that the slope at any point where y = 1 will be the x-value. As we 
move out the coordinate axes, slopes will get steeper—whether positive or 
negative. 


Let's do one more example. 


dy 
Example 4: Given dx = y — x, sketch the slope field of the function. 


We have to think about both the x- and y-values at each point. This time, let’s 
make a table of the values of the slope at different points. 


y=2 | y=3 
5 6 
4 5 
3 4 
2 3 
| 2 
0 | 
zi 0 


Now let's make a sketch of the slope field. Notice that the slopes are zero 
along the line y = x and that the slopes get steeper as we move away from the 
line in either direction. 


That's really all that there is to slope fields. Obviously, there are more 
complicated slope fields that one could come up with, but on the AP Exam, 
they will ask you to sketch only the simplest ones. 


PRACTICE PROBLEM SET 26 


Now try these problems. The answers are in Chapter 19. 


1. 
dy 7х 
D 5 
If dx = У and y(3) = 2, find an equation for y in terms of x. 
2. 
ау 


If dx = 5x2y and y(0) = 6, find an equation for у in terms of x. 


3. 
4у e 


x 


2 
If dx = У and y(0) = 1, find an equation for y in terms of x. 


4. 
2 
dy у. 
If dx = x^ and y(1) = 2, find an equation for y in terms of x. 
5. 
dy sin x 3л 
If dx = COS Y and y(0) = 2 , find an equation for y in terms of x. 
6. 


A colony of bacteria grows exponentially and the colony's population 
is 4,000 at time ¢ = 0 and 6,500 at time 1 = 3. How big is the population 
at time t= 10? 


7. 
A rock is thrown upward with an initial velocity, v(t), of 18 m/s from a 
height, A(t), of 45 m. If the acceleration of the rock is a constant —9 m/ 
52, find the height of the rock at time t = 4. 


8. 
A radioactive element decays exponentially in proportion to its mass. 
One-half of its original amount remains after 5,750 years. If 10,000 
grams of the element are present initially, how much will be left after 
1,000 years? 


9, 
ау 
Sketch the slope field for dx = 2x. 
10. 
dy 2 


Sketch the slope field for dx = —J'. 


Unit 4 Drill 


For answers and explanations, turn to Chapter 19. 


ШИ 


Моге Great Books 

Check out The Princeton Review's test prep 
titles for ACT and SAT: Cracking the ACT 
Premium, Cracking the SAT Premium, ACT 


Eli 

1. 
Find the area nd the curve y = 
3x2 — 4. 

2. 
Find the area E region Байг л the curve x = y? and the line x 
= 2y. 

3 


Find the volume of the solid that results when the region bounded by y 
= x3, x = 2, and the x-axis is revolved around the line x = 2. 


4. 
Use the method of cylindrical shells to find the volume of the solid that 
results when the region bounded by y? = 8x and x = 2 is revolved 
around the line x = 4. 


s. 
dy l 
— 2 
If dx = УХ J and y(0) = 2, find an equation for y in terms of x. 
6. 


The rate of growth of the volume of a sphere is proportional to its 
volume. If the volume of the sphere is initially 367 Ё, and expands to 
907r ft? after 1 second, find the volume of the sphere after 3 seconds. 


7. 


dy х 
Sketch the slope field for dx = J. 


Chapter 19 
Solutions to Practice Problem Sets and Unit 
Drills 


SOLUTIONS TO PRACTICE PROBLEM SET 


1 


18 
13 


To find the limit, we simply plug in 8 for x: lim — 5x — 11) = (82 
— (5)(8) - 11) = 13. 


2, 
Е 
5 

x+3 
To find the limit imply plug in 5 f 55 х? 15 
o fin e limit. we sim ug in 5 for x: *” = = 
Bod wur A одын 
5 —15-210- 5. 
3. 
4 


0 


If we plug in 3 for x, we get 0, which is indeterminate. When this 


happens, we try to factor the expression in order to get rid of the 


lim | x= Dx : 
problem terms. Here we factor the top and ge: L х-3 Е 
tim “39 +1) jm 
x23 x-3  .Now we сап cancel the term x — 3 to get x>3(x + 


1). Notice that we are allowed to cancel the terms because x is not 


; li 
3 but very close to 3. Now we can plug in 3 for x: 3x +1)=3+ 


1-4. 


4. 


Here we are finding the limit as x goes to infinity. We divide the 


top and bottom by the highest power of x in the expression, which 


LA lim| ————— 
li сын | 10x? 25x 1 
+ + 


im 
is да; "10x" + 25x41 х х"  x' J), Next, simplify 


8 
li E ies то 
70725221 
the top and bottom: x? x! x / Now. if we take the limit 


so] 10 25, 1 1-0 
as х goes to infinity, we get x xx х /-04-040- ә. 


5. 
1 
0 


— 


Here we are finding the limit as x goes to infinity. We divide the 


top and bottom by the highest power of x in the expression, which 


4 
lim = lina) Tox 25x 1 
— хоо x x 
= ge | 10х* + 25x +1 чт “anni 
is x4: = х х  x'J. Next, simplify 


the top and bottom: х х /, Now, if we take the limit 


8 


МЭ 
: х 
тов Save и 
mE 10-528-2| ——— = 
as x goes to infinity, we get x x J=10+04+0=10. 
6. 
+ оо 


Here we have to think about what happens when we plug in a 
value that is very close to 6, but a little bit more. The top 


expression will approach 8. The bottom expression will approach 


8 


0, but will be a little bit bigger. Thus, the limit will be 0° , which 
15 +оо. 


Here we have to think about what happens when we plug in a 
value that is very close to 6, but a little bit less. The top expression 


will approach 8. The bottom expression will approach 0 but will 


8 
be a little bit less. Thus, the limit will be 0 , which is —ee. 


8. 
The limit Does Not Exist. 


In order to evaluate the limit as x approaches 6, we find the limit 
as it approaches 6* (from the right) and the limit as it approaches 
6- (from the left). If the two limits approach the same value, or 
both approach positive infinity or both approach negative infinity, 
then the limit is that value, or the appropriately signed infinity. If 
the two limits do not agree, the limit *Does Not Exist." Here, if we 
look at the solutions to problems 9 and 10, we find that as x 
approaches 6+, the limit is + e», but as x approaches 6-, the limit is 
+infin;. Because the two limits are not the same, the limit Does 


Not Exist. 


9, 
1 


Here we have to think about what happens when we plug in a 
value that is very close to 0, but a little bit more. The top and 


bottom expressions will both be positive and the same value, so 
"d 
lim ES = os E 
we get * ? |x| 0 
10. 
+ оо 
Here we have to think about what happens when we plug ina 


value that is very close to 7, but a little bit more. The top 


expression will approach 7. The bottom expression will approach 
2 


0, but will be a little bit positive. Thus, the limit will be 0” , which 
18 + оо. 


11. 
The limit Does Not Exist. 


In order to evaluate the limit as x approaches 7, we find the limit 
as it approaches 7+ (from the right) and the limit as it approaches 
7- (from the left). If the two limits approach the same value, or 
both approach positive infinity or both approach negative infinity, 
then the limit is that value, or the appropriately signed infinity. If 
the two limits do not agree, the limit “Does Not Exist.” Here, if we 


look at the solutions to problem 10, we see that as x approaches 7*, 


the limit is + е. As x approaches 7-, the top expression will 
approach 7. The bottom will approach 0, but will be a little bit 
7 


negative. Thus, the limit will Бе 0 , which is — ә. Because the 
two limits are not the same, the limit Does Not Exist. 


12. 
(a) 4; (b) 5; (c) The limit Does Not Exist. 

(a) Notice that f(x) is a piecewise function, which means that we 
use the function f(x) = x? — 5 for all values of x less than or equal 


А um = 
to 3. Thus, im f(x) 3 ? E 


(b) Here we use the function f(x) for all values of x greater than 3. 
lim 
Thus, х->3* f(x)23 + 2 = 5. 


(c) In order to evaluate the limit as x approaches 3, we find the 
limit as it approaches 3* (from the right) and the limit as it 
approaches 3- (from the left). If the two limits approach the same 
value, or both approach positive infinity or both approach negative 
infinity, then the limit is that value, or the appropriately signed 
infinity. If the two limits do not agree, the limit “Does Not Exist.” 
Here, if we refer to the solutions in parts (a) and (b), we see that 


lim lim 22 
x23 f(x) = 4 and х>3* f(x) = 5. Because the two limits аге not the 


same, the limit Does Not Exist. 


15. 
(a) 4; (b) 4; (c) 4 


(a) Notice that f(x) is a piecewise function, which means that we 


use the function f(x) = x? — 5 for all values of x less than or equal 
lim 
to 3. Thus, x3 f(x) = 32-5 = 4. 
(b) Here we use the function f(x) = x + 1 for all values of x greater 
lim 
than 3. Thus, »23* f(x) 2 3-12 4. 


(c) In order to evaluate the limit as x approaches 3, we find the 
limit as it approaches 3* (from the right) and the limit as it 
approaches 3- (from the left). If the two limits approach the same 
value, or both approach positive infinity or both approach negative 
infinity, then the limit is that value, or the appropriately signed 
infinity. If the two limits do not agree, the limit “Does Not Exist.” 
Here, if we refer to the solutions in parts (a) and (b), we see that 


im lim - 
x23 f(x) = 4 and х>3* f(x) = 4. Because the two limits are the same, 


the limit is 4. 


14. 
3 


42 


Л lim л Э 


===; Л 
Here, if we plug in 4 for x, we get” `4 3 cos x = 3 cos 4 = 42. 


15. 
0 
0 0 
| | lim3—— 3 3--0 
Here, if we plug in 0 for x, we get*-° cosx = cos0- 1 
16. 


3 


sinx 


im zl 
Remember Rule No. 1, which says that ^9? x . If We want 
im— 
x0 SIN X 
to ino the limit of its reciprocal, we can write this as - = 


І | x 
- lim| 3— 
x9 x = 1 = 1. Here, if we plug in 0 for x, we get *^?V sinx 


17. 
7 
5 
sin7x 
tan7x 
im 22 jim cos7x 
Here, we can rewrite the expression as 5770 sin 5x =*>° sin5x = 
sin 7х 
lim — 
и. )(sin 5x ). Remember Rule No. 4, which says that 
. sinax 4 sin7x 7 7 
lim гэ а єє 


im EY 
x20 sin bx = b. Here, ^" (cos7 x)(sin5x) = (1)(5) = 5. If we want 


to evaluate the limit the long way, we first divide the numerator 


x) 
ncc 3 
: ЕУ 
and the denominator of the expression Бу х: x J, 


Next, we multiply the numerator and the denominator of the top 


expression by 7 and the numerator and the denominator of the 
(27) 
a 8 EN M 


2% ) Now, we can 


bottom expression by 5. We get 


(7)) 


5 
im == 
evaluate the limit: ^^" (1)6)(1) = 7. 


18. 
The limit Does Not Exist. 
The value of sin x oscillates between —1 and 1. Thus, as x 
approaches infinity, sin x does not approach a specific value. 
Therefore, the limit Does Not Exist. 

19. 
0 

1 | 221 

- lim sin— = 
Here, ав x approaches infinity, x approaches 0. Thus, *^* X 
sin 0 = 0. 


20. 
49 
121 


sin7x sin7x 


im 
We can break up the limit into *^? sin] 1x sin1 1x. Remember 
пах 4 


im = 
Rule No. 4, which says that * sin bx = b. Here, 
sig csi 27227 4g 
lim —_- —x— — 


х 
х-20 sinllx sinllx 211 112 121.If we want to evaluate the 


limit the long way, we first divide the numerator and the 


sin7x sin7x 


im — - x 
х-э0| sinllx sinllx 


denominator of the expressions by x: x x 4. Next, 


we multiply the numerator and the denominator of the top 


expression by 7 and the numerator and the denominator of the 


7sin7x  7sin7x 
Tx TX 


lim 115іп11х llsinllx 
bottom expression by 11. We get Их lix / Now, we 
Zsn/x 7sin7x 
»50| 115іп11х llsinllx | (7)(1) (7)(1) 
can evaluate the limit: 11х 11х = (11)(1) (11)(1) = 
E 
IINIT = ЭТ: 
21, 
6 
0 


Notice that if we plug in 0 for h, we get 0, which is indeterminate. 


If we expand the expression in the numerator, we get 


| 9+6 +1? —9 | 69-07 
im ———————— i 
50 h . This simplifies to ^^? 4 . Next, factor А 
~. A(6+h 
.  lim——— 
out of the top expression: ^^" д  .Now, we can cancel the h 
. (6+4) 
2 lim ————- = lim 
and evaluate the limit to get: ^^? 0 />06+h)=6+0=6. 
22, 
1 
50221 
x 
0 


Notice that if we plug in 0 for h, we get 0, which is indeterminate. 


If we combine the two expressions on top with a common 


1 | = 
рухй | x(xth) x(x+h) 
denominator. we get ^0 h = 50 h E 
x—-(xtb 
x(x+h 
lim 20657) 2 | | 
50 h ; We сап simplify the top expression, leaving us 
x(x +h 
pore) | 
with: pe р . Next, simplify the expression into 
x(x+h) ү: 2 
Гаши Шил 
сант Са ) We can cancel the A to get 


i E lim ———— 
iss i ). Now, if we evaluate the limit, we get 250 x (x її h) 


= (x) = ый 


SOLUTIONS TO PRACTICE PROBLEM SET 
2 


1. 
Yes. It satisfies all three conditions. 


In order for a function f(x) to be continuous at a point x = c, it must 


fulfill all three of the following conditions: 


Condition 1: f(c) exists. 


Condition 2: lim f(x) exists. 


Condition d: о о 


Let’s test each condition. 


102) = 9, which satisfies condition 1. 
lim lim lim 
хэ f(x) = 9 and «57 f(x) = 9, so х>2 f(x) = 9, which satisfies 


condition 2. 


lim f(x) = 9 =f(2), which satisfies condition 3. Therefore, f(x) is 


continuous at x = 2. 


2. 
No. It fails condition 3. 


In order for a function f(x) to be continuous at a point x = c, it must 


fulfill all three of the following conditions: 
Condition 1: f(c) exists. 
» lim 
Condition 2: хэс f(x) exists. 
» lim 
Condition 3: хэс f(x) = f(c) 
Let's test each condition. 


АЗ) = 29, which satisfies condition 1. 


li 
23) f (x) 2 30 and E шэг (x) = 30, so lim =, (x) = 30, which satisfies 


condition 2. 


| 
But 55 f (x) # f(3). Therefore, f(x) is not continuous at x = 3 


because it fails condition 3. 


Л 


No. It is discontinuous at any odd integral multiple of 2. 


1 


Recall that sec x = cos x. This means that sec x is undefined at any 


value where cos x = 0, which are the odd multiples of 2. 


Therefore, sec x is not continuous everywhere. 


4. 
No. It is discontinuous at the endpoints of the interval. 
1 
Recall that sec x = cos x. This means that sec x is undefined at any 


Л T 


value where cos x = 0. Also recall that cos 2 = 0 and cos 2/= 


0. Therefore, sec х 18 not continuous everywhere on the interval 


5. 
Yes. 
l 
Recall that sec x = cos x. This means that sec x is undefined at any 


Л Л 


value where cos х = 0. Also recall that cos 2 = 0 and cos\ 2 / = 


0. Therefore, sec x is continuous everywhere on the interval 


222 | because the interval does not include the endpoints. 


6. 
а 


The function is continuous for k = 16. 
In order for a function f(x) to be continuous at a point x = c, it must 


fulfill all three of the following conditions: 


Condition 1: f(c) exists. 
- lim | 
Condition 2: хэс f(x) exists. 


Condition dr гд гэн 


We will need to find a value, or values, of k that enables f(x) to 


satisfy each condition. 
Condition 1: f(4) = 0 


Condition: 5) G)= Gani (Ae dor - Sc inorder forthe 


limit to exist, the two limits must be the same. If we solve 16k — 9 


2 
= 0, we getk= 16. 


9 
Condition 3: If we now let k= 16, lim f(x) = 0 = КА). Therefore, 


21 
the solution is k = 16. 


k 


25) 

The removable discontinuity is at E 

A removable discontinuity occurs when you have a rational 
expression with common factors in the numerator and 
denominator. Because these factors can be cancelled, the 
discontinuity is “removable.” In practical terms, this means that 


the discontinuity occurs where there is a “hole” in the graph. If we 


х’+5х-24 _ (x +8)(x-3) 
x) = ———— x)= 
factor x —x—6 , we get à de a -3). If we 
х+8 
FoR 
cancel the common factor, we get (x n ! Now, if we 
plug in x = 3, we get f(x) = 5 . Therefore, the removable 
11 
d 


discontinuity 18 ач 2 /. 


8. 

(a) 0: (b) 0; (c) 1; (d) 1; (e) КЗ) Does Not Exist; (f) a jump 
discontinuity at x 2 —3; a removable discontinuity at x 2 3 and an 
essential discontinuity at x = 5. 


(a) If we look at the graph, we can see that ши f(x) = 0. 


(0) If we look at the graph, we can see that n f(x) = 0. 


(c) If we look at the graph, we can see that lim f(x) = 1. 


(4) If we look at the graph, we can see that lim f(x) = 1. 


(е) f(3) Does Not Exist. 


(f) There are three discontinuities: (1) a jump discontinuity at x = — 
3; (2) aremovable discontinuity at x = 3; and (3) an essential 


discontinuity at x = 5. 


SOLUTIONS TO PRACTICE PROBLEM SET 
3 


We find the derivative of a function, f(x), using the definition of 
= fet =f ls) 

the derivative, which is: f(x) 57:20 р . Here f(x) = 

5x and x = 3. This means that КЗ) = 5(3) = 15 and КЗ + h) = 5(3 + 


h) = 15 + 5h. If we now plug these into the definition of the 
+h)- 18-557-1 
Е) ee 
derivative, we get f (3) -7-0 h = 2>0 h 
lim — = lim 
This simplifies to f(3) 2 ^»0 h = ^295-5. 


If you noticed that the function is simply the equation of a line, 
then you would have seen that the derivative is simply the slope of 
the line, which is 5 everywhere. 


We find the derivative of a function, f(x), using the definition of 


Leth) fl) 
the derivative, which is: f(x) = #20 р . Here f(x) = 
4x and x = —8. This means that К-8) = 4(—8) = –32 and f(-8 + h) = 


4(—8 + h) = —32 + 4h. If we now plug these into the definition of 


s POST FCS 


the derivative, we get f (—8) = ^ h = 

. —324+4h4+32 гай = 

im ———————— lim — = lim 

50 h . This simplifies to /(-8) = ^»9 h — ^294 24. 


If you noticed that the function is simply the equation of a line, 
then you would have seen that the derivative is simply the slope of 
the line, which is 4 everywhere. 


2: 
-10 


We find the derivative of a function, f(x), using the definition of 


so fet A= f (9) 
the derivative, which is: Р(х) = ^^? h . Here f(x) - 
5х2 and x = -1. This means that f(-1) = 5(-1)? = 5 and К-1 + А) = 


5(-1 + А)2 = 5(1 —-2h + А2) = 5 -10h + 5h? If we now plug these 


into the definition of the derivative, we get f'(-1) = 


f (-1+4)- f (-1) li 2 7105 € 55 -5 


lim 
е0 h = 530 р . This simplifies to f 
-104 +5%° 
im ————— 
(-1) = ^9 h . Now we can factor out the л from the 


numerator and cancel it with the / in the denominator: /(-1) = 


. A(-10+5h) 
lim ———— = lim 
4-30 р 0 (—10 + 5h). Now we take the limit to get f 


C1) = 10 + 5h) = -10. 

4. 

16x 

We find the derivative of a function, f(x), using the definition of 


s fet A= Fx) 
the derivative, which is: Р(х) = ^^? h . Here f(x) = 
8х2 and f(x + h = 8(x + h)? = 8(? + 2xh + А2) = 8x2 + 16xh + 8/2. 


If we now plug these into the definition of the derivative, we get f 


2 2977192 
шан) MICE cutie 


(х) = 430 7 »-э0 h . This 
16xh + 8h° 
ln-——— —— 
simplifies to f(x) = ^9 h . Now we can factor out the h 


from the numerator and cancel it with the A in the denominator: f 
. 9(16х-86) . 
lim ———— ——— = lim 20 
(х) = ^30 р 1-0 (16x + 8h). Now we take the limit to 


sey о-в 
5, 
-20х 


We find the derivative of a function, f(x), using the definition of 


f+- fC) 
the derivative, which is f (x) = /~° h . Here f(x) = 
-10x? and f(x + h) = -10(x + h)2 = –10(2 + 2xh + h2) = -102 


—20xh —1012. 


If we now plug these into the definition of the derivative, we get f 


Рб) f(x) 2105—2050 108" 41057 


lim 
—20xh — 1047 
oe 
This simplifies to f'(x) = ^^9 h . Now we can factor out 


the h from the numerator and cancel it with the h in the 
. 2(-20х-107) . 
lim ———————- = lim 
denominator: f (x) = ^9 h »-э0 (—20x — 10h). Now 
veta the шо set lo) = 1 A0 Юю ow 


6. 
40a 


We find the derivative of a function, f(x), using the definition of 


NICDNIC 


the derivative, which is f(x) = ^^? h . Here f(x) = 
20x? and x = a. This means that f(a) = 20a? and Ка + л) = 20(а + 


hy = 20(a2 + 2ah + h?) = 20a? + 40ah + 20h2. If we now plug 


these into the definition of the derivative, we get f (a) = 


СОАО Б 20225202: 


lim 

#0 р = 50 р . This 
40ah + 20%" 

simplifies to f(a) = ^9 h . Now we can factor out the h 


from the numerator and cancel it with the A in the denominator: f 
. h(40at+20h) . 
lim ——————— = lim мг 
(а) = ^0 р 1-0 (40a + 20h). Now we take the limit 


eget) = dussii 


54 


We find the derivative of a function, f(x), using the definition of 


СЕНО 


the derivative, which is: f(x) = 20 р . Here f(x) = 
2x3 and x = -3. This means that К-3) = 2(-3)3 = –54 and f (- 3 + 


h) = 2(-3 + h)3 = 2((-3)3) + 3(-3)2 h + 3(-3)h2 + h?) = —54 + 54h 
- 18/2 + 2h3. 


If we now plug these into the definition of the derivative, we get f 


Р(-3-5)- f (-3) T —54 c 54h — 185^ +24” +54 


lim 
'(—3) = 58-20 h = р—>0 
54h -18h° +2% 
то 
. This simplifies to f (—3) = ^^9 h . Now we can 


factor out the л from the numerator and cancel it with the A in the 
b(54-18b*2P) | 
ПА — = и 
denominator: f'(—3) = ^^ h эо (54 -18h + 2/2). 
Now we take the limit to get f (—3) = lim s4 - 18h 2h2) = 54. 


8. 
-932 


We find the derivative of a function, f(x), using the definition of 


(лени) 


the derivative, which is f(x) = ^^? h . Here, f(x) = 
—3x3. This means that f(x + h) = —3(x + h) = —3(x + 3x2h + 3xh2 


+ ИЗ) = —3x3 -0x?h —Oxh? —3h3. 


If we now plug these into the definition of the derivative, we get f 


f (x+h)— f (x) lim -3x -9x^ h- 9xh — 35? +3x° 


im 
'(x) = 0 h = 40 h 
~9x°h —9xh* —3h° 
im — —— ———————— 
This simplifies to f(x) = ^9 h . Now we can 


factor out the Л from the numerator and cancel it with the h in the 
b(-9x* -9xh -3% ) 


im = lit 
denominator: f (x) = ^9 р 1—0 (—х2 — 3xh 


—3h2). Now we take the limit to get f(x) = lim o —9xh —3h2) = 


-9х2. 


9. 
5x4 


We find the derivative of a function, f(x), using the definition of 


РОР) 


the derivative, which is f(x) = ^9 h . Here f(x) = x5. 
This means that f(x + h) = (x + h) = (х5 + 5x*h + 10:372 + 10x2h3 


+ 5xh* + А5). If we now plug these into the definition of the 


MEDI 


derivative, we get f(x) = ^9 h = 
| х” c 5x b - 10x? f^ +10x°h? +5xh* +h? — x 
паки 
50 h . This simplifies 
5x h - 10x? h +10x h? + 5х +h 
im ———————————————————— 
to f(x) 2499 h . Now we can 


factor out the Л from the numerator and cancel it with the Л in the 


b(5x* +10x°h 10x P^ + 5х6 +h“) 
lim ————— — — ——— е lim 
denominator: ў (х) = ^9 h 40 


(5х4 + 10х3 + 10x2h2 + 5xh3 + А4). Now we take the limit to get f 


(0) = limes a + 10x3h + 10x2h2 + 5xh3 + hô) = 5x4. 


ОР |н 


We find the derivative of a function, f(x), using the definition of 
Feth- F) 
the derivative, which is f(x) = ^^? h . Here f(x) = 


Vx and x = 9. This means that f(9) = 2/9 = бапа f(9 +h) = 


V9 +h 1f we now plug these into the definition of the derivative, 


764-29) V, aie 


we get f (9) = ^0 h = 90 onee that if 


we now take the limit, we get the indeterminate form 0. With 


polynomials, we merely simplify the expression to eliminate this 
problem. In any derivative of a square root, we first multiply the 
top and the bottom of the expression by the conjugate of the 


numerator and then we can simplify. Here, the conjugate is 2 


Па 249-97-6 -6 24945 t6 +6 
49-76. vermes h x 2NI + h £6. This 


+h)-36 р 36+ 


lim im 
simplifies to (9) = Eol 
зро) 


. Now we can cancel the A in ће numerator апа 


lim = НЕЕ 
4-0 / 
the denominator to get f (9) = 7 9-0 Н 6) Now we take the 
4 


limit: /(9) = ШТ +6) (24946) 3 


11. 


|o 


We find the derivative of a function, f(x), using the definition of 
Feth- f(x) 

the derivative, which is f(x) = ^9 h . Here f(x) =5 

N2x and x = 8. This means that f(8) = 5.16 = 20 and f(8 + h) = 


5/2(8+ 4) 2 5416 + 2h. If we now plug these into the definition 
14184918) 


of the derivative, we get f'(8) = ^9 h = 
їл 5416-27-20 
h-30 h ; Po that if we now take the limit, we get 


the indeterminate form 0. With polynomials, we merely simplify 


the expression to eliminate this problem. In any derivative of a 
square root, we first multiply the top and the bottom of the 


expression by the conjugate of the numerator and then we 


simplify. Here the conjugate is 5У16 + 25 + 20. We get f (8) = 


li 5416-27-20 5416-25 +20 
mM ——— 


00 h x 5x16 +2% +20. This simplifies to /(8) = 

.. 25(16+ 25) — 400 M 400 + 507 — 400 

ТЕ — = ЕЕ: ЕЕ 

^ b(5416-- 25 +20) _ ">? h(SV16 + 2h +20) _ 

im 50% 

b / 

i ДЕ 16274 20) Now we can cancel the б in the numerator 

im — 
h—0 / 

and the denominator to get f(8) = (5 16+2h + 20) Now, we 


im = 20 
hb0 


5 
take the limit: f(8) - (516-25 +20) _ (2020) = 4. 


12. 


Ї 
2 
We find the derivative of a function, f(x), using the definition of 


_ fle b)- f(x) 
the derivative, which is Р(х) = ^^? h . Here f(x) = 
MN 


Э 


sin x and x = 3. This means that 3 2 and 


Л Nt: 
(Eu = е0 
3 3 . If we now plug these into the definition of 


the derivative. we get Ё 
МА 3 
sin| — + ġ |- — 
К 2 
lim ——-———— ——— " 
50 h . Notice that if we now take the limit, we get 
0 


the indeterminate form 0. We cannot eliminate this problem 


merely by simplifying the expression the way that we did with a 
polynomial. Recall that the trigonometric formula sin(A + B) = sin 


A cos В + cos A cos В. Here we can rewrite the top expression as 


. Л T. 
sin — cos / + cos— sin P — —— 
lim 3 T 
50 h . We can break up the limit into 

T 3 "m. 
sin — cos h — —— ru 


lim ——— — ———— + ————— 
h—0 h h = 


1 
lim + 22 
»-э0 р р _. Next. factor 2 out of the top of 
43 m 
— (cosh – 1) sin 
о 2 
lim ——————— тг 
the left-hand expression: ^0 h Е h | .Now, 
3 
---(со89-1) 
Їїт 
we can break this into separate limits: Ст h + 
= |sinh A eod 
22 2 
lim 2—— — im 
^20  ] .Theleft-hand limit is ^9 h = ; 
2 1 | 
CNET 
259 р = 2 0=0. The right-hand limitis 2^9 р 


1 


1 1 
= 2 . 1 = 2. Therefore, the limit is 2. 


2x+ 1 


We find the derivative of a function, f(x), using the definition of 
NICDNIC 
the derivative, which is f(x) = ^9 h . Here f(x) = x2 


+ x and f(x + h) = (x + h? + (x + h) x2 + 2xh + h2 + x + h. If we 


now plug these into the definition of the derivative, we get f'(x) — 


f (x+h)— f(x) : x! E 2xb b! +x+h—(x? +x) 
шэг үрүү e o 


lim 
5-0 h = 90 h . This 
2xb + hb +h 
simplifies to f(x) = ^? h . Now we can factor out the h 


from the numerator and cancel it with the A in the denominator: f 


2xbt hb +h 4 h(2xt+h+) 
——— — ——  ]im => 


1111 1 
(х) = ^20 р = 50 р ОИ) 


Now we take the limit to get f(x) = limo +h+1)=2x +1. 


14. 
3x2 + 3 


We find the derivative of a function, f(x), using the definition of 


f (x+h)- f(x) 
the derivative, which is f(x) = г: р . Here f(x) = x3 


+ 3x + 2 and f(x + h) = (x + A} + 3(x + h) +2 = xX + 3x2h + 3xI2 + 


АЗ +3x+3h+2. 


If we now plug these into the definition of the derivative, we get f 


NECDMIG 


'(x) = 0 h - 
А х £3x b 3xl^ +h? +3x+3h+2-(x +3х+2) 
1-30 р 
3x°h +3xh +h? +3h 
[ILE тэ л 
This simplifies to f(x) = ^^? h . Now we can 


factor out the from the numerator and cancel it with the л in the 


3x°h+3xh? +h? +3h 


im 
denominator: f(x) = 20 h = 

5 A(3x? +3xh +h? +3) 

im —————— lim 

эо h = /->0(3х2 + 3xh + I2 + 3). Now we take 


ibedimibto seti) s 1 16s Е 
15. 
1 


2 
=X 


We find the derivative of a function, f(x), using the definition of 


Ро) | 


the derivative, n is f(x) = ^9 h . Here f(x) = x 


and f(x + h) = x + A. If we now plug these into the definition of 
1472: ҮЙ 


the АС we get f (x) = ^^ h - 
lage = 5 х 
50 р : Norte that if we now take the limit, we get the 


indeterminate form 0. We cannot eliminate this problem merely 


by simplifying the expression the way that we did with a 


polynomial. Here, we combine the two terms in the numerator of 
1 1 


x Х + =j 


im ———— 
p30 h =/20  ] This simplifies to f(x) = 


lim =. 


h—0 h =? x (x +h )h . Now we can cancel the factor h in 


im —————— 
the numerator and the denominator to get f'(x) = * 2 (x+h)h = 
lim ———— цг Ш 
H> x(x - h). Now we take the limit: f(x) = ^? x(x +4) 2 -x?. 

16. 
2ах + b 


We find the derivative of a function, f(x), using the definition of 


NICDNIC 


the derivative, which is f (x) = ^^? h . Here f(x) = 


ах? + bx +c and fx + h) = a(x + h} + b(x + h) + c = ax? + 2axh + 


ah2+bx+bh+c. 


If we now plug these into the definition of the derivative, we get f 


ag fet A= F(x) 
1:0) = 0 h - 
ах? +2axh + ah? + bx + bh t c (ах? + bx +c) 
0 h . This simplifies to f 
i 2axh + ab^ + bh 
im —— — —— — — 
(2832-1221 h . Now we can factor out the Л from the 


numerator and cancel it with the / in the denominator: f (x) = 


` 2axh t ab^ * bh. b(2ax t ab b) 
lim ————————— lim ——— — [м 
50 h = 530 h = /-0(2ах- ah + Б). 


Now we take the limit to get f(x) = lim x t ah + b) = 2ах + b. 


SOLUTIONS TO PRACTICE PROBLEM SET 
4 


1. 
64x? + 16x 


First, expand (4x2 + 1)? to get 16x4 + 8x2 + 1. Now, use the Power 
Rule to take the derivative of each term. The derivative of 16x4 = 
16(4x3) = 64x3. The derivative of 8x? 2 8(2x) = 16x. The derivative 
of 1 = 0 (because the derivative of a constant is zero). Therefore, 
the derivative is 64x3 + 16x. 


2: 
10x? + 36x5 + 18x 


First, expand (x? + 3x)? to get x10 + 6x6 + 9x2. Now, use the Power 
Rule to take the derivative of each term. The derivative of х10 = 
10x?. The derivative of 6x6 = 6(6х5) = 36x5. The derivative of 9x? 
= 9(2x) = 18x. Therefore, the derivative is 10x? + 36x? + 18x. 


3. 
77x6 


Simply use the Power Rule. The derivative is 11x7 = 11(7x®) = 
7725. 


4. 
5432 + 12 


Use the Power Rule to take the derivative of each term. The 
derivative of 18x3 = 18(3x2) = 54x2. The derivative of 12x = 12. 
The derivative of 11 = 0 (because the derivative of a constant is 
zero). Therefore, the derivative is 54x2 + 12. 


2. 
бхи 


Use the Power Rule to take the derivative of each term. The 


derivative of x!2 = 12x!!. The derivative of 17 = 0 (because the 


1 


derivative of a constant is zero). Therefore, the derivative is 2 
(12x11) = 6x11, 


6. 
—3x8 — 2x2 


Use the Power Rule to take the derivative of each term. The 


derivative of x? = 9x8. The derivative of 2x3 = 2(3x2) = 6x2. The 


derivative of 9 = 0 (because the derivative of a constant is zero). 
1 


Therefore, the derivative is —3(9x8 + 6x2) = —3x8 — 2x2. 


x 


Don’t be fooled by the power. 75 is a constant, so the derivative is 


Zero. 


8. 
6 


64х-9 + Vx 


Use the Power Rule to take the derivative of each term. The 


derivative of —8x-8 = -8(—8x-9?) = 64х 9. The derivative of 124 x = 
12 6 


24x Vx (remember the shortcut that we owed you on this 


page). Therefore, the derivative is 64x-? + Vx . 


9: 
2 


-42x8 — Ух 


Use the Power Rule to take the derivative of each term. The 


derivative of 6х-7 = 6(—7x-8) = -42x-8. The derivative of AN x = 
4 2 


24 x Г Vx (remember the shortcut that we showed you on this 


page). Therefore, the derivative 15 —42x-8 -Vx : 


10. 

n M. 
uc 
EC 


Use the Power Rule to take the derivative of each term. The 


Ї 


derivative of x—5 = —5x-6. To find the derivative of x^ , we first 
rewrite it as x-8. The derivative of x—S = –8х-9. Therefore, the 


E. 


TP 6 9 
derivative is —5x-® — 8х9 = x X, 


LL 


216х2 —48х + 36 


First, expand (6x2 + 3)(12x - 4) to get 72x? —24х2 + 36x — 12. 
Now, use the Power Rule to take the derivative of each term. The 
derivative of 7223 = 72(3x2) = 216x2. The derivative of 24x? = 
24(2x) = 48x. The derivative of 36x = 36. The derivative of 12 = 0 
(because the derivative of a constant is zero). Therefore, the 


derivative is 216x2 — 48x + 36. 


2 36x2 + 13x3 —x* — 14x6 

First, expand (3 — x – 3x3)(6 + x^) to get 18 — бх — 12x3 + 3x4 — x5 
-2х7. Now, use the Power Rule to take the derivative of each term. 
The derivative of 18 = 0 (because the derivative of a constant is 
zero). The derivative of бх = 6. The derivative of 12x3 = 12(3x2) = 
36x2. The derivative of 3x4 = 3(4x3) = 12x3. The derivative of x5 = 
5х4. The derivative of 2x7 = 2(7x9) = 14x6. Therefore, the 
derivative is —6 —36x2 + 12x3 — 5x4 — 14х6. 


13. 
0 


Don’t be fooled by the powers. Each term is a constant so the 


derivative is zero. 


14. 
16 10 36 


6 
-x xx 


ЕМЧ E pony sw 
E в pou е 


First. expand G хх xX /togetx x + хоо 

2 6 
x х х?. Next, rewrite the terms as: 4x74 —2x-5 —6х-6. Now, 
use the Power Rule to take the derivative of each term. The 
derivative of 4x-4 = 4(—4x-5) = –16х-5. The derivative of 2x-5 = 


2(—5x-6) = -10x-6. The derivative of 6x-6 = —36x-7. Therefore, the 
Е 16 10 36 
derivative is —16х-5 + 10х-6 + 36x-7= x? x° x. 
I5. 
1 
24Х 
Use the Power Rule to take the derivative of each term. The 
1 


derivative of Ух = 2Vx (remember the shortcut that we showed 


you on this page). The derivative of 43 = 0 (because the 1 


derivative of a constant is zero). Therefore, the derivative is 24/х А 


16. 
0 


The derivative of a constant is zero. 


L7: 
3х2 + бх + З 


First, expand (x + 1)3 to get x3 + 3x2 + Зх + 1. Now, use ће Power 
Rule to take the derivative of each term. The derivative of x3 = 
3x2. The derivative of 3x2 = 3(2x) = 6x. The derivative of 3x = 3. 


The derivative of 1 = 0 (because the derivative of a constant is 


zero). Therefore, the derivative is 3x2 + 6x + 3. 
18. 
1 1 2 
24х 3, 3x 
Use the Power Rule to take the derivative of each term. The 
1 
derivative of Ух = 24x (remember the shortcut that we showed 


А : | 3 3] 2 3 
you on this page). Rewrjte Vx as x? and х, as X. The 
= 1 Se) 


x? ш-Х 3 n ——*X 3 
derivative of 3 : The derivative of 3 т ТТ, 
1 Ц = -2 
Хх +=? pt T 
the derivative 15 2Vx 3 з -24х 342 BY x, 
19. 
6x2 + бх — 14 


First, expand х(2х + 7)(x — 2) to get x(2x2 + 3x – 14) = 2x3 + 3x2 - 
14x. Now, use the Power Rule to take the derivative of each term. 
The derivative of 2x3 = 2(3x2) = 6x2 The derivative of 3x2 = 3(2x) 
= 6x. The derivative of 14x = 14. Therefore, the derivative is 6x2 + 


6x — 14. 


20. 
5 7 


—+ 
бїх 1092 


First, rewrite the terms as . Next, distribute to get: 
1 1 


хорхог 5 7 


=x 6 + Хэ Now, use the Power Rule to take 


21 
” ü 
the derivative of each term. The derivative of 


5 
= — х 
6  .The 
. . 2 ae x E . . . 
derivative of : 10 . Therefore, the derivative is 


тэл гаг 
5 7105 269% 1009. 


SOLUTIONS TO PRACTICE PROBLEM SET 
9 


1. 
—80x? -- 75x? +12х* — бх 


(5х7 + 1) 
We find the derivative using the Quotient Rule, which says that if 


u 201701 Áx? — Зх? 
fx) = v, then f(x) = v  .Herefi)- 5x’ +1 ,80и-4х3 
— 3x? and v = 5x? + 1. Using the Quotient Rule, we get f(x) = 
(Sx’ + 1)(12х° - 6x) - (4x? -3х” )(35x°) 


2 
5х + 1) , . This can be simplified to f 
-80х”-75х +12х* — бх 
E C cm 
2. 
3x2 — бх- 1 


We find the derivative using the Product Rule, which says that if 
dv du 


fix) = uv, then f (x) = udx + vdx. Here f(x) = (x2 – 4x + 3)(x + 1), 
so u = х2 — 4х + 3 and v= x + 1. Using the Product Rule, we get f 


(х) = (x2 — 4x + 3)(1) + (x + 1)(2x — 4). This can be simplified to f 
(x) = 3x2 – бх - 1. 


We find the derivative using the Chain Rule, which says that if y = 


Pkg 


"S nm 2 
feŒx)), then у = | dg ах Here fix) = 5 (x — 4х ) 


which can be written as f(x) = pe - 4x2)2. Using the Chain Rule, 
1 


we get f Е: 27 (x4 — 4x2)- 2 (4x? — 8x). This can be simplified 
Tum 


to fy = VO" —4). 


4. 
3x? — 3x“ 
ie + 1) 


Here we will find the derivative using the Chain Rule. We will 
also need the Quotient Rule to take the derivative of the 


expression inside the parentheses. The Chain Rule says that if y = 


f(g(x)), then у = | dg ах and the Quotient Rule says 
и ар 
Vo 


и ах ах 


that if ДХ) = v. then f= v? /Меве/(0-3 


| я; | (x? «1)0) - x(2x) 


2 2 
23 +1 : (х + 1) | This can be simplified to f(x) = 
ON =3x 
4 
(x? + 1) 


n 


3 
l | 2055 | 29 
4A\5x+2) | (5x42) 
Here we will find the derivative using the Chain Rule. We will 


also need the Quotient Rule to take the derivative of the 


expression inside the parentheses. The Chain Rule says that if y = 


(25604) 
fex), then у = dg 2 ах one the Quotient Rule says 


и 0 
(Оена a eee, 
u dx | dx 
that Их = v,thenfG) 2 — v^ — .Wegetf()- 
| Е F (5x +2)(2)- Qx- 18) 
m 2 
4\5x+2 (5x +2) . This can be 


1 EI 4 29 
AS 2 
simplified to f(z) = 4\5x+2) VOx*2) ) 


ЕТЕЛ 
Зах xí 
We have two ways that we could solve this. We could expand the 
expression first and then take the derivative of each term, or we 
could find the derivative using the Product Rule. Let’s do both 
methods just to see that they both give us the same answer. First, 
let's use the Product Rule, which says that if f(x) = uv, then f (x) = 


dv du | | : = | | - 
— = Ku cue eR Pin rien 
иа Ve Here foo х x"), sou= Ч and v = 


2 


XS 
3 | Using the Product Rule, we get f(x) = | х/(2х- 


1 1 1 2 
87-51 2) benz) 
(—2)x-3) + x x J= x X J+ 


] 1 
2-2) 3) 
a x Ar can be ЕС to f(x) = 1 3 
СЕБЕ GETS тоог 
х X Jg X x J=3x24+14+% NO 


The other way we could find the derivative is to expand the 


expression first and then take the derivative. We get f(x) 5 


O ЭН. 
ETFS IEX E EX TET 
x x /x3—x-c-x—x .Now ween take the 


derivative of each term. We get f(x) = 3х2 + х. +1 - (-3)х- = 


= -(-3)x* 23x! t — +1+ ~ 
ЗхХ2-х +14 X X . As we can see, 
the second method is a little quicker, and they both give the same 


result. 


2 
4x? 


(х+1) 


Неге we will find the derivative using ће Chain Rule. We will 
also need the Quotient Rule to take the derivative of the 
expression inside the parentheses. The Chain Rule says that if y = 
df (g “| dg | 


fig(x)), then у = | 


ag ах and the Quotient Rule says 
du dv 
12-55 
u dx dx 
that if fü) = v.thenfG) = v? —. We get f(x) = 4 


Е } («+1)(1)-(x)(0) 


2 
х+1 (х t 1) | This can be simplified to f(x) = 4 


| 2 | 1 Áx? 
x*1/ Lxs1y J (хал). 
8. 

10002 + x) (2x + 1) 


Here we will find the derivative using the Chain Rule. The Chain 


Heda 


dg dx 


Rule says that if y = f(g(x)), then у = | We get f 


(х) = 10002 + x)?? (2x + 1). 


221 
E 
Ia + 1)? (x? -1 
Here we will find the derivative using the Chain Rule. We will 
also need the Quotient Rule to take the derivative of the 
expression inside the parentheses. The Chain Rule says that if y =f 


(g(x)), then y' = dg ? dx 


" and the Quotient Rule says 


ee И — 
и ae. ae 
that if f(x) = v, then ion v .WegetfQ)- 
1 2 
E "m Vc e: -1)( х)-(х +1)(2x) 
E E 1 = . This can be 


1 
(: =] | -4х | 
2 2 
simplified to P(x) = 2 x =l (xs) - 
—2x 


(x? 41)? (2 -1)2 


10. 


9 


64 
We find the derivative using the Quotient Rule, which says that if 
du dv 
U—=4— = 
7 222 155558) 


ао 52:28 jo 5 2 02:21 
u = (x + 4)(x - 8) and v = (x + 6)(x - 6). Before we take the 


derivative, we can simplify the numerator and denominator of the 
(x+4)(x-8) x^—4x-32 


expression: f(x) = (x D 6)(x Е 6) = x'—36 .Now using 
the Quotient Rule, we get f(x) 5 


(x? -36)(2x - 4) - (x? - 4x - 32) (2x) 
We simply plug in x = 2 to get f(x) = 
(27-36) Exc M 


. Next, we don't simplify. 


du dv 
U u 
и dx — ах 
f(x) = и, then f (x) = v . We will also need the Chain 
Rule to take the derivative of the expression in the denominator. 


[L «e 
The Chain Rule savs that if y — f(g(x)), then y' dg 
x^ +4x° +6 


4 2 
here f(x) = (x z^ ‚ SO и = x6 + 4x? + 6 and v = (x4 – 2). We 


(x* — 2| (6x° +12х? ) - Ca +4? + 6)2(х* - 21(457) 
get f(x) = (4^ -2) 


. Now 
we don't simplify. 
We simply plug in x = 1 to get 


О 80 20) -K0* 4407 -6р(07-2(407). 
(0-2) 


12, 
х —6x +3 


(3-2) 


We find the derivative using the Quotient Rule, which says that if 


du dv 
ИИ а 2 
и dx ах х -3 
fx) = v, then f(x) = v 


.Here f(x) = x -3,s0u 232-3 
and v = x — 3. Using the Quotient Rule, we get f(x) = 


(х - 3)(2x) - (x? = 3) (1) 
(x-3) 


, . This can be simplified to f'(x) = 
x =O0x 13 
(x-3) , 


13. 
6 


We find the derivative using the Product Rule, which says that if 
dv du 


fx) = uv, then f(x) = udx + vdx. Here f(x) = (x4 —32)(2x3 + x), so 
и = xt — x? and v = 2x3 + x. Using the Product Rule, we get f(x) = 


(x^ — x2)(6x2 + 1)- (228 + 1)(4x3 — 2x). Now we don't simplify. We 


simply plug in x = 1 to get f(x) = ((1)4 – (1)2)(6(1)2 + 1) + (2(1)3 + 
(1))(4(1)? — 2(1)) = 6. 


14. 

L 
-4 
We find the derivative using the Quotient Rule, which says that if 

du dv 
D———1—— 2 
u 122101 x^ +2x 

fa)=v,thenf(x)=  w'  .НєеДх)-х -х ,sou=x2 + 


2х2 + 2 and v = x4 — x3. Using the Quotient Rule, we get f(x) = 
(x -x )(2х +2)- (х? + 2x (4x? = 222] 
C 2 П . Now, we don’t 
simplify. We simply plug in x = 2 to get f(x) = 
(07-02) )(2(2) +2) (02) +22))(42) -30) - 
(07-07) 22 


2х? +1 
Vx? +1 
We find the derivative using the Chain Rule, which says that if y = 

09) (4 
Ae). епу = — 4 dx 
1: = ( x^ uox" р 


1 
(x4 + x2)-2(4x3 + 2x). This can be simplified to f(x) = Vx? +1. 


| . Here f(x) = 


1 
. Using the Chain Rule, we get f(x) = 2 
2x +1 


We find the derivative using the Chain Rule, which says that if y = 
dy dydv dy du 

y(v) and v = v(x), then dx = dv dx. Here du = 2и and dx =-1(x — 

RUN dy zi 1 dy 


5 — ae тээ 
1)2 = -(x -1) , Thus. dx = (201571) and because и = х — l, dx 
í 2 | -1 2 

a И 3 
Де) (D. 


17. 
-24 


We find the derivative using the Chain Rule, which says that if y = 
dy dydv 


vv) and v = v(x). then dx = dv dx. Неге 
—2 EI ЕА 
dy t X t) (ғ X 2 3 


dt D 2 Bore 
(+ 2) and dx = 3x2. Now we plug х = 1 
into the derivative. Note that where x = 1, t = (1? = 1. We get 


4 _ (0 -2)20)-(0"+2)20)_ . , 

А ((1)’ -2) add 22 e 305283. 
dy ауаг 

Thus, dx dt dx = (-8)(3) = 24. 


18. 


б СРЕЗЕ -157 | 


Here the solution will be much simpler if we first substitute x — Vt 


5 
б - 612 | + Jr) 
into the expression for y. We get y = . Now we 
find the derivative using the Product Rule, which says that if 


d» fu й -вг (5) 


Ло, then f о т Неге у= , SO U = 


3 — 612 and v = 5t + Nit . Using the Product Rule. we get 


$-[; -6 (set) (0) зе 5" ) 


19, 
2 


We find the derivative using the Chain Rule, which says that if y = 
dy dy dv 


v(v) and v(x), then dx Е dv ах. Неге 
dy (1+4 )(1)-(1+u)(2u) 


= ААА du 
2 lY 
e ( m 2 and dx = 2x. Now, we plug x= 1 
into the derivative. Note that, where x 2 1, u 2 0. We get 
ау _ (1+0)(1)-(+0)(0) , du ау 
5 шог DM 
du (1+0) and dx = 2, so dx =(1)(2) = 2. 
20. 
4807 
(v + 8) 


We find the derivative using the Chain Rule, which says that if y = 


dy dy dv 
y(v) and, v = v(x), then dx dv dx, although, in this case, we 


du du dudy ах 


have u(y), y(x), and x(v), so we will find a by dv dy ах dv. 
d. ау «t8 0-(X)) — 8 7” 
— —— 2 

Here dx = 32. dx = (x T 8) 


(x Ж 8) ‚ and Ww De: 


du dudyd 8 
t kdk apf jen 
Next, E quer (x *8) . Now because x = 


vandy=x+8 0° +8, ме ве dv = 


Га! | 8 | 480° 
3 2 2 (2v) ae 
| (^ +8) f (6-8) (n8). 
SOLUTIONS TO PRACTICE PROBLEM SET 
6 


1. 
2810 x COS x Or sin 2x 


d 


Recall that dx (sin х) = cos x. Here we use the Chain Rule to find 
Y 


the derivative: dx = 2(sin x)(cos x). If you recall your 
trigonometric identities, 2sin x cos x = sin 2x. Either answer is 


acceptable. 


2; 
—2x sin(x2) 


d 


Recall that dx(cos х) = — sin x. Here, we use ће Chain Rule to 
У 


find the derivative: dx = (– sin(x2))(2x) --2 x sin(x2). 


3. 
2sec3 x — sec x 


d d 


Recall that Zx(tan x) = sec? x and that dx(sec x) = sec x tan х. 

x 
Using the Product Rule, we get dx = (tan x)(sec x tan x) + (sec x) 
(sec? x). This can be simplified to sec? x + sec x tan? x = 2sec? x — 


sec x. 

4. 

3cos3x 
2. |sin3x 

d 
Recall that Zx(sin x) 2 cos x. Here we use the Chain Rule to find 
dy 1 1 
the derivative: dx = 2(sin 3x) 2(cos 3x)(3). This can be 
dy 3cos3x 


simplified to dx = 2Vsin3x, 


Л, 
2С08Х 


(1 — sin x) 


d 


Recall that Zx(sin x) = cos x. Here we use the Quotient Rule to 
dy (1 — sin x) (cos x) — (1 + sin x) (- COS x) 


5 2 
find the derivative: dx = (1 -япх ) 
2cosx 


5 2 
This can be simplified to (1—sinx) 
6. 


-4 x csc2(x2)cot(x2) 


d 


Recall that dx (csc х) p csc x cot x. Here we use the Chain Rule 


to find the derivative: dx = (2 csc x2)(- csc x2 cot x2)(2x) = —4х 


csc? (x2)cot(x2). 


7, 
16sin 2x 
d d 
Recall that Zx(sin x) = cos x and that dx(cos x) = — sin x. Here we 


will use the Chain Rule four times to find the fourth derivative. 


dy 

The first derivative is dx = (cos 2x)(2) = 2cos 2х. 
d'y 

The second derivative is dx’ = 2(-sin 2x)(2) = –4 sin 2x. 

d'y 
The third derivative is dx’ = —4(cos 25302) = -8 cos 2x. 

d'y 
And the fourth derivative is Zx^ = —8(—sin 2x)(2) 2 16 sin 2x. 
8. 
[cos(1 + cos? x)  sin(1 + cos? х)|(-2 sin x cos x) 
d d 
Recall that 4х(8ш x) = cos x and that 4х(сов хус —sin x. Here we 
у 


will use the Chain ue to find the derivative: dt = cos t — (— sin f) 
Ї 


= cos ź + sin f and gx = 2(cos x)(— sin x) = —2 sin x cos x. Next, 

y dydt d 
because dx = dt dx and t = 1 + cos? x, we get dx = (cos t + sin f) 
(—2 sin x cos x) = [cos(1 + cos? x) + sin(1 + cos? x)](-2 sin x cos 


x). 


9. 


2 
2tanxsec х 


(1 = tan x) 


d 
Recall that Zx(tan x) = sec? x. Using the Quotient Rule and the 


dy tanx 
Chain Rule. we get dx 22 .1—tanx 
(1— tan x) sec? x) — (tan x)(- sec x) 2tanxsec? x 
Ок NINE Ms 3 
(1- tanx) . This simplifies to (1- tanx) 
10. 
—[sin(1 + sin@)](cos 0) 
d d 
Recall that Zx(sin me cos x and that 4х(сов х) = —sin x. Using the 
r 


Chain Rule, we get 40 = –[511(1 + sin 0)](cos 0). 


11. 
secO (галд - 1) 


(1 + гаад) 


d d 


Recall that Zx(tan x) = sec? x and that dx (sec x) = sec x tan х. 
y 


Usine the Ouotient Rule. we eet 40 = 
(1 -- tan )(secO tan) — (sec 0) (sec? Ө) 


(1+ tan 2 . This can be simplified 
ѕесӨ (tan @ — 1) 


2 
(using trigonometric identities) to (1 = сал0) 


18: 


Ge) 


d 


Recall that dx (cot x) = — csc? x. Here we use the Chain Rule to 


Е 
и 2| 1+ cot| — —csc | = == 
find the derivative: dx = — x XJ AW ea 


НЕТ 


2 
X X 


шон) | 
SOLUTIONS ТО PRACTICE PROBLEM SET 
7 

1. 


Зх? 
14-35 


ах | 
We take the deriyative of each term with respect to х: m de 
EINE: 
(3 yo de J = a) de 


dx 


Next, because 4х = 1, we can eliminate that term and get (332) – 


eleda 


Next, group the terms containing dx : (3x2) = dx + (3 y2) 


ay (2) 
dx Д1 + 3y2). Now, we can 


dy dy (2) 
ах J. 


Factor out the term dx : (3x2) = 
27 


isolate dx : dx =1+3y". 


25 
бух 
3 9x 


А) 
We take the derivative of each irm with respect to x: " ах ) — 


20) +0 (2) + Qy) 2) -0. 


dx | 
Next, because Е = 1, we can eliminate that term and we сап 
2 dy 
distribute the –16 to get 2x — 16xX dx / — 16 y - 2 X dx ) 2 0). 
dy 


Next, group the terms containing dx on one side of the eauals sign 


A 2 
and the other terms on the other side: —16x 2 + 2y\ dx / = 16у – 
2x. 


a (2) 
Factor out the term dx : \ dx Д2у — 16x) = 16у — 2x. Now we can 
y 1бу-2х dy 8y-x 


isolate dx : dx -2у- 16x. which can be reduced to dx = y— 8x, 
3. 

1 

2 

First, cross-multiply so that we don’t have to use the Quotient 
Rule: x + y = 3x - Зх – Зу. Next, simplify 4y = 2x, which reduces 


1 ау 1 


to y= 2 x. Now, we can take the derivative: dx = 2. Note that just 
because a problem has the x's and y's mixed together doesn't 


mean that we need to use implicit differentiation to solve it! 


Я [оо 


ах | 
We take the derivative of each term with respect to х: " dx ) — 


ах 


Next, because dx = 1, we can eliminate that term to get 32x — 16x 
d [2 
Е – 16у + 2y\ dx / = 0. Next, don't зру: Plug in (1, 1) for x 
2 dy 
and y: 320p - e" – 16(1) + 2(1 4 / = 0, which simplifies 


a 
to 16 — 14 dx /=0. 


dy dy 8 
Finally, we can solve for dx : dx = 7. 
хо 
-1 


2 


ах 


ext, because dx = = 1, we can eliminate that term to get (xcos y) 


21. 
E + sin y + ycos x + (sin xW Zx / = 0. Next cm SE Plug 
í 


+ 
2 
4 + 


21 
ах 
|. t л nd 
Е Ш 
forxandy:\4 4/Л dx +14 + 4 cos 4 + 
sin 


Saee Tg 
d 0, which simplifies to \ 4 V2 Хах) 4 27: 44/2 
(dy 


tor = 0. If we multiply through by V2, we get 4 dx +14 
dy 
dx 


Finally, we can solve for dx : dx 5-1. 


6. 


ll. 
-16у/ 


=) 
We take the derivative of each term with respect to х: all ах) + 


dy 
(8y dx 7-0. 
dx 
Next, because dx = 1, we can eliminate that term to get 2x + (8y) 
4у d» dy = 
dx / = 0. Next, we can isolate dx : dx = -4y Now, we take the 
X Ly 
Áy) — |- 4-- 
d'y )) ах 3 dx dx 
derivative again: dx? =- 16у? . Next, because ах 
yc dx] c 
dp. 125 dy 7 { 4 
= 1 апа dx =- Зу we get dx =- 16у . This can be 
x 
Фу Ny dyes Y 
simplified to dx? =- 165 =- 16у --16у. 


T. 
Я 2. 2 
sinXxsin у- COS YCOS х 


sin? y 


=) 
We take the derivative of each term with respect to x: (cos Á dx 


dy 
= (-sin y) & /, 
dx 
Next, because 22 = 1, we can eliminate that term to get cos x = 
Ф yey = 
(—sin y) 4х /. Next, we can isolate dx : dx 2 -sin y, Now, we 


4 у 
take the derivative again: dx” = 


. : dx dy 
sin sin — |+ = 
(in ins (совхоз " 
sin’ y . Next. because dx = 1 and 
2) аанай dy (sin y)(sin x) t (cos x)(cos y) ET 
dx =- SÎN Y, we get dx? = Я sin? у Ў 
2 у sin x sin” y — cos ycos x 
This can be simplified to dx” = sin’ y 
8. 
1 
1 
We can easily isolate у in this equation: y = 2 x2 — 2x + 1. We take 
2 
dy 4 у 


the derivative: dx = x — 2. And we take the derivative again: dx? 
= 1, Note that just because a problem has the x’s and y’s mixed 


together doesn’t mean that we need to use implicit differentiation 


to solve it! 


SOLUTIONS TO UNIT 1 DRILL 
1. 


То find the limit, we would plug in z for x, but there is no x in the 


limit. So the limit is simply 72. 


FA 
0 


Here we are finding the limit as x goes to infinity. We divide the 


top and bottom by the highest power of x in the expression: 


10x? 25x 1 
+ 


4 4 4 
X X 


10x? 25x41) lim) — 
x*-8 - 2142 


+ 


lim 
x— oo 


. Next, simplify the 


/ 10 
2 


X 
10 28 1 
2 
lim| ~ Түй 
х 1 SES 
top and bottom: 5 if we take the limit as 
x? 


4 
x x 
Е 8 0+0+0 
х goes to infinity, we get x“ = 1+0 =0. 
3, 
45 


Here we are finding the limit as x goes to infinity. We divide the 


top and bottom by the highest power of x in the expression, which 


is x2. Notice that, under the radical, we divide by x* because У х = 


li 
аа 2 . . 
x2: = » . Next, simplify the top 
à 
à 
lim | ———— 
and bottom: . Now, if we take the limit as x goes to 
à 
lim P 
| 1 | 40 
infinity, we get = 1 25. 
4. 
-1 


Here we have to think about what happens when we plug in a 
value that is very close to 0, but a little bit less. The top expression 


will be negative, and the bottom expression will be positive, so we 


X 0 


In order to evaluate the limit as x approaches 7, we find the limit 
as it approaches 7* (from the right) and the limit as it approaches 
7- (from the left). If the two limits approach the same value, or 
both approach positive infinity or both approach negative infinity, 
then the limit is that value, or the appropriately-signed infinity. If 
the two limits do not agree, the limit *Does Not Exist." Here, we 


see that as x approaches 7*, the top expression will approach 7. 


The bottom expression will approach 0, but will be a little bit 
23 
positive. Thus, the limit will be 0’, which is +o. As x approaches 


7-, the top expression will again approach 7. The bottom will 


approach 0 but will be a little bit positive. Thus, the limit will be 
7 


0* , which is +. Because the two limits are the same, the limit is 


6. 
3 
8 
пах 4 

im— 2 
Remember Rule No. 4, which says that *>° sin bx = b. Here 
‚ Ах 
im 


x20 sin8x = 8. If we want to evaluate the limit the long way, first 
we divide the numerator and the denominator of the expression by 


sin Зх 
x 
x20 sin8x 
x x . Next, we multiply the numerator and the 
denominator of the top expression by 3 and the numerator and the 
3sin3x 
lim Li 
x0 8sin8x 
denominator of the bottom expression by 8, We get On. 
3sin3 
lim 22 Е 
x0 8sin8x (3)(1) 3 
Now, we can evaluate the limit: 8x = (8)(1) = 8. 


Here, use the trigonometric identity sin? x = 1 — cos? x to rewrite 


1 x^ sinx 

lim 

the bottom expression: *~° sin” x,. Next, we can break up the 
lim| — — sin 3 fa 
limit into 7720 хэй x SIn x . Remember that*>° x -1 
lim — 

and that х0 sin x = 1 as well. Now we can evaluate the limit: 
lim| —— —— sin x 
s OX sinx sinx = (1)(1)(0) = 0. 
8. 
COS X 


0 


Notice that if we plug in 0 for h, we get 0, which is indeterminate. 
Recall that the trigonometric formula sin(A + B) = sin A cos B + 


cos A sin B. Here we can rewrite the top expression as 


. sin(x*/)-sinx ,. sinxcosh+cosxsinh—sinx 
lim —————— lin = 
hb—0 h = 7-0 h 


. sinxcosh—sinx 
Їй”-------------------- 


We can break up the limit into ^9 h + 
COS x sin 
h . Next. factor sin x Qut of the top of the left-hand 
. sinx(cosh—-1) cosxsinh 
lim —————— — 
expression: ^0 h + р . . Now. we can break 
. sinx(cosb—-1) ,. cosxsin 
lim ——————— lim ——— — 
this into separate limits: ^0 h + 7-0 D. 
sin x (cosh —1) .. (cos5 - 1) 


im 
The left-hand limit is ^9 h = sin x ^0 h E 
sin 


lim 
sin x * 0 = 0. The right-hand limitis cos x ^^? 4 =соѕх• 1 = 
cos x. Finally, combine the left-hand and right-hand limits: sin x 

cos 7-1 sink 


lim, ,, ———— lim 
Фсо8х7-0 5 -20-cosx-cosx. 


No. It fails condition 1. 


In order for a function f(x) to be continuous at a point x = c, it must 


fulfill all three of the following conditions: 


Condition 1: f(c)exists. 
» lim 
Condition 2: xc f(x) exists. 


Condition dc AOS) 


Notice that the function is not defined at КЗ). Therefore, f(x) is not 


continuous at x = 3 because it fails condition 1. 


10. 
The function is continuous fork = б ог k = -1. 


In order for a function f(x) to be continuous at a point x = c, it must 


fulfill all three of the following conditions: 


Condition 1: f(c) exists. 


Condition 2: lim fic) exists. 
Conditions: WhO 


We will need to find a value, or values, of k that enables f(x) to 


satisfy each condition. 


Condition 1: К-3) = k2 — 5k 


| lim lim lim 
Condition 2: x>-3 f(x) = 6 and х>-3* f(x) = 6, so x>-3 f(x) = 6. 
Condition 3: Now we need to find a value, or values, of k such that 


lim 
x2-3 f(x) = 6 = f(3). If we set k2 — 5k = 6, we obtain the solutions k 
=6andk=-1. 


ЇЇ 
20 


We find the derivative of a function, f(x), using the definition of 
Р-Р) 

the derivative, which is: f(x) 2 ^9 h . Here f(x) = 

2x? and x = 5. This means that f(5) = 2(5)? = 50 and f(5 + h) = 2(5 

+ A) = 2(25 + 10h + h?) = 50 + 20h + 2h2. If we now plug these 


into the definition of the derivative, we get f (5) = 
h)- G 
а )= 6) iu, 20 +20% + 25^ -50 


0 h = 50 h . This 


= 
simplifies to f'(5) = ^9 h . Now we can factor out the h 
from the numerator and cancel it with the A in the denominator: f 


(20+ 25) 
1 1 
(5)=!20 р = 320-4 20h). Now we take the limit to 
get (5) = (20 + 2h) = 20. 


12. 
4х3 


We find the derivative of a function, f(x), using the definition of 


леч 
the derivative, which is f(x) -7-20 h . Here f(x) = 
x^. This means that f(x + h) = (x + А) = (x4 + 43А + 6x2h2 + 4xh3 


+ h*). If we now plug these into the definition of the derivative, we 


fet A) FG) 
get P =>> 
х + А+ 6x h? +4xh? + г. 22 


lim 
0 23 h : . This simplifies to f(x) 
i Ax? h +6x h? + Axl? +h 
У 
= 20 р . Now we can factor out the h 
from the numerator and cancel it with the A in the denominator: f 
А b(4x? + 6x°h + 4xh’ +h’) 
Цас 
(х) = ^29 h = n (4х3 + 6x2h + 4xh2 


+ А3). Now we take the limit to get f(x) = lim (4x3 + 6x2h + Axh? + 
h3) = 4x3. 


13. 
—sin x 


We find the derivative of a function, f(x), using the definition of 


the derivative, which is f(x) -7-20 h . Here f(x) = 
cos x and f(x + h) = cos(x + h). If we now plug these into the 


s fc b)- f(s) 
definition of the derivative, we get f (x) = ^9 h = 
lim 8 (x +4) – соѕх 

im ————— ——— 


50 h | Nofice that if we now take the limit, we 


get the indeterminate form 0. We cannot eliminate this problem 
merely by simplifying the expression the way that we did with a 


polynomial. Recall that the trigonometric formula cos(A + B) = 


cos A cos В — sin A sin В. Here, we can rewrite the top expression 


. cos(x +h) – соѕх 
lim ——————— 
as f(x) = ^20 

| р Sa i cose 
іт MM 


50 h . We can break up the limit into 


COS X COS р —cosx  sinxsin р 


lim 
50 р - р . Next. factor cos x out of 
. cosx(cosP-1 
lim ———— ——— 
the top of the left-hand expression: ^0 h - 
sin x sin 
. Now. we can break this into separate limits: 
. cosx(cosh—-1) . ѕіпхѕіп/ 
im ————— — —- lim ——— — 
50 р - h>0 р .The left-hand limit is 
__ cosx(cosh—1) . (cos -1 
lim ————— ——— lim -————- 
50 h -cosx^o9 fy = cos x «0 = 0. The 
ПИ 
lim 
right-hand limit is sin x ^9 р -sinx*1-sin x. Therefore, 


the limit is —sin x. 


14 
2 


Э 
-Х 


We find the derivative of a function, f(x), using the definition of 


MECDNIC 


ihe derivative, which is Р(х) = ^90 h . Here f(x) = 


x and f(x + h) = (x T hy . If we now plug these into the 
f(x+h)- f(x) 


definition of the derivative, we get f (x) = ^9 h = 
hse" 
x+% х 
lim ый | - 
50 h : Notice that if we now take the limit, we get 


the indeterminate form 0. We cannot eliminate this problem 
merely by simplifying the expression the way that we did with a 


polynomial. Here we combine the two terms in the numerator of 
1 1 


(x by х? 


по 
the expression to get (х) = ^9 h = 


| x (x+h) x (x+h) | х (x+h) 
im im——————— 
»-э0 h = 9-0 h .,This simplifies 
х? -(х + 2xh +h’) —2xh—h 
9, 2 
A х? (x by na x (x +h) 
to f(x) = 250 А р cu h = 
—2 xh — 
2 
vu (x +h ) P. Now we can cancel the л in the numerator and 
=’ в ) ME LU 
юм 2 hy p ^? ЭГ 
the denominator to get f(x) = х ae 1 аг, x (x+h), 
» (Tex T Eu 2 


2 2 
Now we take the limit: f'(x) = x (x+h) = (x -- x. 


15. 
80x? 


Simply use the Power Rule. The derivative is 8x10 = 8(10x9) = 


80х9. 


Use the Power Rule to take the derivative of each term. The 


1 1 2 2 Z2 


derivative of bx? = bf 2x) = bx. The derivative of ax = a. The 


derivative of x 2 —x^ (remember the перо that Me oed you 


me cs | 12 
on this pago). Therefore, the derivative is 4 Ё а x J=ab 


m 5 
х-а FAX. 


17. 


1 3 


2d x x* 


Use the Power Rule to take the derivative of each term. The 
1 


derivative of Ух = 2d x (remember the shortcut that we showed 


you on this page). To find the derivative of x^ , we first rewrite it 
as x-3. The derivative of x? = —3x-4. Therefore, the derivative is 
1 1 3 


Du drum X 58 


16 14 24 16 


Ноос нг C: 
M 0. 


First, expand (х2 + 8x – 4)(2x2 + x74) to get 2 + 16x-! — 7x2 + 8x 
-3 — 4х4. Now, use the Power Rule to take the derivative of each 
term. The derivative of 2 = 0 (because the derivative of a constant 
is zero). The derivative of 16x-! = 16(—1x-2) = -16x. The 
derivative of 7x2 = 7(—2x-3) = -14x3. The derivative of 8x? = 
8(—3x-4) = —24x-4. The derivative of 4x74 = 4(—4x-5) = –16х-5. 


Therefore, the derivative is —16x-2 + 14х-3 -24x + 16x. = 


16 14 24 16 


2 3714 5 
xX х х Хо. 


19. 
5ax* + 4bx3 + 3cx2 + 2dx + е 


Use the Power Rule to take the derivative of each term. The 
derivative of. The derivative of ax? = a(5x^) = 5ax*. The derivative 


of. The derivative of bx* = b(4x3) = 4bx3. The derivative of cx? = 


с(3х2) = 3cx?. The derivative of dx? = d(2x) = 2dx. The derivative 
of ex = e. The derivative of f 2 0 (because the derivative of a 
constant is zero). Therefore, the derivative is 5ах^ + 4bx3 + 3cx? + 


2dx + e. 


20. 
10(х + 1)? 


We find the derivative using the Chain Rule, which says that if y = 


(He) ае) 
KE), епу 2. & ЛЖ/ Here f(x) = (x + 1)!0. Using the 
Chain Rule, we get f(x) = 10(х + 1)9(1) = 10(x + 1)9. 


21, 


Es 
32x! +7 x2 
16x? 


We find the derivative using the Quotient Rule, which says that if 
du av 
7 1/ ps =y E 4х8 = Ae 
f(x) = v, then f(x) = v . Here f(x) = 8x' ‚зоапаи 


= 4x8 — Ух and v = 8x4. Using ће Quotient Rule, we get f (x) = 


(вх (ээ - ir - (4x! -Vx (32x?) 


4 2 
(вх . This can be simplified 
32x! -7х2 
ст = ПЕС 
22, 
0 


Here we will find the derivative using ће Chain Rule. We will 


also need the Quotient Rule to take the derivative of the 


expression inside the parentheses. The Chain Rule says that if y = 


(Le) 
f(g(x)), then у = | dx 


| and the Quotient Rule says that 
р = И 
u dx ах 


Exi 
if fo) = v. then f(x) = v We get f(x) 22V X + Vx 
1 1 
eects ete 
+] 


. Now we don’t 
1211 


«иар ШУ. We simplv plug in x = 1 to get f(x) = 2 1+ м 


1 1 
|1 A+ | 
| | 241 | nd 241 
(1 +1 Ї 
-0. 
23. 
1 
-4 
We find the derivative using the Quotient Rule, which says that if 
du dv 
ИИ 
и ах ах 
f(x) = v, then f(x) = v . We will also need the Chain 


Rule to take the derivative of the expression in the denominator. 
The Chain Rule says that if y = f(g(x)), then у = 


2:024 


dg dx 


) Here f(x) = (1402), sou=xandv=(1+ 
(1+ Y (1)—(x)2(1+ x? )2x) 
(1+2) 


х2)2. We get f(x) = . Now we 


don't simplify. We simply plug in x = 1 to get f(x) = 
1-07) @)-@2(1+0)")(2@) 
(+0) : 


| 
а 


24. 
742 
-16-/3 


We find the derivative using the Chain Rule, which says that if y = 
dy ауа du 1 


2 E 1 
y(v) and y = v(x), then dx = dv dx. Here dx = 2(x3 + x2) 2(3x2 + 
x 


2x) and dv BE Now, we plug v = 2 into the derivative. Note 


3 2 
NT 
that. where v = 2. x = 2. We get dx = 2\\2 2 


v= = 
= 
2 818 


and 2j 4. rs 


29. 
-4с8с2(4х) 


d 
Recall that dv (CODO = — csc2x. Here we use the Chain Rule to find 
y 


the derivative: dx = (—csc2 4x)(4) = —4 свс2(4х). 


26. 
6 cos3x cos4x — 8 sin 3x sin 4x 
d d 
Recall that Zx(sin x) = cos x and that dx (cos, x) 2 — sin x. Here we 
y 


use the Product Rule to find the derivative: dx = 2[(sin 3x)(-sin 


dy 
4x)(4) + (cos 4x)(cos 3x)(3)]. This can be simplified to dx = 6 cos 
3x cos 4x — 8 sin 3x sin 4x. 


27. 
(sec 0)(sec?(20))(2) + (tan 20)(sec0 tan0) 
4 4 
Recall that Zx(tan x) = sec? х and that dx(sec х) = sec x tan x. 
r 


Using the Product Rule and the Chain Rule, we get 20 --(ес0) 
(sec? (20))(2) + (tan 20)(sec 0 tan 0). 


28. 


өө oin [n 


d d 


Recall that Zx(sin x) = cos x and that Zx(cos x) = —sin х, Using the 
dy 1 
Chain Rule, we get dx = cos(cos(V х) sin Vx) 2x . 


29. 
sin x + cosx 


_sin y + cos y 


We take the derivative of each term with respect to x: 


(—sin 253 —(cos 263 : (сов 253 a 1 2 | 


dx 


Next. because dx = 1. we can eliminate that term to get 


(—sin y) = -cosx (cosy) ji + 51п х 


8 


Next, group the terms containing dx on one side of ће equals sign 


and the other terms on the other side: 


(E өө 2: 
| Е: 122 ах = sin X + COS X. 


d d 
bile : (-sin y = 2576: 
Factor out the term : 4х 2 dx = sin x + COS X. 
dy dy Sinx tcosx 
Now, we can isolate dx : dx = — $10 y — cos у, which can be 
dy _ sin X t cosx 
simplified to dx = Sin y + cos y. 
30. 
1 
7 


We take the derivative of each term with respect to x: 


Е. 


ах 


Next. because dx -1. we can eliminate that term to get 
] = [1 - а d 


2 2 ах) di 
(1). 


xt. don't simplifv. Plug in 


. Next. d 
200700 2,402) 
(1, 1) for x and v. Д j dx dx /, which 


E (2), 42 
simplifies to 2 dxJ= Xd 


dy dy 


1 
Finally, we can solve for dx : dx = 7. 


SOLUTIONS TO PRACTICE PROBLEM SET 
8 


k 
у-2 = 5(х- 1) 


Remember that the equation of a line through a point (x1, уу) with 
slope m is y — y; 2 m(x — x1). We find the y-coordinate by plugging 
x = | into the equation y = 3x2 — x, and we find the slope by 


plugging x = 1 into the derivative of the equation. 


First, we find the y-coordinate, y; : y = 31) — 1 = 2. This means 
that the line passes through the point (1, 2). 
dy 
Next, we ЫГ the derivative: dx = 6x — 1. Now, we can find the 
y 


slope, m: dx|, = 6(1)-1 =5. Finally, we plug in the point (1,2) 
and the slope т = 5 to get the equation of the tangent line: у – 2 = 


5(x — 1). 

РА 

у- 18 = 24(х – 3) 

Remember that the equation of a line through а point (x1, уу) with 
slope m is y — y; 2 m(x — x1). We find the y-coordinate by plugging 
x = 3 into the equation y = x? — Зх, and we find the slope by 


plugging x = 3 into the derivative of the equation. 


First, we find the y-coordinate, y; : y = (3)3 — 3(3) = 18:. This 
means that the line passes through the point (3,18). 
dy 
Next, we take the derivative: dx = 3x2 — 3. Now, we can find the 
dy 
slope, m: dx |, = 3(3)2 — 3 = 24. Finally, we plug in the point (3, 


18) and the slope m = 24 to get the equation of the tangent line: y 


- 18 = 24(x - 3). 
E 

13 
y- 4=-64(х- 3) 


Remember that the equation of a line through а point (xi, уу) with 


slope m is y — y; 2 m(x — x1). We find the y-coordinate by plugging 
1 


x = 3 into the equation y = УХ up , and we find the slope by 
plugging x = 3 into the derivative of the equation. 


1 


1 
: = 
First, we find the y-coordinate, y; : y = Ч (3) +7 = 4. This means 


1 
МА 
that the line passes through the point | 4 / 


dy 1 3 
Next, we take the derivative: dx =-2(2 +7) 2(2х) = – 
(ey 
. Now. we can find the slope, m: 
dy 


45-32 
го | (3) + 7) 64 
. Finally, we plug in the point 


| | 
| 4 and the slope m = —64 to get the equation of the tangent 


line: y- 4 5—64(x — 3). 


4. 
1 


ys (0) 


Remember that the equation of a line through a point (x1, уу) with 


slope m is y — y; = m(x — xı). We find the y-coordinate by plugging 
x+3 


x = 4 into the equation y = x — 3, and we find the slope by 
plugging x = 4 into the derivative of the equation. 


4+3 


First, we find the y-coordinate, y; : y = 4 — 3 = 7. This means that 
the line passes through the point (4,7). 


dy (-93)0)-(x*5)() 

—— 2 
Next. we take the derivative: dx = (х => ) == 
mE dy 6 _ 
(x x 3)" Now, we can find the slope, т: dx х=4 = _(4 Е 2 = —6. 
However, this 18 the slope of the tangent line. The normal line 18 


perpendicular to the tangent line, so its slope will be the negative 
reciprocal of the tangent line's slope. In this case, the slope of the 


=) 1 


normal ling is —6 = 6. Finally, we plug in the point (4,7) and the 


slope т = 6 to get the equation of the normal line: y – 7 = 6(x — 
4). 


y=0 


Remember that the equation of a line through a point (xi, y1) with 
slope m is y — y; 2 m(x — x1). We find the y-coordinate by plugging 
x = 2 into the equation y = 2x3 — 3x2 — 12x + 20, and we find the 


slope by plugging x = 2 into the derivative of the equation. 


First, we find the y-coordinate, y; : y = 2(2)3 — 32? — 12(2) + 20 = 
0. This means that the line passes through the point (2,0). 
dy 
Next, we take the P gue dx = 6x2 — бх — 12. Now, we can 
y 


find the slope, m: ах |2 = 6(2)2 – 6(2) – 12 = 0. Finally, we plug 
in the point (2, 0) and the slope m = 0 to get the equation of the 


tangent line: y — 0 = O(x - 2) or y = 0. 

6. 

у + 29 =-39(х – 5) 

Remember that the equation of a line through a point (x1, y1) with 


slope m is y — y; 2 m(x — x1). We find the y-coordinate by plugging 
2 
х +4 


x = 5 into the equation y= x — 6 , and we find the slope Бу 
plugging x = 5 into the derivative of the equation. 


(5) +4 


First, we find the y-coordinate, y; : у = (5 ) E № —29. This means 
that the line passes through the point (5, —29). 


dy (x — 6)(2х) - (x? + 4)(1) 


2 
Next. we take the derivative: dx = (x а 6) = 


2 
(x m 6) . Now, we can find the slope, m: оа уа 


(S) -12(5)-4 


2 
(225 tek то Finally. we plac inthe point (5 -29yand 
the slope m = — 39 to get the equation of the tangent line: y + 29 = 


-39(x — 5). 


24 
y-72 7 (x-4) 


Remember that the equation of a line through a point (x1, уу) with 
slope m is y — y; 2 m(x — x1). We find the slope by plugging x 2 4 


into the derivative of the equation y = У x^ —15, First, we take the 


3 2 
Gi y ЛЖ 
derivative: dx = 2(x3 - 15) 2(3х2) = 24x" —15. Now, we сай 
j| 439 ә 


ee 
find the slope, m: dx|, = 2 (4) "d = 7 . Finally, we plug in 


the point (4, 7) and аре m= 7 to get the equation of the 


tangent line: y-7= 7 (x — 4). 


8. 
3 


х=+\2 


The slope of the line y = x is 1, so we want to know where the 


slope of the tangent line is equal to 1. We find the slope of the 

dy 
tangent line by taking the derivative: dx = 6x2 — 8. Now we set the 
derivative equal to 1: 6x2 — 8 = 1. If we solve for x, we get x 2 + 


5 
2: 
9. 
E 
y-7 = 2(x - 3) 


Remember that the equation of a line through a point (x1, уу) with 


slope m is y — y; = m(x — xı). We find the y-coordinate by plugging 
о 


x = 3 into the equation y= x —1 , and we find the slope by 
plugging x = 3 into the derivative of the equation. 


3(3)+5 


First, we find the y-coordinate, y; : у = leks 7. This means 
that the line passes through the point (3, 7). 


dy (x - 1)(3) = (3x + 5)(1) 


2 
Next, we take the derivative: dx = (x u 1) E 
-8 dy -8 
2 сл 2 
(x -7 1) . Now, we can find the slope, m: dx х=3 = (3 EN 1) =-2. 
However, this is the slope of the tangent line. The normal line is 


perpendicular to the tangent line, so its slope will be the negative 


reciprocal of the tangent line’s slope. In this case, the slope of the 
sb d 
normal uns is —2 - 2. Finally, we plug in the point (3, 7) ane the 


slope m = 2 to get the equation of the normal line: y — 7 = 2(x — 
3). 


x=9 


A line that is parallel to the y-axis has an infinite (or undefined) 


slope. In order to find where the normal line has an infinite slope, 

dy 
we first take the derivative to find the slope of the tangent line: dx 
= 2(x — 9)(1) = 2x - 18. Next, because the normal line is 


perpendicular to the tangent line, the slope of the normal line is the 


= 
negative reciprocal of the slope of the tangent line: m = 2x —18. 
Now, we need to find where the slope is infinite. This is simply 


where the denominator of the slope is zero: x = 9. 


A line that is parallel to the x-axis has a zero slope. In order to find 


where the tangent line has a zero slope, we first take the 
dy 


derivative: dx = —3 – 2x. Now we need 9 find where the slope is 
zero. The derivative —3 – 2x = 0 at x = -2. Now, уе need to find 


the y-coordinate, which we get bv plugging x = —2 into the 


2 
equation 19 y 8-3X 2/-\ 2/ = 4. Therefore, the answer 
БООЛ 
12. 


a=1,b=0,andc=l1. 


The two equations will have a common tangent line where they 


have the same slope, which we find by taking the derivative of 
dy 


each equation. The derivative of the first eauation is: dx = 2x + a. 
y 


The derivative of the second equation is dx = c + 2x . Setting the 
two derivatives equal to each other, we get a = c. Each equation 


will pass through the point (—1, 0). If we plug (-1, 0) into the first 


equation, we get 0 = (-1)? + a(-1) + b, which simplifies to: a — b 
= 1. If we plug (-1, 0) into the second equation, we get 0 = c(-1) 
+ (—1)?, which simplifies to c = 1. Now we can find the values for 


а, b, and с. We geta=1,b=0, andc=1. 


SOLUTIONS TO PRACTICE PROBLEM SET 
9 


1: 
с-0 
The Mean Value Theorem says that: If f(x) is continuous on the 
interval [a, b] and is differentiable everywhere on the interval (a, 


b), then there exists at least one number c on the interval (a, b) 


fF (0) - f (a) 
such that f'(c) = р-а. Неге the function is f(x) = 3x2 + 5x 
- 2 and the interval 1s [-1, 1]. Thus, the Mean Value Theorem 


(307 «5()-2)-(8C1Y +5(-1)-2) 


says that (с) = (1 i: 1) . This 
simplifies to /(с) = 5. Next, we need to find /(с). The derivative of 


f(x) is f(x) = 6x + 5, so f(c) = бс + 5. Now, we can solve for c: бс 
+ 5 = 5 and с = 0. Note that 0 is in the interval (—1, 1), just as we 


expected. 


2 
4 


c» v3 


The Mean Value Theorem says that: If f(x) 18 continuous on the 


interval [a, b] and is differentiable everywhere on the interval (a, 


b), then there exists at least one number c on the interval (a, b) 


fF (0) - f (a) 
such that f'(c) = b—a . Неге ће function is f(x) = x3 + 24x 
- 16 and the interval 1s (0, 4]. Thus, the Mean Value Theorem 


(4) + 24(4) -16) - (0)  24(0) -16) 


says that f (c) = (40) . This 
simplifies to /(с) = 40. Next, we need to find f (c) from the 


equation. The derivative of f(x) is f (x) = 3x2 + 24, so f(c) = 3c? + 
4 


24. NOY: we can solve for c: 3c? + 24 2 40 and с = 23 . Note 


that J3 is in the interval (0, p but - 43 18 not in the interval. 


Thus, the answer is only c = 43 . It's very important to check that 
the answers you get for c fall in the given interval when doing 


Mean Value Theorem problems. 


3; 
с= 42 


The Mean Value Theorem says that if f(x) is continuous on the 
interval [a, b] and 1s differentiable everywhere on the interval (a, 


Б), then there exists at least one number c on the interval (a, b) 


f (b)- f (a) S 


such that f'(c) = р-а. Неге the function is f(x) = x – 3 
and the interval is [1, 2]. Thus, the Mean Value Theorem says that 


ЕДБ 


f(c)z2 (2-1) . This simplifies to /(с) 2 —3. Next, we 
need to find f'(c) from the equation. The derivative of f(x) is f(x) = 


6 6 6 
=i, so f'(c) = -с . Now, we can solve for c: -c° = -3andc = + 
V2. Note that c = V2 is in the interval (1, 2), but —\2 is not in the 


interval. Thus, the answer is only c = V2. It's very important to 
check that the answers you get for c fall in the given interval when 


doing Mean Value Theorem problems. 


4. 
No Solution. 


The Mean Value Theorem says that: If f(x) 18 continuous on the 
interval [a, b] and 1s differentiable everywhere on the interval (a, 


Б), then there exists at least one number c on the interval (a, b) 


Р(0)- f (a) 6 
such that f'(c) = b—a . Here the function is f(x) = x — 3 
and the interval is [-1, 2]. Note that the function is not continuous 


on the interval. It has an essential discontinuity (vertical 
asymptote) at x = 0. Thus, the Mean Value Theorem does not 


apply on the interval, and there is no solution. 


Suppose that we were to apply the theorem anyway. We would get 


Т(с)- (2-1) . This simplifies to f'(c) = 3. Next, we 
need to find f'(c) from the equation. The derivative of f(x) is f(x) = 
6 6 6 


–х?, so Р (с) = -с . Now, we can solve for с: -c^ = 3. This has по 
real solution. Therefore, remember that it’s very important to 


check that the function is continuous and differentiable 


everywhere on the given interval (it does not have to be 


differentiable at the endpoints) when doing Mean Value Theorem 


problems. If it is not, then the theorem does not apply. 


c=4 


Rolle’s Theorem says that if f(x) is continuous on the interval [a, 
b] and is differentiable everywhere on the interval (a, b), and if 
Ка) = f(b) = 0, then there exists at least one number c on the 
interval (a, b) such that f (c) = 0. Here the function is f(x) = x2 — 8x 
+ 12 and the interval is [2, 6]. First, we check if the function is 
equal to zero at both of the endpoints: f(6) = (6)? — 8(6) + 1220 
and f(2) = (2)? — 8(2) + 12 = 0. Next, we take the derivative to find 
f (c): f(x) = 2x – 8, so f' (c) = 2c – 8. Now, we can solve for c: 2c — 
8 = 0 and с = 4. Note that 4 is in the interval (2, 6), just as we 


expected. 


II 
N| = 


С 


Rolle's Theorem says that if f(x) is continuous on the interval [a, 
b] and is differentiable everywhere on the interval (a, b), and if 
fia) = f(b) = 0, then there exists at least one number c on the 
interval (a, b) such that f (c) = 0. Here the function is f(x) = x(1 = 
x) and the interval is (0, 1]. First, we check if the function 1s equal 


to zero at both of the endpoints: #0) = (0)(1 — 0) = 0 and КТ) = (1) 


(1 — 1) =0. Next, we take the derivative to find f (c): f(x) = 1 — 2x, 
1 


so f(c) = m 2c. Now, we can solve for c: 1 - 2c = 0 and c = 2. 


Note that 2 is in the interval (0, 1), just as we expected. 


T: 
No Solution. 


Rolle’s Theorem says that if f(x) is continuous on the interval [a, 
b] and is differentiable everywhere on the interval (a, b), and if 
Ка) = f(b) = 0, then there exists at least one number c on the 


1 


interval (a, b) such that f (c) = 0. Here the function is f(x) = 1 — х? 
, and the interval 181-1, 1]. Note that the function is not 


continuous on the interval. It has an essential discontinuity 
(vertical asymptote) at x = 0. Thus, Rolle’s Theorem does not 


apply on the interval, and there is no solution. 


Suppose we were to apply the theorem anyway. First, we check if 
the function is equal to zero at both of the endpoints: f(1) = 1 ~ 
1 1 


P 2 
(1) = 0 and Jb 1- (-1) . Next, we take the derivative to 


2 
find f (c): f(x) = x^, so fo) = 2 This has no solution. 
Therefore, remember that it’s very important to check that the 
function is continuous and differentiable everywhere on the given 
interval (it does not have to be differentiable at the endpoints) 
when doing Rolle’s Theorem problems. If it is not, then the 


theorem does not apply. 


оо | = 


с = 


Rolle’s Theorem says that if f(x) is continuous on the interval [a, 
b] and is differentiable everywhere on the interval (a, b), and if 
Ка) = f(b) = 0, then there exists at least one number c on the 


interval (a, b) such that f(c) = 0. Here the function is f(x) = 
2 1 


X? — x? and the interval is 10, 1]. First, we check if the function 


is equal to zero at both of the endpoints: f(0) = (0)3 — хз = 0 and 
2 1 


fA) = (1)3 - (1)3 = 0. Next, we take the derivative to find f (c) f(x) 
ITE ЇГ 2 1 2 1 


= тал гэгч шээсэн 
288 74 E 31x", зоо) = We 34) 2 „Моњ, 
1 


we can solve for с: 34/с 3e = 0 and c = 8. Note that 8 is in 
the interval (0, 1), just as we expected. 


SOLUTIONS TO PRACTICE PROBLEM SET 
10 


1. 
The area is 32. 


First, let’s draw a picture. 


The rectangle can be expressed as a function of х, where the height 


is 12 — x? and the base is 2x. The area is: A = 2x (12 — х2) = 24x – 
dA 


2x3. Now, we take the derivative: dx = 24 — 6x2. Next, we set the 
derivative equal to zero: 24 — 6x? = 0. If we solve this for x, we get 


x = +2. A negative answer doesn't make any sense in the case, so 
we use the solution x = 2. We can then find the area by plugging in 


x= 2 to get A = 24(2) – 2(2)3 = 32. We can verify that this is a 
d^ A 


maximum by taking the second derivative: dx” = -12х. Next, we 


plug inx =2: их’ =-12(2) = 24. Because the value of the 
second derivative is negative, according to the second derivative 


test (see this page), the area is a maximum at x = 2. 


xu 2 = inches 


First, let’s draw a picture. 


29 
After we cut out the squares of side х and fold up the sides, the 
dimensions of the box will be: width: 9 — 2x; length: 12 — 2x; 


depth: x. 


Using the formula for the volume of a rectangular prism, we can 
get an equation for the volume of the box in terms of x: V = x(9 — 


2х)(12 — 2x) = 108x — 4232 + 4x3. 


dV 


Now, we take the derivative: dx = 108 — 84x + 1232. Next, we set 
the derivative equal to zero: 108 — 84x + 12x? = 0. If we solve this 


75413 
for x, we get x = 2 = 5.303, 1.697. We can’t cut two 
squares of length 5.303 inches from a side of length 9 inches, so 


we can get rid of that answer. Therefore, the answer must be x = 


7-13 


2 = 1.697 inches. We can, verify that this is a maximum by 


taking the second derivative: a = —84 + 24x. Next, we plug in x 


= 1.697 to get approximately dx’ =-84 + 24(1.697) = 43.272. 
Because the value of the second derivative is negative, according 


to the second derivative test (see this page), the volume is a 


7213 


maximum at x = 2 = 1.697 inches. 


> 
16 meters by 24 meters 


First, let’s draw a picture. 


If we call the length ШИ? the width x, the area of the 


plot is A = xy = 384. The perimeter is P = 3x + 2y. So, if we want 


to minimize the length of the fence, we need to minimize the 


perimeter of the plot. If we solve the area equation for y, we get y 
384 


= x .Моу ме сап substitute this for y in the perimeter equation: 
384 /68 


Р = Зх + | х | =3x+ x .Now we take the derivative of P: 


dP 768 


dx 23— x^ . If we solve this for x, we get x =+16. A negative 
answer doesn’t make any sense in the case, so we use the solution 


384 


x = 16 meters. Now we can solve for y: y= 16 =24 meters. 


We can verify that this is a minimum by taking the second 


аР 1536 
derivative: dx? x^ .Next, we plug in x = 16 to get 
AP "1990.79 


ах” 16° 8. Because the value of the second derivative is 
positive, according to the second derivative test (see this page), the 


perimeter is a minimum at x = 16. 


4. 


4256 
Radius is 1 л inches. 


First, let’s draw a picture. 


The volume of a cylinder is V = zrr?h = 512. The material for the 
can is the surface area of the cylinder (don’t forget the ends!) S = 


2mrh + 27r2. If we solve the volume equation for h, we get h = 
512 


tr’. Now we can substi this for h in the surface area equation: 
1 


5 = 2лу\ лт) + 2л = r +2лю. Now we take the derivative 
45 1024 


ofS: dr 2— r^ + 4л. If we solve this for г, we getr=V л 
inches. We can verify that this is a minimum by taking the second 


4:5 2048 „|256 
derivative: dx’ r +47. Next, we plugin V х and we can 
see that the value of the second derivative is positive. Therefore, 


according to the second derivative test (see this page), the 


256 
3 


perimeter is a minimum atr 2 Y л. 


5. 
1,352.786 meters 


Let's think about the situation. If the swimmer swims the whole 
distance to the cottage, she will be traveling the entire time at her 
slowest speed. If she swims straight to shore first, minimizing her 
swimming distance, she will be maximizing her running distance. 
Therefore, there should be a point, somewhere between the cottage 
and the point on the shore directly opposite her, where the 
swimmer should come on land to switch from swimming to 


running to get to the cottage in the shortest time. 


Let's draw a picture. 


Let x be the distance from the point on the shore directly opposite 
the swimmer to the point where she comes on land. We have two 
distances to consider. The first is the diagonal distance that the 


swimmer swims. This distance, which we'll call Di, is D, = 


N 500° 23 x^ ZN 250,000 + x . The second distance, which 


we'll call D», is simply D» = 1,800 – x. Remember that rate x time 
= distance? We’ ll use this formula to find the total time that the 
swimmer needs. The time for the swimmer to travel D, is (because 


she swims at 4 m/s), and the time for the swimmer to travel D» 18 


D, 250,0004x 


T=z=4 4 . (because she swims at 4 m/s), and the 
time for the swimmer to travel D> is T) = 
Р, 1,800-х х 
--------»300--- 

6 6 а б. Therefore, the total time is Т = 
(250,000 + x? ын 

4 + 300 – 6. Now we simplv take the doriyatiye; 

CENE х 


— = — 250,000 + x? ) 2 (2x) RÀ 
dx 4 5) | 220 В 6 . Next, we set 
this equal to zero and solve: áy 250,000 + x^ 6 = 0. The best way 


to solve this is to move the 6 to the other side of the equals sign 
and cross-multiply: 


X +000 OST Ny = x9 


Next, we square both sides: 36x? = 16(250,000 + x2). 


Simplify: 206) = 4,008,680000 “OST My 


Solve for x: = +447.214 m. (We can ignore the negative answer.) 
Therefore, she should land 1,800 – 447.214 = 1,352.786 meters 
from the cottage. We could verify that this is a minimum by taking 
the second derivative but that would be messy. It is simpler to use 
the calculator to check the sign of the derivative at a point on 


either side of the answer, or to graph the equation for the time. 


6. 
(E) 


First, let’s draw a picture. 


We need to find an expression for the distance from the point P to 
the point (2, 1) and then minimize the distance. If we call the 
coordinates of P (x, y), then we can find the distance to (2, 1) using 
the distance formula: D? = (x — 2)? + (y — 1). Next, just as we did 
in sample problem 4 (this page), we can let L 2 D? and minimize 


L: Е = (х- 2)2 + (у- 1)2 = x2 -4x4+ 44+ у2 – 2у +1. 


Because x? + y? = 1, we can substitute for y to get L 2 x2 - 4x +4 
+ (1 х2) -2N1- x^ +1, which simplifies to L = —4x + 6 – 2 
E . Next, we take the derivative: 
m Hea - x? y: (-2х) —4+ 2 
ах 2 - N1- x^, Next, we set the 


2x 


—4 + 
derivative equal to zero: V1— x^ = 0. The best way to solve 
this is to move the 4 to the other side of the equals sign and cross- 


multiply. 


Next, we can simplify and square both sides: x? = 4(1 — x2). Now, 
2 


we can solve this easily. We get x= £5 . Next, we find the y- 


coordinate: y — +45 . There are thus four possible answers but, if 


2 1 
we look at the picture, the answer is obviously the point Us X45 | 
We could verify that this is a minimum Бу taking the second 


derivative, but that will be messy. It is simpler to use the 
calculator to check the sign of the derivative at a point on either 


side of the answer, or to graph the equation for the distance. 


288 


r= 4 + л inches 


First, let’s draw a picture. 


Call the width of the window 2r. Notice that this is the diameter of 
the semicircle. Call the height of the window h. The area of the 


rectangular portion of the window is 27h, and the perimeter is 27 + 
2 
ЛҮ 


2h. The area of the semicircular portion of the window is 2 , and 
ЛҮ 


the perimeter is 2 = zr. Therefore, the area of the window is А 
Tr 


=2rh + ES and the perimeter is 2r + 2h + zr = 288. We can use 
the equation for the perimeter to eliminate a variable from the 
Tr 

equation for the area. Let's isolate h: h = 144 -г- 2 . Now we 
can substitute for / in the equation for the area: A = 2r 

2 2 
144 € zd r ar 

2 2 =288r—272-— 2 .Next, we can take the 


derivative: dr = 288 — 4r — zr. If we set this equal to zero and 


288 


solve for г, we get r= 4 + л inches. We can ey that this is a 


maximum by taking the second derivative: dr” = —4 —л. We can 
see that the value of the second derivative is negative. Therefore, 


according to the second derivative test (see this page), the area is a 


288 


maximum at r= 4+ 7 inches. 


8. 


Л 
0 = 4 radians (ог 45 degrees) 


dR эй 


We simply take the derivative: dO  £ (2cos 20). Note that vo and 


g are constants, so the only variable we need to take the derivative 


2 


LN 


with respect to is 0. Now we set the derivative equal to zero: & 
(2cos 20) = 0. Although this has an infinite number of solutions, 
Л 


we are interested only in values of 0 between 0 and 2 radians 


(why?). The value of 0 that makes the derivative zero is 0 = 4 
radians (or 45 degrees). We can verify that this is a maximum by 


JR. Ws 
taking the second derivative: 4 0 g (-4 sin 20). Ууе can see that 


the value of the second derivative is negative at 0 = 4. Therefore, 
according to the second derivative test (see this page), the range is 
Л 


а maximum аг0 = 4 radians. 


9. 
10 feet by 10 feet 


Let’s label the sides of the box. The base’s length and width are 
the same (because it’s a square) so let’s call them both x. Let’s call 
the height of the box y. This makes the volume of the box У = x2y. 
The surface area is the area of the bottom, x2, plus the areas of the 
four sides, each of which is xy. There is no top, so the surface area 


is А = x? + 4ху. 


We are given that the volume is 500 fO, so х2у = 500. Let's isolate 


y and then plug the expression into the area formula. First, isolate 
500 EJ , 2000 
X 


2 5 
= x , then plug in: A 2 x2 + 4x х .Моу we 
d us 2000 


take the derivativeA' 22x x’ 


Set the derivative equal to zero and solve: 


2000 
2x- x^ =0 
2x3 — 2000 = 0 
x3 = 1000 
х= 10 ft 


The dimensions of the base are 10 feet by 10 feet. 


1 
First, we need to find the slope of the tangent line to y = 1+ хо. 


: m 


2 2 
(1 ty . Now, to find where the slope is 
the greatest, we take the derivative and set it equal to zero. We get 


(1-42) (-2)+2x(2)(1+x?)(2x) 


This is the derivative: 


y= (4) = 0, which can be simplified to 
(1+ x?)(-2) + 2x(2)(2x) 


(iex) = 0. 
Note that we just need to solve for where the numerator is 0. Let's 


simplify the numerator: 


—2 — 2x2 + 8x2 =0 
—2 + 6x2 =0 


1 
We can solve for x: x = ds If we plug these two values into the 
1 
| 


1 2 
us 
3/ andatx 


1 
equation for the slope, we find that at x = (5 у = 
1 
-2.|- 


3 
Ї 
Tm 1 
= — py х 


1 2 
| 3 . This is the larger of the two, so the maximum 


1 
slope is at x = – V2. Now we just have to find the y-coordinate. 3 
TUE 
which we get by plugging x into the original eauation: v= 3 


1-2 
. Therefore, the maximum slope is at the point 3 4). 


SOLUTIONS TO PRACTICE PROBLEM SET 
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| 


Minimum at (V3 | -643 - 6); Maximum at (— 3, 6v3 — 6); Point 
of inflection at (0, 6). 


First, let's find the y-intercept. We set x = 0 to get y = (0)? – 9(0) – 
6 = —6. Therefore, the y-intercept is (0, —6). Next, we find any 

dy 
critical points using the first derivative. The derivative is dx = 3x2 


— 9. If we set this equal to zero and solve for x, we get x = -/3 А 
Plug x = 43 and x = —V3 into the original equation to find the y- 
coordinates of the critical points: When x = 43 = (3); - 96/3) 
- 6 =-6V3 — 6. When x = - V3, y = (-V3)3 -9 (-V3) -6 = 6/3 
— 6. Thus, we have critical points at (V3, -643 - 6) and (v3, 6 


43 - 6). Next, we take the second derivative to find any points of 
718) 

inflection. The second derivative is: dx” = 6x, which is equal to 

zero at x = 0. Note that this is the y-intercept (0, —6), which we 


already found, so there is a point of inflection at (0, —6). Next, we 


need to determine if each critical point is maximum, minimum, or 


something else. If we plug x = 43 into the second derivative, the 
value is obviously positive, so (V3, ЭС - 6) is a minimum. If 
we plug x = —V3 into the second derivative, the value is obviously 


negative, so (— p. 6v3 — 6) is a maximum. Now, we can draw the 


curve. It looks like the following: 


2 
4 


20 


Q3. 6,3-6) 10 


-20 GB. -643- 6) 


2. 

Minimum at (3, —4); Maximum at (-1, 0); Point of inflection at (— 
2, 2). 

First, let's find the y-intercept. We set x = 0 to get: y = (0)? — 
6(0)? — 9(0) — 4 = —4. Therefore, the y-intercept is (0, —4). Next, 


we find any critical points using the first derivative. The derivative 
dy 

is dx = —3x2 — 12x – 9. If we set this equal to zero and solve for x, 

we get x = –1 and x = 3. Plug x = -1 and x = 23 into the original 


equation to find the y-coordinates of the critical points: When x = 
—1, y=-(-1)3 – 6(-1)2 – 9-1) – 4 = 0. When x = -3, y 2-(-35 - 
6(—3)2 — 9(-3) — 4 = -4. Thus, we have critical points at (—1, 0) 


and (—3, —4). Next, we take the second derivative to find any 
d'y 

points of inflection. The second derivative is p = —6x - 12, 

which is equal to zero at x = —2. Plug x = —2 into the original 


equation to find the y-coordinate: y = —(-2)3 — 6-2? —9(-2) – 4 = 
—2, so there is a point of inflection at (—2, —2). Next, we need to 
determine if each critical point is maximum, minimum, or 
something else. If we plug x = —1 into the second derivative, the 
value is negative, so (—1, 0) is a maximum. If we plug x = —3 into 
the second derivative, the value is positive, so (-3,-4) is a 
minimum. Now, we can draw the curve. It looks like the 


following: 


a 


Minimum at (0, —36); Maxima at 2 4 and 2 4 : 


| [2 zl - B Ij 
points of inflection at 6 36 J and 6 36 J 


First, we can easily see that the graph has x-intercepts at x = +2 
and x = +3. Next, before we take the derivative, let’s multiply the 


two terms so we don’t have to use the Product Rule. We get y = — 
dy 

хі + 1322 – 36. Now we can take the derivative: dx = —4x3 + 26x. 

Next, we set the derivative equal to zero to find the critical points. 


13 13 
There are three solutions: x = 0, x = i апах=-\ 2. 


We plug these values into the original equation to find the y- 


coordinates of the critical points: When x = 0, y = —(0)4 + 13(0)2 – 


4 2 
[E 1 2 Zi 2| ас 25 
36 = -36.Whenx2V2,y2 112 2 = 4. 


4 2 
t HEISE]. E 
When,x2-Y 2,y- 2 21-36-4. 


5 


Thus. we have critical points at (0, —36), 2 4 , and 
13-25 


Next, we take the second derivative to find any points of 
d'y 


inflection. The second derivative is dx’ = —1232 + 26, which is 


113 13 
equal to zero at x = V 6 and x 2 - Y ©. We plug these values into 


the original equation to find the y-coordinates. 
з} 13) 451 
E М 4 2|-с s 
When x = Y 6 , then y= 2 - -- 36. 
FB aye 11117412) 8, 56 
When x =—V 6, then y = =e So 


| 15 ij Ё 13 i 
there are points of inflection at 6 36 J and 6 36 J 
Next, we need to determine if each critical point is maximum, 


minimum, or something else. If we plug x = 0 into the second 


derivative, the value is positive, so (0, —36) is a minimum. If we 


ЇЕ 
plug x = V 6 into the second derivative, the value is negative, so 
13 


2 4 /їва maximum. If we plug х= –\ 2 into the second 
_ [3 25 
2-4 


derivative, the value is negative, so is a maximum. 


Now, we can draw the curve. It looks like the following: 


4. 
Vertical asymptote at x 2 —8; Horizontal asymptote at y 2 1; No 
maxima, minima, or points of inflection. 


First, notice that there is an x-intercept at x = 3 and that the y- 


[o E 3 dy 
intercevtis\ _ 8/. Next. we take the derivative: dx = 


(*8)-(x-3) 1 


2 2 
(x+8) = (x y 8) . Next, we set the derivative equal to 
zero to find the critical points. There is no solution. Next, we take 
Fj co 


FR 3 
the second derivative: dx? = (*+8) , If we set this equal to zero, 


there is also no solution. Therefore, there are no maxima, minima, 
or points of inflection. Note that the first derivative is always 
positive. This means that the curve is always increasing. Also 
notice that the second derivative changes sign from positive to 
negative at x 2 —8. This means that the curve is concave up for 
values of x less than x = —8 and concave down for values of x 


greater than x = -8. 


Now, we can draw the curve. It looks like the following: 


5. 
Vertical asymptote at x = 3; Oblique asymptote of y = x + 3; 


Maximum at (3 + 45, 6- 245), Minimum at (3 — NB. 6 — 245; 


No points of inflection. 


First, notice that there are x-intercepts at x = +2 and that the y- 
4 


intercept is 3 | There is a vertical asymptote at х = 3. There is 
no horizontal asymptote, but notice that the degree of the 
numerator of the function 15 1 greater than the denominator. This 
means that there is an oblique (slant) asymptote. We find this by 


dividing the denominator into the numerator and looking at the 


quotient. We get 


This means that as x >+ о , the function will behave like the 


function y = x + 3. This means that there is an oblique asymptote 
dy 
of v 2 x + 3. Next. we take the derivative: ах = 
(x-3)Qx)- (x° - 4)(1) x^ —6x-Á d 
(x-3) = (x-3y Gas), Next, we set the 
derivative equal to zero to find the critical points. There are two 


solutions: x = 3 + 45 and x = 3 — 45 . We plug these values into 


the original equation to find the y-coordinates of the critical points: 
1 (3 F5 li 24 

УУрепх-3- V5. И В) = 6 4 215 When x = 3 – м. y= 

8-45:4 

Във 245. Thus, we have critical points at (3 + v5. 64 

245) and (3 — 45, 6- 245. Next, we take the second derivative: 

a y 10 

dx (25 3). If we set this equal to zero, there is no solution. 

Therefore, there is no point of inflection. But, notice that the 


second derivative changes sign from negative to positive at x = 3. 
This means that the curve is concave down for values of x less 
than x = 3 and concave up for values of x greater than x = 3. Next, 
we need to determine if each critical point is maximum, minimum, 
or something else. If we plug x 23 + 45 into the second 
derivative, the value is positive, so (3 + 45, 6+ 245) isa 
minimum. If we plug x = 3 — 45 into the second derivative, the 


value is positive, so (3 — (Ө, 6 – 245) 18 a maximum. 


Now, we can draw the curve. It looks like the following: 


6. 

No maxima, minima, or points of inflection; Cusp at (0, 3). 
First, notice that the function is always positive. There is a y- 
intercept at (0, 3). There is no x-intercept. Next, we take the 


о. 
222) 


3 
derivative: dx 3  .If we set the derivative equal to zero, there 
is no solution. But, notice that the derivative is not defined at x = 


0. This means that the function has either a vertical tangent or a 
cusp at x = 0. We'll be able to determine which after we take the 
second derivative. Notice also that the derivative is negative for x 
< 0 and positive for x > 0. Therefore, the curve is decreasing for х 


< 0 and increasing for x > 0. Next, we take the second derivative: 
4 


2 22 
амыг 


3 
ах 9  .If we set this equal to zero, there is no solution. The 


second derivative is always negative, which tells us that the curve 
is always concave down and that the curve has a cusp at x = 0. 
Note that if it had switched concavity there, then x 2 0 would be a 
vertical tangent. Now, we can draw the curve. It looks like the 


following: 


T: 
Maximum at (1, 1); No point of inflection; Cusp at (0, 0). 


27 
First, we notice that the curve has x-intercepts at x = 0 and x = 8 
and that there 18 a y-intercept at (0, 0). Before we take the 


derivative, let's expand the expression. That way, we won't have 
2 


to use the P Rule. We get y = 3x3 — 2x. Next, we take the 
y 1 


derivative: dx 2 2x ? — 2. Next, we set the derivative equal to 


zero to find the critical points. There is one solution: x = 1. We 
plug this value into the original equation to find the y-coordinate 
2 
of the critical point: When x = 1, y= 3 (1)3 — 2(1) = 1. Thus, we 
have a critical point at (1, 1). But, notice that the derivative is not 
defined at x = 0. This means that the function has either a vertical 
tangent or a cusp at x = 0. We'll be able to determine which after 
we take the second derivative. Notice also that the derivative is 
negative for x < 0 and for > 1 and positive for 0 < x < 1. 
Therefore, the curve is decreasing for х «0 and for x > 1, and 


increasing for 0 < x < 1. Next, we take the second derivative: 


d'y 2 — 


X 
dx? 3  .Ifwe set this equal to zero, there is no solution. 
Therefore, there is no point of inflection. The second derivative is 


always negative, which tells us that the curve is always concave 
down and that the curve has a cusp at x = 0. Note that if it had 
switched concavity there, then x 2 0 would be a vertical tangent. 
Next, we need to determine if each critical point is maximum, 
minimum, or something else. If we plug x = 1 into the second 
derivative, the value is negative, so (1, 1) is a maximum. Now, we 


can draw the curve. It looks like the following: 


| | | | | 
-30 25:20 =15 10-87 28 


SOLUTIONS TO PRACTICE PROBLEM SET 
12 


l. 
2000 ft?/s 


We are given the rate at which the circumference is increasing, 
dC 
dt =40 E pue looking for the rate at which the area is 


increasing, dt . Thus, we need to find a way to relate the area of a 
circle to its circumference. Recall that the circumference of a 


circle is C = 27r, and the area is A = zr2. We could find C in terms 
of r and then plug it into the equation for A, or we could work with 
the equations separately and then relate them. Let’s do both and 


compare. 


C 


Method 1: First, we find C in terms of r: r= 27. Now, we plug 
Cy € 


this in for r in the equation for А: А = л 2л = bie acr we take 
the derivative of the equation with respect to t: dt_= 47 (2C) 
4C (C uc 4C 
dt 27 / dt , Next, we plug in С = 1007 and dt = 40 and 

dA ЕЗ 
solve: dt =\ 27 40) = 2,000. Therefore, the answer is 2,000 
02/5. 


4С 


Method 2: First, we take the derivative of C with respect to t: dt 
y dC aR 


= 27 dt J. Next, we plug in dt = 40 and solve for di: 40 = 21 
Cs: a 
dt J. so dt = m . Next, we take the derivative of A with respect 
dA dR dR 


to f: dt = 2zr dt . Now, we can plug in for dt and r and solve for 
dA dA 


dt . ЗОБ that when the circumference is 1007, r = 50: dt = 


eol T | = 2,000. Therefore, the answer is 2,000 ft2/s. 


Which method is better? In this case they are about the same. 
Method 1 is going to be more efficient if it is easy to solve for one 
variable in terms of the other, and it is also easy to take the 


derivative of the resulting expression. Otherwise, we will prefer to 


use Method 2 (See Example 3 on this page). 


2, 
3 
4in./s 
dV 


We are given the rate at which the volume is increasing, dt = 
27л and are looking for the rate at which the radius is increasing, 


dr 


dt. Thus, we need to find a way to relate the volume of a sphere to 


its radius. Recall that the volume of a sphere is V = 37r3. All we 
have to do is take the derivative of the equation with respect to t: 


dV 4 (3 X dr dV 

ши Sep We 23 na 

dt =3 dt ) = Anr?dt. Now we substitute dt = 277 and r 
dr dr dr E) 

= 3: 27л = 4n(3)? dt. If we solve for dt, we get dt = 4 in./s. 

3, 

100 km/hr 


dA 


We are given the rate at which Car A is шон, south, dt = 80, 


and the rate at which Car B is moving west, dt = 60, and we are 
looking for the rate at which the distance between them is 


dC 
increasing, which we’ll call dz . Note that the directions south and 
west are at right angles to each other. Thus, the distance that Car A 


is from the starting point, which we’ll call A, and the distance that 
Car B is from the starting point, which we'll call B, are the legs of 
a right triangle, with C as the hypotenuse. We can relate the three 


distances using the Pythagorean Theorem. Here, because A and B 


are the legs and C is the hypotenuse, A? + B2 = C2. Now, we take 
dA ав 
the derivative of the equation with respect to t; 2A dt -2В dt = 
dc GA dB dE 


2C dt . This simplifies to A dt + B dt — C dt . We know that Car 
A has been driving for 3 hours at 80 km/hr and Car B has been 


driving for 3 hours at 60 km/hr, so A = 240 and B = 180. Using the 
Pythagorean Theorem, 2402 + 1802 = C2, so C = 300. Now we can 


substitute into our derivative equation: (240)(80) + (180)(60) = 
dC 
(300) dt . If we solve for C, we get C = 100 km/hr. 


4. 
24343 in2/s 


We are given the rate at which the sides of the triangle are 


ds 


increasing, dt 127, and are looking for the rate at which the area 


is increasing, dt . Thus, we need to find a way to relate the area of 
an equilateral triangle to the length of a side. We know that the 


:2 43 


area of an equilateral triangle, in terms of its sides, is A= 4 . (If 


you don’t know this formula, memorize it! It will come in very 


handy in future math problems.) Now we take the derivative of 
dA 
КА (2, 2 


this equation with respect to t: dt = 4 $) Next, we plu 
1 Ч р Я МА plug 


dt = 27 and s = 18 into the derivative and we get dt = 4 (36) 
(27) = 24343 шэн. 
5. 
2 
—7 in./s 


We are given the rate at which the water is flowing out of the 
dV 


container, dt =-35л (Why is it negative?), and are роке for 


the rate at which the depth of the water is dropping, dt. Thus, we 
need to find a way to relate the volume of a cone to its height. We 
1 


know that the volume of a сопе is V = 2zr?h. Notice that we have 
a problem. We have a third variable, r, in the equation. We cannot 


treat it as a constant the way we did in problem 4 because as the 
volume of a cone changes, both its height and radius change. But, 
we also know that in any cone, the ratio of the radius to the height 


is a constant. Here, when the radius is 21 (because the diameter is 
poA 
42), the height is 27 Thus, 15 5. \е can now isolate r in 


this equation: r= 5 . Now we can plug it into the volume formula 


P 67 Л 
аа шог 
to get rid of r: V= 3 | 5 / .Thissimplifies to V= 75 d Now 
Js can take the derivative of this equation with respect to t: dt = 
Л 
——(3/ )— — 
75 | dt . Next, we plug dt = —35z and h = 5 into the 
зэл (3 (5) 3 
derivative and we ёе!-35л- 75 dt . Now we can solve 
dh ар 5 


for dt ` 2 = —/7 in/s. 


6. 
25 
— 6 ft/s 


We are given the rate at which the length of the rope, R, is 


dR 
changing, dt — —4, and are Jpoking for the rate at which the boat, 


B, is approaching the dock, dt . The key to this problem is to 
realize that the vertical distance from the dock to the bow, the 


distance from the boat to the dock, and the length of the rope form 


a right triangle. 


Rope 


The vertical distance from the dock to the bow is always 7, so, 


using the Pythagorean Theorem, we get: 72 + B2 = R2. Now we can 
dB 

take the derivative of this equation with respect to t: 2B dt = 2R 

dR db dR 


dt , which simplifies to B dt = R dt . We know that R = 25 and 

can use the Pythagorean Theorem to find B: 72 + B2 = 252, so B = 
dR 

24. Now we plus dt =—4, В = 25, and B = 24 into the derivative 

and we get 24 dt -25(-4). Now we can solve for 

ав dB 29 


ue do 6 ft/s. 
7. 

ii 

3 ft/s 


We are given the rate at which the woman is walking away from 
the street lamp and are looking for the rate at which the length of 
her shadow is changing. It helps to draw a picture of the situation. 


If we label the distance between the woman and the street lamp, x, 


and the length of the woman’s shadow, у, we can use similar 


T ар 
triangles to get 6 24 .Wecan cross-multiply and simplify. 
24y = 6x + бу 
Зу =x 


Next, we take the derivative of the equation with respect to f: 3 
dy dx dx 


dt dt. Now, we can plug dt = 4 into the derivative and solve: 


dy 4 


dt 388. 
8. 

ЭЛ 

5 in.2/min 


We know that it takes 60 minutes for the minute hand of a clock to 
make one complete revolution, so the rate at which the angle, 0, 


formed by the minute hand and noon increasing, in terms of 
49 2л л 


radians/min, is dt Е 60 Е 30. Next, we know that the area of {фе 


sector of a circle is proportional to its central angle, so 27 zr, 


which can be simplified to 5 = 2720. 


Note that the radius is 6 (the length of the minute hand) and is a 


constant. Next, we take the derivative of the equation with respect 


dS lead 
P c E 


ttd 2 dt. 
49 л 70 


Finallv. we substitute dt 30 into the derivative: dt = 


2G); ца ас 
2 30/- 5 in.2/s. 


SOLUTIONS TO PRACTICE PROBLEM SET 
13 


1. 
v(t) = 32 — 18t + 24; a(t) = 6t — 18 


In order to find the velocity function of the particle, we simply 


dx 


take the derivative of the position function with respect to t: dt = 
v(t) = 32 — 18t + 24. In order to find the acceleration function of 


the particle, we simply take the derivative of the velocity function 
dv 
with respect to t: dt = 6t — 18. 


2. 
v(t) = 2с08(21)- sin(t); a(t) = —4sin(2ft) — cos(f) 


In order to find the velocity function of the particle, we simply 


dx 


take the derivative of the position function with respect to t: dt = 
v(t) = 2cos(2t) — sin(f). In order to find the acceleration function of 


the particle, we simply take the derivative of the velocity function 
dv 
with respect to t: dt = a(t) = —4sin(2t) — cos(t). 


3. 
і= лапіі = 3m 


In order to find where the particle is changing direction, we need 
to find where the velocity of the particle changes sign. The 


velocity function of the particle is the derivative of the position 
ax 1 | t 


. E COS 
function: dt = v(t) = 2 
zero. The solutions are: t = л and t = 37. Actually, there are an 


2 | Next, we set the velocity equal to 


infinite number of solutions but remember that we are restricted to 
0 < t < 47. Next, we check the sign of the velocity on the intervals 
O<t<a,7<t< Зл, and Зл < t < 4л. When 0 < t < л, the velocity 
is positive, so the particle is moving to the right. Мерт < t < Зл, 
the velocity is negative, so the particle is moving to the left. When 
Зл < t < 4л, the velocity is positive, so the particle is moving to the 
right. Therefore, the particle is changing direction at = zz and t = 


Зл. 


4. 
The distance is 69. 


In order to find the distance that the particle travels, we need to 
look at the position of the particle at t = 2 and at t = 5. We also 
need to see if the particle changes direction anywhere on the 
interval between the two times. If so, we will need to look at the 
particle's position at those “turning points" as well. The way to 
find out if the particle is changing direction 18 to look at the 


velocity of the particle, which we find by taking the derivative of 
dx 
the position function. We get dt = v(t) = 6t + 2. If we set the 


1 


velocity equal to zero, we get t = —2, which is not in the time 
interval. This means that the velocity doesn't change signs, and 


thus the particle does not change direction. Now we look at the 
position of the particle on the interval. At = 2, the particle's 
position is: x = 3(2)2 + 2(2) + 4 = 20. At t = 5, the particle’s 
position is: x = 3(5)2 + 2(5) + 4 = 89. Therefore, the particle 


travels a distance of 69. 


5. 
The distance is 48. 


In order to find the distance that the particle travels, we need to 
look at the position of the particle at t= 0 and at t= 4. We also 
need to see if the particle changes direction anywhere on the 
interval between the two times. If so, we will need to look at the 
particle’s position at those “turning points” as well. The way to 
find out if the particle is changing direction is to look at the 


velocity of the particle, which we find by taking the derivative of 
dx 


the position function. We get dt = v(t) = 2t + 8. If we set the 
velocity equal to zero, we get t = —4, which is not in the time 


interval. This means that the velocity doesn’t change signs, and 
thus the particle does not change direction. Now we look at the 
position of the particle on the interval. At = 0, the particle’s 
position is x = (0? + 8(0) = 0. At t = 4, the particle's position is: x 


= (4? + 8(4) = 48. Therefore, the particle travels a distance of 48. 


6. 
Velocity is 0; acceleration is 0. 


This should not be a surprise because 2sin? t + 2cos? f = 2, so the 
position is a constant. This means that the particle is not moving 
and thus has a velocity and acceleration of 0. 


T 
-84 470 


t= о, = 0.122 
In order to find where the particle is changing direction, we need 
to find where the velocity of the particle changes sign. The 


velocity function of the particle is the derivative of the position 


dx 
function: dt = v(t) = ЗВ + 16t — 2. Next, we set the velocity equal 
ВЕ. © -8:420 
to zero. The solutions аге t = 3 and # = 3 . We can 


eliminate the second solution because it is negative and we are 


restricted to t > 0. Next, we check the sign of the velocity on the 


= 176 -8-470 


intervals 0 < t < 3 and ѓ > 3 . When 0 < < 
ET LU) 


3  ,the velocitv 18 negative, so the particle is moving to the 
—8+ 470 
left. When t > 3  ,the velocity is positive, so the particle is 


moving to the right. Therefore, the particle is changing direction at 


E TN 70) 


(=a, 


8. 
The velocity is never 0, which means that it never changes signs 
and thus the particle does not change direction. 


In order to find where the particle is changing direction, we need 


to find where the velocity of the particle changes signs. The 


velocity function of the particle is the derivative of the position 


dx 


function: dt = v(t) = 62 — 121+ 12. Next, we set the velocity 
equal to zero. There are no real solutions. If we try a few values, 


we can see that the velocity is always positive. Therefore, the 


particle does not change direction. 


SOLUTIONS TO PRACTICE PROBLEM SET 
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4x? 
Рох) = х“ +8 


dy du 
The rule for finding the derivative of y = ln uis dx и dx, where 
и is a function of x. Here и = x^ + 8. Therefore, the derivative is f 


4 3 
E (4°) = — 
(ху +8 х +8. 
pa 

1 I 


—+ 
f@=x 6+2x 


dy du 
The rule for finding the derivative of y = In u is dx и dx, where 
u is a function of x. Before we find the derivative, we can use the 


laws of logarithms to expand the logarithm. This way, we won’t 


have to use the Product Rule. We get In(3xV3 + х) = 10 3 +10 х + 


1 
Inv3+x=In34+In ЫН 21063 + x). Now х сал find the 
++ – + 
derivative: (х) = х 23+х= х 6+2х. 


3. 
Р(х) = сѕс х 
dy du 
The rule for finding the derivative of y 2 In u is dx и dx, where 
и 18 a function of x. 


Неге и = cot x — csc x. Therefore, the derivative is f(x) = 


1 


cot x — csc x(-csc2 x + csc x cot x). This can be simplified to f(x) 
— csc x + cot x M csc x 


= cot x — csc x = CSC X. 
4, 
2 х 
Ро) = х 5+ х 


dy ldu 
The rule for finding the derivative of = ln uis dx и dx, where 
u is a function of x. Before we find the derivative, we can use the 


laws of logarithms to expand the logarithm. This way, we won’t 


have to use the Product Rule or the Quotient Rule. We get In 
5) B | 
5+x° J|2]1n5«1n32- In v5 * x! 21n 5 +2 Iny- 2 In (5 + x2). 


Now we can find the derivative: (x) =0+2х 25+ x? (2x) = 
x 


х 5+х’. 


5, 
f(x) = ex 08х(с08 x — x sin x) 
dy du 
The rule for finding the derivative of y = eu is dx = e“dx, where и 
is a function of x. Here we will use the Product Rule to find the 


derivative of the exponent: f (x) = ex 08х(с08 x — x sin x). 


6. 
f(x) = -3e- sin 5x + 5ex cos 5x 
dy du 
The rule for finding the derivative of y = ev is dx = e"dx, where и 
is a function of x. Here we will use the Product Rule to find the 


derivative: f(x) = e-3x(—3)sin 5х + e-*x(5 cos 5x), which we can 


rearrange to Р(х) = —3e-3x sin 5x + 5е-3х cos Эх. 


га 
f(x) = zem – л 
ау аи 


The rule for finding the derivative of y = e” is dx = e"dx, where и 
is a function of x and the rule for finding the derivative of y = In u 


dy ldu 
is dx и dx, where u is a function of x. 
1 


We get f(x) = e(r) -e^^ me™. This can be simplified to f(x) = 
me™ — л. You might have noticed that In елх = лх, which would 


have made the derivative a little easier. 


3 
Роў = 1012 


dy 1 du 


The rule for finding the derivative of y = logau is dx “ ulna ах, 
where u is a function of x. Before we find the derivative, we can 


use the laws of logarithms to expand the logarithm. We get f(x) = 


3 


1001223 = 3logiox. Now we can find the derivative: f(x) = xIn12. 


9 


1 4log, х 
f(x) = xe“ In4 E 
dy 1 du 
The rule for finding the derivative of y = logau is a E Ina dx, 


and the rule for finding the derivative of y = ev is dx = evdx, 
where u is a function of x. Here we will use the Quotient Rule to 


a) - (log, x)(e**)(4) 


find the derivative: f(x) = e . This can be 
1 4log; х 
simplified to f(x) = хе In4 е 
10. 
3 
Го) =2 


dy 1 du 
The rule for finding the derivative of y = log,u is a% ulna ах, 
y 7 


and the rule for finding the derivative of y = a" is dx = a"v(In a) dx, 
where u is a function of x. Before we find the derivative, we can 


use the laws of logarithms to simplify the logarithm. We get f(x) 5 
1 


2log 103x. Now if you are аец, уои yill remember that log 103x = 
3x, SO his simplifies to f(x) = 23x = 2x. The derivative is simply f 


(x) = 2 


11: 
f(x) = 3e3x – 3ex(e)(In 3) 


dy du 


The rule for finding the derivative of y = pru dx = e" dx. and the 
y u 


rule for finding the derivative of y = avis dx = a“(In a) dx, where 
и is a function of x. We get f (x) = 3e3x – 3eex(e)(In 3). 


12, 
ТОО) = 1088 «(cos x)(In 10) 


dy du 


The rule for finding the derivative of y = a" is dx = a“(In a) dx, 
where и is a function of x. We get f(x) = = 108 (cos x)(In 10). 


13. 
f(x) 21n 10 
Before we find the derivative, we can use the laws of logarithms to 
simplify the logarithm. We get f(x) = In(10x) = x In 10. Now the 


derivative is simply f (x) = In 10. 


14, 
f(x) = x45x(5 + x In 5) 


dy du 
The rule for finding the derivative of y = a" is dx = a"(In a) dx, 
where u 1s a function of x. Here we will use the Product Rule to 


find the derivative: f(x) = x5(5x In 5) + (5x)(5x4), which simplifies 
to f(x) = x45x(5 + x In 5). 


SOLUTIONS TO PRACTICE PROBLEM SET 
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16 
15 
dy 1 


First, we take the denyative pi y: dx =1- x’, Next, we find the 


value of x where y= 4 : 4 =х+ х. 
il 


With a little algebra, you should get x = 4 or x = 4. Because x > 1, 
we can ignore the second answer. Or, if you are permitted, use 


your calculator. 


Now we can use the formula for the derivative of the inverse of 
I 


271 d 
se E i | 

f(x) (see this page): dx d 7-4 , where Ка) = c. 

This formula means that we find the derivative of the inverse of a 


function at a value a by taking the reciprocal of the derivative and 


plugging in the value of x that makes y equal to a. 


үзэх Fa a үзэх 22 
r SI Ё I Е бр 
-i2 91 Ї Ї 
dy 


First, we take the derivative of y: dx = 3 – 15x2. Next, we find the 
value of x where y = 2: 2 = 3x – 5x3. 


With a little algebra, you should get x = —1. Or, if you are 
permitted, use your calculator. 


Now we can use the formula for the derivative of the inverse of 


тэсэн 
d 
— Es 21 E | 
f(x) (see this page): dx = 4 7-4, where Ка) = с. 


This formula means that we and E derivative of the inverse of a 


function at a value a by taking the reciprocal of the derivative and 


plugging in the value of x that makes y equal to a. 


ЇР 
ral 21-6 p 
3, E I жа! 
1 
Є 
dy 


First, we take the derivative of y: dx = ех. Next, we find the value 
of x where y = e : e = ех. It should be obvious that x = 1. 


Now we can use the formula for the derivative of the inverse of 
I 


d 
— 2 (х) Ё (2 | 
f(x) (see this page): dx 24-19 7-4, where Ка) = с. 


This formula means that we fan the derivative of the inverse of a 


function at a value a by taking the reciprocal of the derivative and 


plugging in the value of x that makes y equal to a. 


Е 
2 „2 (Р 


| p 


= ——— E 
First, eluk the quise of y: dx 21 bz Next, we find the 
value of x where y 2 —2: —2 = x + 2 You should be able to tell by 


inspection that x = –1 is a solution. Or, if you are permitted, use 
your calculator. Remember that the AP Exam won't give you a 
problem where it is very difficult to solve for the inverse value of 
y. If the algebra looks difficult, look for an obvious solution, such 
аз х =0огх = Тогх = -1. 


Now we can use the formula for the derivative of the inverse of 
1 

d x d 

Z (x) E Fon] | 

fæ): dx цал LI »«, Where Ка) = c. This formula means 

that we find the derivative of the inverse of a function at a value a 


by taking the reciprocal of the derivative and plugging in the value 
1 1 


a ew, 1 
of x that makes y equal to a: 441 = 4. 
J 
1 
dy 


First, we take the derivative of y: dx = 4 — 3x2. Next, we find the 
value of x where y = 3: 3 = 4x – x3. You should be able to tell by 


inspection that x = 1 is a solution. Or, if you are permitted, use 
your calculator. Remember that the AP Exam won’t give you a 
problem where it is very difficult to solve for the inverse value of 
y. If the algebra looks difficult, look for an obvious solution, such 
аз х =0огх = Тогх = -1. 


Now we can use the formula for the derivative of the inverse of 
1 


27 o) 
Ha »«, Where f(a) = c. This formula means 


шаа, 
foe! 


that we find the derivative of the inverse of a function at a value a 


by taking the reciprocal of the derivative and plugging in the value 
1 1 
dy Ec. 


х-1 


=], 


dy 1 
First, we take the derivative of у: dx = x. Next, we find the value 
of x where y = 0: In x = 0. You should know that x = 1 is the 


solution. Now we can use the formula for the derivative of the 


Z p E fo) | 
inverse of f(x): dx s= = LY »«, Where Ка) = c. This 
formula means that we find the derivative of the inverse of a 


function at a value a by taking the reciprocal of the derivative and 


plugging in the value of x that makes y equal to a. 


SOLUTIONS TO wort io SET 
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l. 
5.002 


Recall the differential formula that we use for approximating the 


value of a function: f(x + Ax) = f(x) + f (x) Ax. Here we want to 


approximate the value of 425.02, so we'll use f(x) = Vx with x = 
1 


25 and Ах = 0.02. First, we need to find f (x): f(x) = 24/х . Now, 


1 
we plug into the formula: f(x + Ax) = Ух + 2х Ax. If we plug in 


x = 25 and Ax = 0.02, we get v25 + 0.02 P 425 + 24/25 (0.02). If 


we evaluate this, we get 25.02 = 5 + 10(0.02) = 5.002. 

2: 

3.999375 

Recall the differential formula that we use for approximating the 


value of a function: f(x + Ax) = f(x) + f (x)Ax. Here we want to 


approximate the value of V63.97, so we'll use f(x) = Ух with x 64 
1 1 


= 9 
and Ax = —0.03. First, we need to find у(х): f(x) = Эх 3 2202 


Now, we plug into the formula: f(x + Ax) = 4а + 34/2. Ах. { we 
plug in x = 64 and Ах = —0.03, we get Y64 — 0.03 = V6 + 3464? 


(0.03). If we evaluate this, we get 463.97 = 4 + 48(-0.03) = 
3.999375. 


3, 
1.802 


Recall the differential formula that we use for approximating the 
value of a function: f(x + Ax) = f(x) + f (x) Ax. Here we want to 
approximate the value of tan 61?. Be careful! Whenever we work 


with trigonometric functions, it is very important to work with 
Л 


radians, not degrees! Remember that 60° = 3 radians and Г 
Л 


180 radians, зо we'll use f(x) = tan x with x = 3 and Ax = 180. 
First, we need to find f'(x): f(x) = sec?x. Now, we plug into the 


а 


formula: f(x + Ax) = tan х + sec? x Ах. И we plugin x = З and Ax 
шон Е ng (=) BE 
= 180, we get tan. 3 a = tan 3 / + sec 3 /\180//. If we 


и Л | 
evaluate this, we get Е 180 / = 43 +(2)2\180) = 1.802. 


4, 
+2.16 in.3 


Recall the formula that we use when we want to approximate the 
error in a measurement: dy = f(x)dx. Here we want to approximate 
the error in the volume of a cube when we know that it has a side 
of length 6 in. with an error of +0.02 in., where V(x) = x? (the 
volume of a cube of side x) with dx = +0.02. We find the 
derivative of the volume: V'(x) = 3x2. Now we can plug into the 
formula: dV = 3x?dx. If we plug in x = 6 and dx = 40.02, we get dV 
= 3(6)2(+0.02) = +2.16. 


52 
л = 3.142 mm? 

Recall the formula that we use when we want to approximate the 
error in a measurement: dy = f(x)dx. Here we want to approximate 
the increase in the volume of a sphere when we know that it has a 


radius of length 5 mm with an increase of 0.01 mm, where V(r) = 


4 
Злтз (the volume of a sphere of taum r) with dr = 0.01. We find 


the derivative of the volume: V'(r) = 37(3r2) = 42, Now we can 
plug into the formula: dV = 4лгаг. If we plug in r 5 and dr = 


0.01, we get dV = 47(5)2(0.01) 27 = 3.142. 


6. 
(a) 1.963 m3; (b) 15.708 m? 


(a) Recall the formula that we use when we want to approximate 
the error in a measurement: dy = f(x)dx. Here we want to 
approximate the error in the volume of a cylinder when we know 
that it has a diameter of length 5 m (which means that its radius is 
2.5 m) and its height is 20 m, with an error in the height of 0.1 m, 
where У = ләһ with dh = 0.1. Note that the radius is exact, so 
when we take the derivative we will treat only the height as a 
variable. We find the derivative of the volume: У" = zr?. Now we 
can plug into the formula: dV = zr? dh. If we plug in r 2.5, h = 
20, and dh = 0.1, we get dV = л(2.5)2(0.1) = 0.625z = 1.963. 


(b) Here we want to approximate the error in the volume of a 
cylinder when we know that it has a diameter of length 5 m (which 
means that its radius is 2.5 m) and its height is 20 m, with an error 
in the diameter of 0.1 m (which means that the error in the radius 
is 0.05 m), where V = zr2h with dr = 0.05. Note that the height is 
exact, so when we take the derivative we will treat only the radius 
as a variable. We find the derivative of the volume: У" = 2zrrh. 
Now we can plug into the formula: dV = 2zrrh dr. If we plug in r= 
2.5, h = 20, and dr = 0.05, we get dV = 27(2.5)(20)(0.05) = 5z = 
15.708. 


SOLUTIONS TO PRACTICE PROBLEM SET 
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HX | Qo – 


Recall L’ H6pital’s Rule: If Kc) = g(c) = 0, or Кс) = g(c) = 
and if f'(c) and g'(c) exist, and if g'(c) # 0, then 
шил 


x> g(x) => g'(x). Here f(x) = sin Зх, and, g(x) = sin 4х, and 8110 
= 0. This means that we can use L’ НОрца! 8 Rule to find the limit. 


We take the derivative of the numerator and the denominator: 
sin3x  . —00823X 


m 
xo0sináx — »9? ÁcosÁx. If we 


h li . 
3cos3x 3cos0 YQ) ta ke the new limit, we get 
im- = 2 
x20 4cos4x = 4cos0 = (4)(1) = 4. 
2: 
-1 


Recall 1. Hópital s Rule: If fc) = g(c) = 0, or if Kc) = g(c) = œ, 


and if f (c) and g'(c) exist, and if g'(c) + 0, then 

ша 69 AO 

se g(x) Хэ 4 (х) Here f(x) =x — zr and g(x) = sin x. We can see 
that x — zz 0 when x = л, and that sinz = 0. This means that we 


can use L’ Hópital's Rule to find the limit. We take the derivative 
. X-T . I 
lim —— - lim 
of the numerator and the denominator: хэт sin x T COS x. If 
lim = => 
we take the new limit, we get 5?” COSX COST alesi, 


3. 


1 

6 

Recall L'Hópital's Rule: If fc) = g(c) = 0, or if Kc) = g(c) = ee, 
and if f'(c) and g'(c) exist, and if g'(c) # 0, then 
= 


22212240! Here f(x) = x — sin x and g(x) = x3. We can 
see that x — sin x = 0 when x = 0, and that 0? = 0. This means that 


we can use L’ H6pital’s Rule to find the limit. We take the 


derivative of the numerator and the denominator: 


. Xx-—sinx 4 l-cosx 

lim ————— = lim А 

x30 x x>0 3х If we take the new limit, we get 

. l-cosx l-cos0 1-1 0 

lim rc oan 2 —~— 0- 

x30 3x? = 3(0) = 0 =0 But thisis still indeterminate, 


so what do we do? Use L'Hópital' s Rule again! We take the 


derivative of the numerator and the denominator: 


1-С08Х .,. sinx 


‚ 220 бх .If we take the limit, we get 
sinx _ $10 0 


im = = — 
* 6x 6(0) 0 We need to use L’ H6pital’s Rule one more 
81112272 COS 


lim 

time. We get*-9 бх х-0 6 .Now, if we take the limit, we 
| cosx 080 1 

im = = — 

get»? 6 6 6. Notice that if L'Hópital's Rule results 


in an indeterminate form, we can use the rule again and again (but 


not infinitely often). 


4. 
-2 


Recall L’ H6pital’s Rule: If fc) = g(c) = 0, or if f(c) = g(c) = œ, 


and if f'(c) and g'(c) exist, and if g'(c) # 0, then 


fua EA (x) = lim f (x) 
хэс g(x) => g'(x). Here f(x) = ex — e5x and g(x) = x. We can see 
that e3x — e5x = 0 when x = 0, and that the denominator 18 


obviously zero at x = 0. This means that we can use L’ Hôpital’ s 


Rule to find the limit. We take the derivative of the numerator and 


По 27 = 27 | ae" A 527 

im ——— — = lim —————— 

the denominator: »? X "m 1 " If w em the 
haie Oe b ga a 30220) 5(1) 

new limit, we get *~° 1 - 1 1 =-2. 

Э; 

-2 


Recall L’ Hópital s Rule: If fc) = g(c) = 0, or if f(c) = g(c) = œ, 


and if f'(c) and g'(c) exist, and if g'(c) 4 0, then 

О ГЭ) (x) 

es e) cse ex) Here f(x) = tan x — x and g(x) = sin x — x. We 
can see that tan x — x = 0 and sin x — x when x = 0. This means that 


we can use L’ H6pital’s Rule to find the limit. We take the 


derivative of the numerator and the denominator: 


2 
— DAN sec x-1 
lim ————— = lim ———_ 
sing —x 590 cosx—1_ If we e the new limit, we get 
sec Х-1 sec (0)-1 tat 1 
Їїл---- 722 EM 
x39 cosx —1 = cos(0)-1 = ii l= Ü: But this is still 


indeterminate, so what do we do? Use L’ Hôpital’ s Rule again! We 


take the derivative of the numerator and the denominator: 


. sec x-1 2secx(sec xtan x) 2ѕес? xtanx 

lim ——_ lim ——————— lin ——— —— 

x20 cosx —] = »9 — sin x -х-0  —sinx .Ifwe 
| 2 sec” (0) tan (0) 0 
1m — = 

take the limit, we get 7 -sin(0) 0, At this point you 


might be getting nervous as the derivatives start to get messier. 


Let’s try using trigonometric identities to simplify the limit. If we 


rewrite the numerator in terms of sin x and cos x, we get 


1 sinx 
2 2 2 
25ёс xtanx x cos“ x Л cos x 


=sin x =sinx . We can simplify this to 
2 | 1 | sin x | sinx 
cos’ х Л cosx ) _ E COS! x 
= sin х . This simplifies to —2 
sinx Il -2 


cos? x sinx сод” X Now. if we take the limit, we get 


B соѕ? х = 908 (0) = ] --2 


Note that we could have used trigonometric identities on either of 
the first two limits as well. Remember that when you have a limit 
that is an indeterminate form, you can sometimes use algebra or 
trigonometric identities (or both) to simplify the limit. Sometimes 
this will get rid of the problem. 

6. 

0 

Recall L' Hópital s Rule: If f(c) = g(c) = 0, or if f(c) = g(c) = œ, 


and if f'(c) and g'(c) exist, and if g'(c) # 0, then 
а (x) 

xe g(x) Хэ g’(x) Here f(x) = х5 and g(x) = е5х. We can see that 
X? = о when x= со, and that e~ = со. This means that we can use 


L’ H6pital’s Rule to find the limit. We take the derivative of the 
5 4 4 
5 Ё Х 
. lim — = lim —- = m zy 
numerator and the denominator: *^* e x Ор x>» e" If we 
ЭС оо 


im— = — 
take the new limit, we get хэд e™ œ, But this is still 


indeterminate, so what do we do? Use L’ Hopital’s Rule again! We 


take the derivative of the numerator and the denominator: 
x“ = Áx? 


цог 
ge o x>- 567", We are going to need to use L’H6pital’s Rule 


again. In fact, we can see that each time we use the rule we are 
reducing the power of the x in the numerator and that we are going 


to need to keep doing so until the x term is gone. Let's take the 


_ 4х | 12x 
, , dim = lim —— 
derivative: =>% Se хэе 25677, And again: 
2x . 24x 


ИИ = | 
кэе 25e x> 12567 And one more time: 

E in а ЯМ 
x0 1256 x>- 02567". Now, if we take the limit, we get 


im ——— = 
хэм 62567” .Мойсе that if L’Hépital’s Rule results in an 
indeterminate form, we can use the rule again and again (but not 


infinitely often). 


|= 


Recall 1. Hópital s Rule: If fc) = g(c) = 0, or if Кс) = g(c) = œ, 


and if f (c) and g'(c) exist, and if g'(c) + 0, then 

ГД. NE CO) - (x) 

>e g(x) > g'(x), Here f(x) = x5 + 4x3 — 8 and g(x) = 7x5 – 3x2 
— 1. We can see that x? + 4х3 – 8 = о and 725 – 3x2 – | = оо when 


x = co, This means that we can use L'Hópital's Rule to find the 


limit. We take the derivative of the numerator and the 
x +4x7-8 5x4 412%? 


. 1 5 2 = lim a ЗЕ 
denominator: “?” 7 х — 3x -1 ndo 35x — 6x . If we take the 
5x +12х _ © 


Im = 
new limit, we get =° 35x‘ — бх о, But this is still 


indeterminate, so what do we do? Use L'Hópital's Rule again! We 


take the derivative of the numerator and the denominator: 
5x) 412%? .. 20х +24х 
i cmd oos 
x>% 35x —6x >= 140x —6 . We are going to need to use 
L'Hópital's Rule again. In fact, we can see that each time we use 
the rule we are reducing the power of the x terms in the numerator 


and denominator and that we are going to need to keep doing so 


until the x terms are gone. Let's take the derivative: 
20x'*2áx , 60x +24 

Hn eie cm 

xo 140х7-0 хээ 420x" .And again, 


60x. +24 . 120x 
im —————— = lim —— 
s> 420x" x> 840x. Now we can take the limit: 
120x 


= lim—-2-— 
x>% 840x  »277 7. Notice that if L’Hôpital’s Rule results in 
an indeterminate form, we can use the rule again and again (but 


not infinitely often). 


Recall L’ Hôpital’ s Rule: If f(c) = g(c) = 0, or if f(c) = g(c) = œ, 


and if f (c) and g'(c) exist, and if g'(c) 4 0, then 


AC) NITE MICE 
xe g(x) Хэ g’(x) Here f(x) = In(sin x) and g(x) = In(tan x), and 


both of these approach infinity as x approaches 0 from the right. 


This means that we can use L'Hópital's Rule to find the limit. We 


take the derivative of the numerator and the denominator: 


tanx . Let's use trigonometric identities to 


COS X 
sinx _ COSX tanx sin x 
sec x  sinx sec” x COSX cosx 1 
simplify the limit: tan x = sinx ѕес2 х sec? x. 
lim 


2 


Now, if we take the new limit, we get +>% sec” x = 1. 


Recall L’ Hópital s Rule: If fc) = g(c) = 0, or if Kc) = g(c) = œ, 


and if f (c) and g'(c) exist, and if g'(c) + 0, then 


pee NITE CO - (x) 
se g(x) 59% g (x). Here f(x) = cot 2x and g(x) = cot x, and both 
of these approach infinity as x approaches 0 from the right. This 


means that we can use L' Hópital's Rule to find the limit. We take 


the derivative of the numerator and the denominator: 


COt 2x . -—Q2cot2xcsc2x 


x20 cotx x0  —cotxcscx .This seems to be worse than 
what we started with. Instead, let's use trigonometric identities to 


cos 2x 
COt2x их _ cos2x sinx 


cot x COS X sin2x cosx 
simplify the, limit: sin x = 
COS x= sin X anx 


2sinxcosx cosx. Notice that our problem is with sin x as x 
approaches zero (because it becomes zero), not with cos x. As long 


as we are multiplying the numerator and denominator by sin x, we 


are going to get an indeterminate form. So, thanks to trigonometric 


identities, we can eliminate the problem term: 


2 .2 . 2 s 2 
COS X —S1n X anx cos X= SN x 


2sinxcosx cosx 2cos! x ‘Tf we take the limit of this 
cos’ х —sin^ x 


im 
expression. it is not ee one. Weget:o | 2cosx = 
cos’ 0— sin” -0 


Hanae ae а 
2сов 0 2(1 2 . Notice that we didn’t need to use 


L’ H6pital’s Rule here. You should bear in mind that just because а 
limit is indeterminate does not mean that the best way to evaluate 


it is with L’ H6pital’s Rule. 
10. 


Recall L’ H6pital’s Rule: if c) = g(c) = 0, or if Ac) = g(c) = ee 


and if f'(c) and g'(c) exist, and if g'(c) # 0, then 
ОРДО. (x) = lim f (x) 


>e g(x) > g'(x), Here f(x) = x and g(x) = In(x + 1), and both of 
these approach zero as x approaches 0 from the right. This means 


that we can use L'Hópital's Rule to find the limit. We take the 
derivative of the numerator and the denominator: 


lim T = lim (x +1) 


x 0° x 20° 
E lim 
x41 . Now, if we take the new limit, we get х-о(Х 
+1) = 1. 


SOLUTIONS ТО UNIT 2 DRILL 


у-4=-@-2) 


Remember that the equation of a line through a point (xj, уу) with 


slope m is y — y; = m(x — у). We find the y-coordinate by plugging 
x = 2 into the equation y = 8x, and we find the slope by plugging 


x = 2 into the derivative of the equation. 


First, we find the y-coordinate, y; :V 8(2) = 4. This means that the 
line passes through the point (2, 4). 


dy _ 4 
Next, we take the И dx 48x, Now, we can find the 
= 
slope, т: dx, 480)-1, However, this is the slope of the 
tangent line. The normal line is perpendicular to the tangent line, 


so its slope will be the negative reciprocal of the tangent line’s 

-1 
slope. In this case, the slope of the normal line is 1 5-1. 
Finally, we plug in the point (2, 4) and the slope m = —1 to get the 


equation of the normal line: y – 4 = —(х - 2). 


2: 

y=-3x+4 

Remember that the equation of a line through a point (x1, уу) with 
slope т is y — y; = m(x — хи). We find the slope by plugging x = 0 


into the derivative of the equation y = 4 — Зх — х2. First, we take 
21) d 

the derivative: dx = —3 — 2x. Now, we can find the slope, т: dx. as 

= —3 —3(0) = -3. Finally, we plug in the point (0, 4) and the slope 


m = —3 to get the equation of the tangent line: y - 4 = —3 (x — 0) or 


у=-3 +4. 


v=) 


Remember that the equation of a line through a point (x1, уу) with 
slope m is y — y; 2 m(x — x1). We find the y-coordinate by plugging 
x = —2 into the equation y = (x2 + 4x + 4)2, and we find the slope 


by plugging x = —2 into the derivative of the equation. 


First, we find the y-coordinate, y; :y = ((—2)? + 4(-2) + 4)? = 0. 


This means that the line passes through the point (—2, 0). 


dy 
Next, we take the шил ах = 2(x2 + Ax + 4)(2х + 4). Now, 
2 
we can find the slope, rn: dx... = 2((—2)2 + 4(-2) + 4)(2(-2) + 4) 
= 0. Finally, we plug in the point (—2, 0) and the slope m = 0 to get 


the equation of the tangent line: y — 0 = O(x + 2) огу = 0. 


4 


mur a 


The Mean Value Theorem says that if f(x) 18 continuous on the 
interval [a, b] and 1s differentiable everywhere on the interval (a, 


Б), then there exists at least one number c on the interval (a, b) 


f (6)- (а) 
such that f'(c) = р-а. Неге, the function is f(x) = х3 + 1222 
+ 7x and the interval is [-4, 4]. Thus, the Mean Value Theorem 
(4) +12(4) +7(4))- (C4 +12(-4) +7(-4)) 
says that f (c) = (4+4) . This 
simplifies to /(с) = 23. Next, we need to find f (c). The derivative 


of f(x) is f(x) = 3x2 + 24x + 7, so f (c) = 3c? + 24c + 7. Now, we 
-12t845 


can solve for c: 3c2 + 24c + 7 = 23 and с = 3 . Note that c 
-12--8-/3 -12-843 
= 3 is in the interval (—4, 4), but 3 is not in the 
-12-8-/3 
interval. Thus, the answer is only c = 3 = 0.62. It's very 


important to check that the answers you get for c fall in the given 


interval when doing Mean Value Theorem problems. 
5: 
| 

с=+3 

Rolle’s Theorem says that if f(x) is continuous on the interval [a, 
b] and is differentiable everywhere on the interval (a, b), and if 
fia) = f(b) = 0, then there exists at least one number c on the 
interval (a, b) such that f(c) = 0. Here the function is f(x) = x3 – x 
and the interval is [-1, 1]. First, we check if the function is equal 
to zero at both of the endpoints: f(-1) = (-1)? – (-1) = 0 and f(1) = 
(1)? – (1) = 0. Next, we take the derivative to find f(c): f (x) = 3x2 


— 1, so f(c) = 3c? - 1. Now, we can solve for c: 3c? — 1 = 0 апа с 
1 1 


ed J3 . Note that 4/3 are both in the interval (-1, 1), just as we 
expected. 


6. 
$15 billion 


dP 


We simply take the derivative: dx = 3x2 — 96x + 720. Now we set 
the derivative equal to zero: 3x2 — 96x + 720 = 0. The solutions to 


this are x = 12 and x = 20. Note, however, that the function is 


bounded by x = 0 and x = 40. 


Thus, in order to find the maximum profit, we need to plug all four 
values of x into the profit equation to find which gives the greatest 


value. We get 


P(0) = -1,000 
P(12) = (12? – 48(12)2 + 720(12) - 1,000 = 2,456 
P(20) = (20? – 48(20)2 + 720(20) — 1,000 = 2,200 
P(40) = (40)3 – 48(40)2 + 720(40) — 1,000 = 15,000 
Thus, even though we have a relative maximum at x = 12, the 


absolute maximum profit occurs when x = 40. The profit at that 


value is 15,000, or $15 billion dollars. 


If we look at a graph of the profit function, we can see that the 
critical points gave us relative maximum and minimum, but not 
the absolute maximum or minimum. This is why it is always 
important to check the endpoints of a function in any max/min 


problem. 


ya 
1042 by 1042 


First, let’s draw a picture of the situation. We will draw a circle of 


radius 10 centered at the origin. 


Note that the figure is symmetric above and below the x-axis, so 
we could maximize the area above the x-axis and double the 
answer. The equation for a semi-circle of radius 10 is y = V100- x^. 
The base of the rectangle has length 2x and a height of y, so the 
area of the rectangle is A = 2xy. Now, because у = v100- x^, we 
can substitute into the area equation to get: A = 2xv100- x^. Let's 


take the derivative and set it equal to zero. We get: A’ = 2/100 - x’ 
=X 


+ 2xN100 — x^ =0. Now we solve for x: 


Move the right-hand term to the other side of the equals sign: 2 


2x? 


4100-2240 001226 


Cross-multiply: 2(100 — x2) = 2x? 
Distribute: 200 — 2x? = 2x2 

And solve: 200 = 4x2 

5 50 = 54/2, so 2x = 10/2 


Now we can solve for у: /100 -50 = 450 = 542 


Therefore, the dimensions are 1042 by 1042. 


8. 


Maximum at (0, 0); Minima at (2, -4) and (—2, -4); Points of 


575) а] 
inflection at\V3 9 Jand\ V3. 9) 


First, we can easily see that the graph has x-intercepts at x 2 0 and 
dy 
ya. Next, we take the derivative: dx = x? — 4x. Next, we set 


the derivative equal to zero to find the critical points. There are 


three solutions: x = 0, x = 2, and x = -2. 


We plug these values into the original equation to find the y- 
(0)" 
coordinates of the critical points: When x = 0, y= mg — 2(0)2 = 0. 
Q) Qy 
Whenx=2,y= 4 =- 2(2)2 = -4. Whenx=-2,y= 4. 
—2(-2)? = —4,. Thus, we have critical points at (0, 0), (2, —4), and 


(-2,-4). Next, we take the second derivative to find any points of 
718) 


inflection. The second derivative is dx? = 332 — 4, which is equal 


to zero at x = 43 and x = N3 . We plug these values into the 


original equation to find the y-coordinates. When x = 
2 


25) (2) 2 3008) [2] 
"WESCE =— 9 . When x = — V3, then v = 4 =2W3/ = 
20 2 20 


So ie are points of inflection at E ` 9 Jand 


- 2: 
Е 43:29 . Next, we need to determine if each critical point is 


maximum, minimum, or something else. If we plug x = 0 into the 
second derivative, the value is negative, so (0, 0) is a maximum. If 
we plug x = 2 into the second derivative, the value is positive, so 
(2, —4) is a minimum. If we plug x = —2 into the second derivative, 
the value is negative, so (—2, —4) is a minimum. Now, we can 


draw the curve. It looks like the following: 


9. 
Maximum at (0, 0); Vertical asymptotes at x = 2 and x = —2; 
Horizontal asymptote at y = 3; No point of inflection. 


First, notice that the curve goes through the origin. There are 


vertical asymptotes at x = 2 and x = –2. There is a horizontal 
dy 


asymptote at v = 3. Next, we take the derivative: dx= 
C )Qx)”  -24х 


(x^ – 4) = (x^ – AY, Next, we set the derivative 
equal to zero to find any critical points. There is a solution at x = 0, 


which means that there is a critical point at (0, 0). Note also that 
the function is positive for x < 0 and negative for x > 0, so the 


curve is increasing for x < 0 and decreasing for x > 0. Next, we 
d'y (< - 4) (-24) - (-24x)(4x° - 16х) 


5 4 
take the second derivative: dx” = (22-4) = 
х +96 


3 
(х^ T 4) . If we set this equal to zero, we get no solution, which 
means that there is no point of inflection at the origin. Notice that 


the second derivative is positive for x «-2, negative for —2 < x < 
2, and positive for x > 2. Therefore, the curve is concave up for x < 
—2 and x > 2, and concave down for —2 < x < 2. Next, we need to 
determine if each critical point is maximum, minimum, or 
something else. If we plug x = 0 into the second derivative, the 
value is negative, so (0, 0) is a maximum. Now, we can draw the 


curve. It looks like the following: 


10. 
3 m/s 


We are given the rate at which the volume of the fluid is 
dV 


increasing, dt = 108r, апа аге ОКЕ for the rate at which the 


height of the fluid is increasing, dt . Thus, we need to find a way 
to relate the volume of a cylinder to its height. We know that the 


volume of a cylinder is V = ли?й. We will want to take the 
derivative of the equation with respect to 1. Note that the radius of 


the tank doesn't change as the volume changes, therefore r is a 


V dh 


constant in this problem, not, a variable. We get dt = лт2 27. 
2 


Because r is not changing, dt = 0, and we would have ended up 
with the same derivative. 


av ds 


Now we сап plugin dt = 1087 and г = 6, and solve for dt. We 
an? 2) 


get 1087 = л(6)2 dt. Thus, dt = 3 m/s. 


11. 
380 volts/s 


dI 


We are given the rate at which the current is decreaing, dt = —4, 


and the rate at which the resistance is increasing, dt = 20, and are 
looking for the rate at which the voltage is changing. We are also 


given an equation that relates the three variables: V = IR. So, we 


simply take the derivative of the equation with respect to t 
dV dR dl 


(Product Ёше!): dt =I dt + Rdt.Now we can use our equation 
to find R, which we will need to plug into the derivative equation: 


dl dR 
100 = 20R, so R= 5. Next, we plug dt = E = 20, [= 20, [= 


20, and R = 5 into the derivative equation: dt = (20)(20) + (5) (= 
4) = 380 volts/s. 


t=3 


In order to find where the particle is changing direction, we need 
to find where the velocity of the particle changes sign. The 


velocity function of the particle is the derivative of the position 


Р” (5919-0004) 9-2 


--- 2 2 2 2 
function: dt = v(t) = ( 23 9) (+ р 9) . Next, we set the 
velocity equal to zero. The solutions are: t = +3. We can ignore the 


negative solution because ft must be positive. Next, we check the 
sign of the velocity on either side of t= 3. When 0 < 7 < 3, the 
velocity is positive, so the particle is moving to the right. When t > 
3, the velocity is negative, so the particle is moving to the left. 


Therefore, the particle is changing direction at t = 3. 


13. 
Distance is 2 + sin2 4 = 2.573 


In order to find the distance that the particle travels, we need to 
look at the position of the particle at 1 = 0 and at t= 2. We also 
need to see if the particle changes direction anywhere on the 
interval between the two times. If so, we will need to look at the 
particle’s position at those “turning points” as well. The way to 
find out if the particle is changing direction is to look at the 


velocity of the particle, which we find by taking the derivative of 
dx 
the position function. We get dt = v(t) = A $11(21) сов(20). If we 


set the velocity equal to zero, we get = 4 and t 2. Actually, 
there are an infinite number of solutions, but remember that we are 


restricted to 0 < 7 < 2. Next, we check the sign of the velocity on 
лл Л 7 


д 
the intervals 0 <1<4, 4 <t< 2, апа 2 <7< 2. WhenO « t « 4, 
the velocity is positive, so the particle is moving to the right. 
Л Л 


When 4 <7< 2, the velocity is negative, so the particle is 


moving to the left. When 2 < t < 2, the velocity is positive, so the 
particle is moving to the right. Now we look at the position of the 


particle on the interval. At ¢ = 0, the particle's position is: х = 


Л T ) 
sin?(( 0) 2 0. Att = 4, the particle's position is х = ad 2/=1. At 


t= 2, the particle's position is: x = $12(л) = 0. And at t = 2, the 
particle’s position is x = sin2(4). Therefore, the particle travels a 
д 


distance of 1 оп the interyal O<t E 4 a distance of 1 in the other 
direction on tpe interval 4 <7 < 2, and a distance of sin2(4) on 


the interval 2 < t < 2. Therefore, the total distance that the particle 
travels is 2 + sin2 4 = 2.573. 


14. 
f(x) = In(cos Зх) - Зх tan 3x – 3x2 
dy 14 


The rule for finding the derivative of y = In u is dx = u dx, where 
u is a function of x. 


1 
Here we will use the Product Rule to find the derivative: | cos z] 
(—3 sin3x) + (1)1а cos Зх — 3x2. This simplifies to f(x) = In(cos Зх) 


— Зх tan Зх – 322. 


13, 
Áxsec? 4х-1 


f(x) = ean 4, 4x? 
dy du 


The rule for finding the derivative of y = eu is dx = еи dx, where и 
is a function of x. Here we will use the Quotient Rule to find the 


(4x)(e" )(4 sec? 4x) - Гэв )(4) 


derivative: f(x) = (4х) . This can be 
4хѕес 4x —1 


simplified to (х) = etan 4, 4х” 


16. 


1 ( 2-3 
f(x) = 16| x tanx 
dy 1 du 


The rule for finding the derivative of y = log; uis dx ulna dx, 
where u 1s a function of x. Before we find the derivative, we can 


use the laws of logarithms to expand the logarithm. This way, we 
won't have to use the Product Rule or the Quotient Rule. We get 


f(x) = logg(3x tan x) = logs 3 + loge + loge tan x. Now we сап 


1 1 
find the derivative: f(x) = 0 + x In6 + tan x In 6(sec? x). This can 
I [ec x 
+ 


be simplified to f(x) = In6\» tanx J, 


17. 
2їйх 


fœ = xln10 


dy 1 du 


The rule for finding the derivative of y = loge u is dy = E Аах, 
У u 


and the rule for finding the derivative of y = Inu is dx = u dx, 
where u is a function of x. Here we will use the Product Rule to 


col E 228 
find the derivative: / í » - x|n10 x /. This can be 
nox 


simplified to f(x) = xIn10. 


18. 
f(x) = 5 x (sec? x)In5 
dy du 
The rule for finding the derivative of y = au is dx = а (т a) zx, 
where и is a function of x. We get f (x) = 5tan x (sec? x)In5. 


ОР |н 


First, we take the derivative of f(x) : f(x) = 7x6 — 10x4 + 6x2. Next, 
we find the value of x where f(x) = 1: x7 — 2х5 + 2x3 = 1. You 
should be able to tell by inspection that x = 1 is a solution. Or, if 
you are permitted, use your calculator. Remember that the AP 
Exam won't give you a problem where it is very difficult to solve 
for the inverse value of y. If the algebra looks difficult, look for an 


obvious solution, such аз х= О огх = 1 orx 2-1. 


Now we can use the formula for the derivative of the inverse of 
1 


i d 
J y=a, Where Ка) = c. This formula 


fix): 


means that we find the derivative of the inverse of a function at a 
value a by taking the reciprocal of the derivative and plugging in 
the value of x that makes y equal to a. 


ART 
Ф| 75-10 +6x"| 3 
Ae 


20. 
15 
8 
2 = 
| dy = 1 x 3 + 1 x 5 
First, we take the derivative of y: ах 3 5  .Next, we find 


the value of x where y = 2: x3 + x5 = 2. You should be able to tell 


by inspection that x = 1 is a solution. Or, if you are permitted, use 


your calculator. Remember that the AP Exam won't give you a 


problem where it is very difficult to solve for the inverse value of 
y. If the algebra looks difficult, look for an obvious solution, such 


а х= Оогх= І огх= -1. 


Now we can use the formula for the derivative of the inverse of 
1 

4 4 

fx): J »^, where Ка) = c. This formula 
means that we find the derivative of the inverse of a function at a 


value a by taking the reciprocal of the derivative and plugging in 


the value of x that makes y equal to a. 


21, З I СГА] 

997 

Recall the differential formula that we use for approximating the 
value of a function: f(x + Ах) = f(x) + f (x) Ax. Here we want to 
approximate the value of (9.99)5, so we'll use f(x) = x3 with x = 10 
and Ах = -0.01. First, we need to find f (x): f(x) = 3x2. Now, we 
plug into the formula: f(x + Ax) = x? + 3x2Ax. If we plug in x = 10 
and Ax = —0.01, we get (10 — 0.01)? = (10)? + 3(10)2(-0.01). If 
we evaluate this, we get (9.99)3 = 1,000 + 3(10)2(—0.01) = 997. 


22, 
—1.732 cm2 


Recall the formula that we use when we want to approximate the 


error in a measurement: dy = f'(x)dx. Here we want to approximate 
the decrease in the area of an equilateral triangle when we know 


that it has a side of length 10 cm with a decrease of 0.2 cm, where 


x? 3 


А(х) = 4 (the area of an equilateral triangle of side x) with dx 
2x43 x43 
= —0.2. We find the derivative of the area: А’(х) = 4 2 
xy 3 


Now we can plug into the formula: dA = 2 dx. If we plug in x = 
10-/3 


10 and dx 2-0.2, we getdA= 2 (-0.2) = oe 232 


23, 
1 


2 
0 


If we take the limit ав x goes (00, we get an indeterminate form 0, 
so let's use L’ Hópital's Rule. We take the derivative of the 
numerator and the denominator and we get 

T 6x25): (5) : 
lim +———-_ = lim ———— 
x 1 — 25x «25 


. Now, when we take the limit we get 


5 1 
lim ———— = — 
7 2 5x 4 25 2 
24. 
2 


0 


If we take the limit ав x goes (00, we get an indeterminate form 0, 
so let's use L' Hópital's Rule. We take the derivative of the 


Ө -sin соѕ0 
l im ———————— 
numerator and the denominator and we get 9-0 арб -0 = 
1 - (cos0 соѕ0 -sin 50 . 1-cos 0 + ѕіп“ Ө 


lim ————— —— lim 


2 2 
0-0 вёс:0-1 = 9-0 sec 0 -1 . Let's use 


some trig identities to simplify the numerator and denominator. 


We know that 1 — cos? 0 = sin? 0 and sec? 0 — 1 = tan? 0. We get 


. l]-cos!0-sin/O |. sin!O-sin/O . 28480 
lim — —; — — lim — —; — : 
0-0 sec 0-1 - 0-0 tan Ө = 0^9 tan’ Ө . Next, 
2un 0 
4 E OMS 
sin? 0 . Qsin*@ 9-0 sin’ Ө 
: 2 im 2 2 im 

substitute cos’ Ө for tan2 0: 60 гап Ө = cos“ Ө 20502 cos2 


"Ne im 
0. Now, when we take the limit we get 9-0: 2 cos? 0 = 2. 


SOLUTIONS TO PRACTICE PROBLEM SET 
18 


1. 
1 
3x? +C 
п+1 
9 х 
IE dx = 
Here we will use the Power Rule. which. gavs that n+1+ 
1 -4 
|= ах fe шаг о 
С. The integral is -3 = M 
2: 
10x + С 
qu 
ха 5 
Here we will use the Power Rule, which savs that п+1+ 
2 
5 1 5— -С 
—— dx =5|x КСА = 
C. The integral is Ух J 2 = 10Vx + С. 
3: 
x — х3 +02 + 6х+ С 
хо 
ха = 
Неге we will use the Power Rule, which says that n+1+ 


5 3 5 

| 55225 
C. The integral is J (5x4 - 332--2x -6)dx- 5 2 2+ 
6х + С = х5 — x +x + бх + С. 


4. 
Е 3 2 x 
2x! x 5 +2x84+C 
хоо 
ха = 
Неге we will use the Power Rule, which says that n+1+ 
C. The integral is J(3x-3 — 2x2 + x^ + 16x7)dx = 
х? x5 x x? 3 2 x 
3---2-4-0416-- a К орта 
-2 -1 5 8 +C= x^ x ЭС 
3. 
4 7 
3 3 
3x" + 3x" + C 
2 7 
хо 
Ја = 
Here we will use ће Power Rule, which says that nt | + 
leg ie + | 
C. First, let's simplify the integrand: (2 +x) dx = 
2x? + 3 dx 
dx. Now, we can evaluate the integral: = 
x3 x? 4 7 
2— += +C 3 3 
4 2 x^ + 3x" + C. 
3 3 =i 7 | 
6. 
7 5 3 
2 
РЕ + ae, + LR + C 
Л 5 B 
п+1 
n X 
X = 
Here we will use the Power Rule, which says that n+1+ 


C. First, let's simplify the integrand: J (x3 + x)? dx = | (x6 + 2x4 + 


x2)dx. NOW. we can evaluate the integral: | (x6 + 2x4 + x2) dx = 


7 3 
x 2x! х 


— ++ +С 


7 
T. 
5 3 
2 
x 2x? le 
5 3 x 
n+l 
, x 
fx dx = 
Here we will use the Power Rule, which savs that п+1+ 
x —2x +1 
о 


C. First. 2 S ыг the integrand: х = 


—-2—+— |a& 
8-2 -| (x4 – 2x2 £ х-2) ах. Now. we can evaluate 
х? 2x nd 


n — — — + — + E. 
the integral: J(x* — 2x2 + x-2) dx 5 3 Ta 
x 2x 1 
——————-464C 
5 ССИ . 
8. 
5 4 2 
си — +C 
5 4 
п+1 
? х 
и ах = 
Here we will use the Power Rule, which says that n+1+ 
C. 


First, let's simplify the integrand: Ї? - 1)3dx = I — 3x2 + 3x 
- Пах= m — 3x3 + 3х2 — x)dx. 


Now, we can evaluate the integral: J (x4 — 3x3 + 3x2 — х) dx = 


5 4 3 2 5 4 2 
шоо аи ВЕ С 
5 4 3 2 =5 4 2 
9. 


tanx+secx+C 


Here we will use the Rules for the Integrals of Trig Functions, 


namely: Jc: x dx = tan x + C and ЇР” x tan x) dx = sec x + C. 
First, let's expand the integrand: J sec x (sec x + tan x) dx = J (sec?x 


+ sec x tan x) dx. We get kae x + sec x tan x) dx = tan x + sec x + 
C. 


10. 


2 
X 


tan x + E -С 
Here we will use the Rules for the Integrals of Trig Functions, 


namely: | sec? x dx = tan x + C and the Power Rule, which says 
n+1 2 


Ја a _ 


7 сеза оон аа 


that 


LI. 


sinx+4tanx+C 


Here we will use the Rules for the Integrals of Trig Functions, 


namely: Jc: x dx = tan x + C and i xdx=sinx+C. 


First, we need to rewrite the integrand, using trig identities: 
cos! x 4 
+ 


> 5 e | 
cos x cos X/ =J(cox x + 4 sec? x) dx. 


3 
cos x + 4 
eres | 
COS X — 
Now, we can evaluate the integral: | (cos x + 4 sec? x)dx = sin x + 


4 tan x * C. 


12. 


—2cosx+C 


Here we will use the Rules for the Integrals of Trig Functions, 


namely: J sin x dx = —cos x + C. First, we need to rewrite the 


[== = 


e 


integrand, using trig identities:" сох = COS 
2 sin x dx. Now, we can evaluate the integral: J 2 sin x dx 2 —2 cos 


x+C. 


13. 


x+sinx+ C 


Here we will use the Rules for the Integrals of Trig Functions, 


namely: | cos x dx = sin + C. First, we need to rewrite the 


integrand, using trig identities: J (1 + cos2 x sec x) dx = 


jf P cos? X 


dx 
cos x | = | (1 + cos x) dx. Now, we can evaluate the 


integral: la + cos x)dx = x + sin x + C. 


14. 


—cosx+C 


Here we will use the Rules for the Integrals of Trig Functions, 


namely: | sin x dx = —cos x + C. First, we need to rewrite the 


1 4 | 


integrand, using trig identities: | CSC X 


sin x dx. Now we can 


evaluate the integral: Jsin x dx 2 — cos x + C. 


13. 


2 
x 


ee v6: 


Here we will use the Rules for the Integrals of Trig Functions, 


namely: | sec? x dx = tan x + C. First, we need to rewrite the 


| | m 2.2 E Е 2 Jes | 
integrand, using trig identities: COS X = J (x — 2se¢? x) 
x 


dx. Now, we can evaluate the integral: J (x—2 sec? x) dx = D -2 
tanx+C. 


SOLUTIONS TO PRACTICE PROBLEM SET 
19 


1. 
sin’ 2x 


4 


+C 


If we let и = sin 2x, then du = 2 cos 2x dx. First, we need to 


du 


substitute for cos 2x dx, so we can divide the du term by 2: 2 = 


cos 2x dx. Next, we can substitute into the integral: | sin 2x cos 2x 
T 2 


1 iw 
2| 5 |” ё-315| ыг 
dx = 2Ju du. Now we can integrate: 2: 2\2/4+C= 4 + 
sin 25 C 


C. Last, we substitute back and get 4 
2: 


-2010-2 34C 
200-32) 


3x dx 
First. vull the constant out of the integrand: ` V10-x^ = 
3 ша P^ 
10-х’ If we let = 10 — x2, then du = -2x dx. us to 
7 


substitute for x dx, so we can divide the du term by 2: - 2 =x 


Цогт 
———— nx 
ё Nex{. we can substitute into the ший ~ 10-х = 


E 


" Now we can integrate: 


3 2 
БЭЭР 
22 
: 3 : . Last, we substitute back and get 
-=(10-x7)3 «c 
4 


re 
3005 +20)? +C 


If we let u = 5x* + 20, then du = 20x?dx. We need to substitute for 
du 


x3dx, so we can divide the du term by 20: 20 = x3 йг Next. we can 


1 
| 20:10 
substitute into the integral: | 2 22 v 20dx = 20 ; 


+ pum -С 
30 


Now we can integrate: 20 = . Last, we 


substitute back and get 30 


4. 


a a 


12 (х° + эх) 


If we let и = x? + 3x, then du = (3x2 + 3) dx. We need to substitute 


du 
for (x2 + 1) dx, so we can divide the du term by 3: p = (x2 + 1) 
i Next, we can substitute into the integral: | (х2 + 1)(х3 + 3х)-5 dx 


ии. 


- 1 и-5 du. Now we can integrate: 3 


— +C = – a XH +C . 
3-4 Iw . Last, we substitute back and get 


-2 cos Vx 4 C 


1 Ї 
If we let u = Vx, then du = 24/х dx. We need to substitute for Vx 


dx, so we can multiply the du term_bv 2: 2du = Vx dx. Next, we 


| — siny xdx | 
can substitute into the integral: Ух = 2Jsin и du. Now 
we can integrate: 2 Jsin и du =-2 cos и + C. Last, we substitute 


back and get —2 cos Vx + C. 


6. 
1 


8 tan(x?) + C 


If we let u = x3, then du = 3x2dx. We need to substitute for x2dx, so 
du 


we can divide the du term by 3: 3 = x?dx. Next, we can substitute 
into the integral: Р хаа due | sec? u du. Now we can 
integrate: 3 | sec? и du = 3tan u + C. Last, we substitute back and 


get 3 tan(x3) + C. 


Э 2 I 


If we let u = x, then du = — х? dx. We need to substitute for x? 


du 1 
dx, So we can divide the du term bv 73 -3 zx! dx. Next, we 
COS Е 
ЗЭР? | Ло n | 
can substitute into the integral: x = —3 Jcos u du. Now 


1 
we can integrate: —3 | cos u du = —3sin u + C. Last, we substitute 


——sin| — |- C 
back and get 3 x 


8. 


—cos(sin x) + C 


If we let и = sin x, then du = cos x dx. Next, we can substitute into 


the integral: J sin(sin x)cos x dx — J sin u du. Now we can integrate: 


J sin и du = —cos и + C. Last, we substitute back and get —cos(sin 
x) * C. 


SOLUTIONS TO PRACTICE PROBLEM SET 
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1. 
25 
22 


First, let’s draw a picture. 


(5 15) 
an (1'16 


2 
1.0 pe У 
ову - 9 7l 8.3 
06 ГА NIV 
oat / А 2 
021/ \ 4 16 
0.5 1.0 15 24 25 3.0 35 4.0 45 


Ёо X 4 877770, 
a N 
40.6. 
j= b 
-10 
| 22 
-14 
-16 
8 


The width of each rectangle is found by taking the difference 
between the endpoints and dividing by n. Here, the width of each 
Z=1 41 


rectangleis 4 4. 


We find the heights of the rectangles by evaluating y = 2x — x? at 
the appropriate endpoints. 


«neam aga) 018) -1 
GI] 2 5-54. 


B 15 3 А 25 
-1184-2624-0| = 
Therefore, the area is \ 4 16 4 16/= 32. 


РА 
17 
32 
First, let’s draw a picture. 


Ж) =2x- 
2 


(5 15) 
0,1) (47 16) 


The width of each rectangle is found by taking the difference 


between the endpoints and dividing by n. Here, the width of each 
dS МЛ! 


rectangleis 4 4. 


We find the heights of the rectangles by evaluating y = 2x — x? at 


the appropriate endpoints. 


(3) 2-2) ag) 4 


22:15. 

2A 4) X4, =16; and yO) =20) - Q2 - 0. 
E о 17 
— || —+=+— + 

Therefore, the areais\4/\16 4 16 54 


3. 
21 
32 
First, let’s draw a picture. 


До =2х- 
2 


The height of each trapezoid is found by taking the difference 
between the endpoints and dividing by n. Here, the width of each 
ЕТ 


trapezoidis 4 4. 


We find the bases of the trapezoids by evaluating у = 2x — x2 at the 


appropriate endpoints. 


2 
wh) 220)- 0» = 15” 4 16; 
033) 3G) 2-2) ox 
3 -22-1-  -2-1 ао е 
2 2 2 = 4; 4 4 4 = 16; and y(2) = 


2(2) - (2)? = 0. 


Therefore, the area is 80 li 20 + 20 i eX : 1 


21 
spk 


4. 
43 
7 


First, let's draw a picture. 


es 
4’ 16 [11,9 
8 64 


E 39 


The height of each rectangle is found by taking the difference 


between the endpoints and dividing by n. Here, the width of each 
221 


rectangleis 4 4. 


We find the bases of the rectangles by evaluating y = 2x — x? at the 


appropriate endpoints. 


(24) (8) 54208748) (8) -56 
20-28) ва aa) а 


(2,3,25) 
Therefore, the areais 4A 64 64 64 64/= 64. 


WIN м 


We will find the exact area by evaluating the integral J ı (2x = x2) 


dx. According to the Fundamental Theorem of Calculus, J ı (2x – 
= x? | | 
x»)dxz*? 3 3 /|,. If we evaluate the integral at the 


limits, we get |o р Gl - |o г 5) = 3: 


6. 


2 


According to the Fundamental Theorem of Calculus, 


T 


Л 
EY "m — г 65 Л 
| совхдс- sin x|?, ЗИ = 
72 72 = 2 2 = 2. 


3 

9 9 = 
| mE 2хч/х | e | dx 
First, let's rewrite the integrand: | 1 | xx ах = | . 


Now, according to the Fundamental Theorem of Calculus, 


According to the Fundamental Theorem of Calculus, Го — 5х3 + 


1 
5 4 
х 


шин ат ла» 


"T 4 


о = 


| 161 
| 256 хөу--а07-60)| —— 
А. -0--20. 
9. 
0 
2 sinxdx 
According to the Fundamental Theorem of Calculus, 2 = 
—cos x|?, = =a + cos 25 
* 2 2/=0. 
10. 
216 


Recall that the formula for finding the area under the curve using 
ev 
the left endpoints is V 7  /[yo + yı + yo +...+ yn]. This formula 
assumes that the x-values are evenly spaced, but they aren't here, 
ry 
so we will replace the values of\ ? / with the appropriate 
widths of each rectangle. The width of the first rectangle is 1 - 0 = 


1; the second width is 3 — 1 = 2; the third is 5 — 3 = 2; the fourth is 
9 — 5 = 4; and the fifth is 14 — 9 = 5. We find the height of each 
rectangle by evaluating g(x) at the appropriate value of x, the left 
endpoint of each interval on the x-axis. Here yo = 10, y; = 8, y2 = 
11, y3 = 17, and y4 = 20. Therefore, we can approximate the 
integral with: Ї g(x) dx = (1)(10) + (2)(8) + (2)(11) + (4)(17) + 
(5)(20) = 216. 


SOLUTIONS TO PRACTICE PROBLEM SET 
21 


2 
Oo eos 
Л 


We find the average value of the function, f(x), on the interval [a, 


1 b 
b] using the formula Кс) = 6 — a ` * f(x) dx. Here we are looking 
Л 
for the average value of f(x) = 4x cos x2 on the interval BP 


1 
i 


Л 
—-0 
Usine the formula, we need to find Ё (4x cos x2) dx = 
С fi? 
л", (4x cos x2)dx. 
We will need to use u-substitution to evaluate the integral. Let u = 
х2 and du = 2x dx. We need to substitute for 4x dx, so we multiply 


by 2 to get 2 du = 4x dx. Now we can substitute into the integral: J 


(4x cos x2)dx = 2 J cos и du = 2 sin u. If we substitute back, we get 


E [^ 
2 sin х2. Now we can evaluate the integral: \л °° (4x cos x2) dx 


| Z 2 
2 (2sinx?) 2 2 (2sin—2sin0 2 
Л цэг" 2 


Л = ZU. 


| CO м 


We find the average value of the function, f(x), on the interval [а, 
1 b 
b] using the formula Кс) = b — a ` 5 f(x) dx. Here we are looking 


for the average value of f(x) = Vx on the interval [0, 16]. Using the 
1 16 


(Vx) 
formula, we need to find 16 -0°° . We get 


1 “Waja xs | 


1640 


Э 


Eoo 9). 5 


3. 
1 


We find the average value of the function, f(x), on the interval [a, 


= 


b] using the formula Кс) = b — 4' * f(x) dx. Here we are looking 


for the average value of f(x) = 2|x| on the interval [-1, 1]. Using 
1 


eens (2131) 


the formula, we need to find ЦЕ (-1 . Recall that the 
absolute value function must be rewritten as a piecewise function: 


[^ 2:0) 
ld] = (755550 Thus, we need to split the integral into two separate 


EE I (2]x]) dx Ё Г 


integrals in order to evaluate it: p -1(-х) dx * 


0 


ES 


| ИРЖ ES 
J, x dx. We eet TEET E Ё 


-1 


sin2 x 


We find the derivative of an integral using the Second 
d ex 
Fundamental Theorem of Calculus: dx ~- f(t) dt = f(x). We get 


x 


dx `1 sin? t dt = sin? x. 


5. 


27x2 — 9x 


We find the derivative of an integral using the Second 
d px 
Puno imental Theorem of Calculus: dx "^ f(t) dt = f(x). We get 


3x 
dx ] (f? — 1) dt = 3[(3х)2 - (3x)] = 27x2 — 9х. Don't forget that 
because the upper limit is a function, we need to multiply the 


answer by the derivative of that function. 


6. 


—2cos x 


We find the derivative of an integral using the Second 
22 х 
шиний Theorem of Calculus: dx * f(t) dt = f(x). We get 


dx "! —2 cos t dt = —2 cos х. 


SOLUTIONS TO PRACTICE PROBLEM SET 
22 


1. 
1 
16 4 x^ 
d 
We find the derivative of the inverse tangent using the formula dx 
1 du x du l 


(tan-! и) 2 1-2 dx. Here we have u = 4, so dx = 4. Therefore, 


] Ge х? 1 


n 


dr 2 
16 2164x. 


E 


Ix | x? -1 
d 


We find the и. of the inverse sine psing m formula dx 


(sin-! и) = V1- u dx Here we have pu x. SO dxe 


MPO ERU 


4 
e 
14 67 
d 
We find the envane of the inverse tangent uE the formula dx 


(tanc! и) = 1+ и? бх. Here we have u = e*, so dx = ex. Therefore, 


; (e) e 


di (tan-i ех) = 1+ (е) sire 
4. 
1 Е. 
——sec ---40 
ЕЕ 
du dx 


Recall that" иуи? —1 = sec-! и + C. Here we have" xVx° -л, 
and we just need to rearrange the integrand so that it is in the 


proper form to use the integral formula. If we factor z out of the 
| ах 
2 
. x л Ys . . 
radicand, we get, л  .Next, we do u-substitution. Let u = 


Ул and du = Ул dx. Multiply both by Ул so that uv = хапа 


dum 


амт = s Substituting into ihe n WES ли и -l = 


22 = now we sel АЙЛ = »т ЭЭ, 


sec С 


Мт 


Substituting back, we get Ул 


3 


-1 
tan 


Gog 


f du | ах 
Recall that " 1+ z^ = tan-! и + С. Here we have ” 7 + x^, and we 
just need to rearrange the integrand so that it is in the proper form 


to use the integral formula. If we factor 7 out of the denominator, 
| ах Ї ах 


Tom = 
АЕ е 1+ 
we get 7 x 


[$ | Next, we do u-substitution. Let 
и = E 7 and du = 47 7 dx. Multiply du pi v7 i that dul? = dx. 
Substituting into the  jntegrand, we get 7^ 1+2 = 217 "hee Lee, 

u 


Now we get v7 J liu = 47 tan-! u + C. Substituting back, we 


—1 
tan 


get EZ que 


6. 


tan-!(In x) + C 


Recall that 1+ м” = tan-! и + C. Here we have ` * (1 їр a x ) and 


we will need to do u-substitution. Let и = In x and du = хах. 
u 


Substituting into the integrand, we get | 1+ u^ =tan-!u+C. 
Substituting back, we get tan-!(In x) + С. 


Г. 


sin-!(tan x) + C 


du sec’ x dx 


Recall that” V1— z^ =sin-! и + C. Here we have ` V1- tan? x, and 
we will need to do u-substitution. Let и = tan x and du = sec? x dx. 
du 


Substituting into the integrand, we get" 41-04 = ѕіп-1 и + C. 
Substituting back, we get sin-!(tan x) + C. 


du dx 


Recall that" 41-27 = sin-! и + C. Here we have ` V9- 4x? , and 
we just need to rearrange the integrand so that it is in the proper 


form to use the integral formula. If we factor 9 out of the radicand, 
f dx 1 ах 


nm T -(5) 
we get 9 = 3 / , Next, we do u-substitution. Let 
2x 3 j 
u= 3 and du = 3 dx. Multiply du by 2 so that 2 аи = dx. 
LEES) du 1 
Substituting into the integrand, pe get 3\27° Vl-w = 2 sin! u 


E - 
—sin — +C 
+ C. Substituting back, we get 2 | 


SOLUTIONS TO PRACTICE PROBLEM SET 


1. 


In [tan x| + C 


Whenever we have an integral in the form of a quotient, we check 
to see if the solution is a logarithm. A clue is whether the 
numerator is the derivative of the denominator, as it is here. Let’s 


use u-substitution. If we let u = tan x, then du = sec?x dx. If we 
sec? x 


dx 
su cule into the integrand, we get m tan x i и . Recall that 


Г. вес” X 


= In|u| + C. Substituting back, we zi tanx — -In|tan x| + 


zs 


-ln |1 — sin x| + C 


Whenever we have an integral in the form of a quotient, we check 
to see if the solution is a logarithm. A clue is whether the 
numerator is the derivative of the denominator, as it is here. Let’ s 


use u-substitution. If we let u = 1 — sin x, then du = —cos x dx. If 
COS X du 
В 


we substitute into the integrand, we get J 1 - sinx u. 
u 


Recall that и = ln|u| + C. Substituting back, we get 


— AX 
]-sinx  --1| - sin x| + C. 


3. 


In [In x| + C 


Whenever we have an integral in the form of a quotient, we check 
to see if the solution is a logarithm. A clue is whether the 


numerator is the derivative of the denominator, as it is here. Let’s 


1 


use u-substitution. If we let u = In x, then du = x dx. If we 


7 
dx = | — 
substitute into the integrand, we get J xInx и. Recall that 


- — ах 
J и = ШИ | + C. Substituting back, we get J xlnx = x| + 
С. 


4. 


-In |cos x| - x + C 


First, let's rewrite the integrand. 


аш Д 22-1) 


COS X С08Х COS COS X - 
sin x 
j( El ae pas 
COS X . Whenever we have an integral in the form of 


a quotient, we check to see if the solution is a logarithm. A clue is 
whether the numerator is the derivative of the denominator, as it is 
in the first integral. Let's use u-substitution. If we let u = cos x, 


then du = -sin x dx. If we substitute into the integrand, we get 


нээн du du 


208% ‚ u . Recall that’ и = ШИ | + C. Substituting 
Д sin х 
back, we get ` \ cos x = —In|cos x| + C. The second integral is 


| | = dx — Ја 
simply Јах = x + C. Therefore, the integral is ~ \ cos x 
= -ln |cos x| - x + С. 


5, 
In(1 + 2/x) + C 


Whenever we have an integral in the form of a quotient, we check 


to see if the solution is a logarithm. A clue is whether the 


numerator is the derivative of the denominator, as it is here. Let’s 
1 


use u-substitution. If we let u = 1 + 2Vx. then du = A dx. If we 


u 


маг: 


substitute into the integrand, we get 5d . Recall 


ОЛ — ——. dk 
T" и = Ши + C. Substituting back, we get m = 245| = 
In(1 + 2 x) + C. Notice that we don't need the absolute value bars 


because 1 + 2\/х is never negative. 


6. 
In(1 4 e) +С 


Whenever we have an integral in the form of a quotient, we check 
to see if the solution is a logarithm. A clue is whether the 
numerator is the derivative of the denominator, as it is here. Let's 


use u-substitution. If we let и = 1 + e*, then du = ехах. If we 


е“ du 
| dx = | — 
1+2 27 и. Recall that 
u e 
Їзж u [—— 
и = ln|u| + C. Substituting back, we get" 1+ е = In(1 + ех) 
+ С. Notice that we don’t need the absolute value bars because 1 + 


substitute into the integrand, we get 


ex is never negative. 


T 
l 


10е52-1 + С 


Recall that | e“du = e" + C. Let's use u-substitution. If we let u = 


5x2 — 1, then du = 10x dx. But we need to substitute for x dx, so if 


1 


we divide du by 10, we get 104и = х dx. Now. if we substitute into 


the integrand, we get Jxe5v-! = 10 | e du = 10 e = C. 


Substituting back, we get Jxe5-! = 10e52-! + C. 
8. 


In lex ех + C 


Recall that | e" du = e" + C. Let's use u-substitution. If we let u = 


ex — e~, then du = ех + ехах. If we substitute into the integrand, 


e” +e” du du 
|j ял 
we get" e —e и . Recall that’ и = Ши + C. 
ete 
mu [— zr 
Substituting back, we get^ е" —e = In Je е + C. 
9. 
= 47 
In16 


1 


Recall that Ja“ du = Ina a“ + C. Let's use u-substitution. If we let 
и = —х2, then du = —2x dx. But we need to substitute for х dx, so if 


1 


we divide du by —2, we get —2 du = x dx. Now, if we substitute 


into the integrand, we get Jx 4-х dx = T J 4u du =-2 \ ln 4 / 4u + 
| = zz] 4* +С 

C. Substituting back, we get Jx4-e = -2 A 14 -- 
——4* +С 

In16 

10. 

+C 

In7 


1 


Recall that Ja" du = па ач + C. Let's use u-substitution. If we let 
и = sin x, then du = cos х dx. If we substitute into the integrand, we 


get | Tsin x cos x dx = | Tu du = In7 7u + C. Substituting back, we 


get fisin, cos х dx = ln7 


SOLUTIONS TO UNIT 3 DRILL 


1. 

4 
СР О, 
4 х 


n+l 


X 


Here we will use the Power Rule, which savs that Jx” dx 2 n + 1 + 


ЇЕ ый ах 


С. First. let's simplify the integrand: х? = 


f dx 


- | e+ 17), Now. we can evaluate the integral: 


x x 
| шинэ Эмч, Ре 
(x3 + 7x-2) dx= 4 -1 =4 x . 
2: 
xí 2x? 


x 
4 3 2 -2х+ С 


п+1 


X 


Here we will use the Power Rule, which says that I" =n+1+C. 
First, let's simplify the integrand: J(1 + x2)(x — 2)dx = J (x3 — 2x2 + 


x — 2)dx. Now, we can evaluate the integral: | (x3 – 2x2 + x — 2) dx 
4 3 2 
СИ x 


С 


3. 


sinx+5cosx+C 


Here we will use the Rules for the Integrals of Trig Functions, 


namely: 1s x dx = —cos x + C and i x dx = sin x + С. We get J 


(cos x – 5 sin x) dx = sin x + 5 cos x + C. 


4. 


sec x+ C 


Here we will use the Rules for the Integrals of Trig Functions, 
namely, | (sec x tan x)dx = sec x + C. First, we need to rewrite the 


Ни: 4 [| 1 pde 


cos? X COS X COS X 


integrand, using trig identities: 
(sec x tan x) dx. Now, we can evaluate the integral: J (sec x tan 


x)dx = sec x + C. 


3; 


апх-х+ C 


Here we will use the Rules for the Integrals of Trig Functions, 


namely, | sec? x dx = tan x + C. First, we need to rewrite the 
integrand, using trig identities: | (tan2x)dx = | (sec2x — 1)dx. Now, 


we can evaluate the integral: | (sec?x – 1)4х = tan x - x + C. 


If we let u =x - 1, then du = dx. Next we can substitute into the 


dx 


= | urdu LAN 
Integral. (x a 1) . Now we can integrate: | u-2du = -1 
= ЕО 
+С=-и + С. Last, we substitute back апа get х-1 | 
Үй 
1 


—4(1 – cos 2х)-2 + С 


If we let и = 1 — cos 2x, then du = 2 sin 2x ах. We need to 


du 


substitute for sin 2x dx, so we can divide the du term by 2: 2 = 
sin 2x dx. Next we can substitute into the integral: 


qu шиг dx = 5 pod 


3 
À "m son E | . Now we can integrate: 
2394-21 |+С zip 

2 2 \ -2 = 4\u . Last, we substitute 


back and get —4(1 – cos 2x)-2 + С. 


8. 
16 


Recall that the absolute value function must be rewritten as a 
хиг20 


—x;x <0 


piecewise function: |x| = | . Thus, we need to split the 


integral into two separate integrals in order to evaluate it: J-4x| dx 
4 


0 
= J -4(-х) dx + J о x dx. Now, according to the Fundamental 


0 | хо | | (4) | 
Theorem of Calculus. J -4(—x) dx = 2 -4 = (0) – 2 j= 8 


X 


2 2 
А | | Ё E | 
and | o(x) dx = 2 HN 221- (0) = 8. Therefore, the answer is 


8+8 = 16. 


First, let’s draw а picture. 


The width of each rectangle is found by taking the difference 
between the endpoints and dividing by n. Here, the width of each 
aen) 1 


rectangle is 6 2. 


We find the heights of the rectangles by evaluating y = 2x3 at the 


appropriate endpoints: 


В 2) 17 

у= 1=2+| = | = — 
2 27, 8; y(1)=24+ (13 =3; 

8 B8 43 

y 1=2+| = | == 
2 2 :y2) = 2 + (2)3 = 10; 

1 


B Bl 14 
y — |=2+| = | == 
2 2 8 :y(3) =2 + (3)3 = 29. 


ies 10+ 01529 227 
Therefore, the area is 2 8 8 = 16. 


10. 


24/2 


5 


We find the average value of the function, f(x), on the interval [a, 
EE 

b] using the formula Кс) = b — a ` * f(x) dx. Here we are looking 

for the average value of f(x) = V1 — x on the interval [-1, 1]. 


MED 


Using the formula, we need to find ie (-1) . We get 
( 3 
1 ES 

11271) 1 2| 3 3 

2 = = ——(1-xp 

5 0 х) de 7 Е (1-х) - 

СИР ШХА 

ЕА 

IT, 

2x3 


We find the derivative of an integral using the Second 

d ex 
Fundamental Theorem of Calculus: 4х "^ f(t) dt = f(x). Normally, 
we would need to rewrite the absolute value function as a 


piecewise function, but notice that we are evaluating the absolute 


value over an interval where all values will be positive. Thus, we 
d pè 


can ignore the absolute value and rewrite the integral as dx “° |4 


x x 


dt = dx? t dt. We get dx °° t dt = (x2)(2x) = 2x3. Don't forget 
that because the upper limit is a function, we need to multiply the 


answer by the derivative of that function. 


12. 


sin(In x) + С 


d 1 


Recall that dx In x = x. Here we can use u-substitution [0 get rid 


of the log in the integrand. If we let и = In x, then du = x dx. If we 
substitute into the integrand, we get | x cos(In x) dx = J cos u du — 


sin u + C. Substituting back, we get J xcos (In x) dx = sin (In x) + 
C. 


13. 


sin(2 + e») + C 


Recall that | еи du = еи + C. Let's use u-substitution. If we let u = 2 
+ ex, then du = e* dx. If we substitute into the integrand, we get | ех 


cos(2 + ех)ах = | cos u du = sin u + C. Substituting back, we get J 


ex cos(2 + ех) dx = sin(2 + ех) + C. 


14. 
1 


3tan-!(e3x) + C 


| аи | e dx 

Recall that” 1+ u” =tan-! и + C. Here we have? 1-6 , and we 

will need to do u-substitution. Let и = езх and du = 3e3x dx. Divide 
1 


du bv 3,80 that 3 du = e dx. Substituting into the integrand, we 


f € ах 
get" 1+ е = E l+u’ = = аи и + С. Substituting back, we 


1 
get 3tan-!(e3x) + C. 


l du 


oe I ax 
Remember that the derivative of sin-! и = V!~ “ . Here we get 


er 16 
2 fh P Ес 
f(0) E 1 - (40) . Next. we plue in 0 = 8: 8/- 
Sa dg eee n 
3 
0) 007 
5 r . You could simplify this some 


, but it’s not necessary. 
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We find the area of a region bounded by f(x) above and g(x) below 


b 
at all points of the interval [a, b] using the formula J a[f(x) — g(x)] 
dx. Here f(x) = 2 and g(x) = x? — 2. First, let's make a sketch of the 


region. 


(-2, 2) (2, 2) 


-3 


—4 


Next, we need to find where the two curves intersect, which will 
be the endpoints of the region. We do this by setting the two 
curves equal to each other. We get x? — 2 = 2. The solutions are (— 


2, 0) and (2, 0). Therefore, in order to find the area of the region, 
2 


2 

we need to evaluate the integral J -22-1 x2 — 2)) ах = | -2 (4 — x2) 
3 

Г (4 - х? dx - |4 - ын 

2 3 | 


dx. We get " 1 
(40)-251(8-)-52 ES 


С. 
3. 


О | оо pw 


We find the area of a region bounded by /(х) above and g(x) below 


b 
at all points of the interval [a, b] using the formula J a[f(x) – g(x)] 
dx. Here f(x) = 4x — х2 and g(x) = х2. 


First, let's make a sketch of the region. 


4 (2, 4) 


Next, we need to find where the two curves intersect, which will 
be the endpoints of the region. We do this by setting the two 
curves equal to each other. We get 4x — x? = х2. The solutions are 


(0, 0) and (2, 4). Therefore, in order to find the area of the region, 
2 2 


we need to evaluate the integral Jo ((4x — x?) — x2) dx = | (Ax — 


2x2 1 [E (207-205 
х) dg We get Jo (4x — 2x2) dx = i 

вэ. 

3, 

36 


We find the area of a region bounded by /(х) above and g(x) below 


b 
at all points of the interval [a, b] using the formula J a[f(x) — g(x)] 


dx. Here f(x) = 2x — 5 and g(x) = x? — 4х - 5. 


First, let's make a sketch of the region. 


(6, 7) 


-15 


[9 tt tt —3——-—34 
10 5 


4 
10 


15 


Next, we need to find where the two curves intersect, which will 
be the endpoints of the region. We do this by setting the two 
curves equal to each other. We get x? - 4x — 5 = 2x — 5. The 


solutions are (0, —5) and (6, 7). Therefore, in order to find the area 
É 


of the region, we need to evaluate the integral J o [(2x — 5) – (02 – 


4х – 5\1 ах = A (—x? + бх) dx. We get ^ o(—x2 + бх) ах = 


ПРО ГОЛ 
( З i 11 3 ИРА 
4. 
17 
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We find the area of a region bounded by f(x) above and g(x) below 


b 
at all points of the interval [a, b] using the formula J a[f(x) — g(x)] 
dx. 


First, let's make a sketch of the region. 


= N WO A UO O N © 


Notice that in the region from x = —1 to x = 0 the top curve is f(x) = 
0 (the x-axis), and the bottom curve is g(x) = x3, but from x = 0 to 
x = 2 the situation is reversed, so the top curve is f(x) = x3, and ће 
bottom curve is g(x) = 0. Thus, we split the region into two pieces 


and find the area by evaluating two integrals and adding the 
0 2 0 


answers: | хо — x3) dx and o (x3 — 0) dx. We get i — x3) ах = 
S= HP 1 2 

Е 4} = 4 and 3-0) dx= 

(2) 17 


0 — 0 = 4. Therefore, the area of the region is 4. 


2 
2 
We find the area of a region bounded by f(y) on the right and g(y) 


d 
on the left at all points of the interval [c, d] using the formula | 
VO) — 80)] dy. Here, Ду) = у + 2 and g(y) = у>. 


First, let's make a sketch of the region. 


Next, we need to find where the two curves intersect, which will 
be the endpoints of the region. We do this by setting the two 
curves equal to each other. We get y? = y + 2. The solutions are (4, 


2) and (1, —1). Therefore, in order to find the area of the region, we 
2 


2 
need to evaluate the integral I + 2 — y?) dy. We get Ё, +2- 


T NE (2) \ 
Зи! - = 3 ), | 2 20) 3 J- 
ED ца CU 


We find the area of a region bounded by f(y) on the right and g(y) 


d 
on the left at all points of the interval [c, d] using the formula J 
VO) — £02] dy. Here, Ху) = 3 - 2y? and gQ) = y?. 


First, let's make a sketch of the region. 


Next, we need to find where the two curves intersect, which will 
be the endpoints of the region. We do this by setting the two 
curves equal to each other. We get y? = 3 — 2у2. The solutions are 


(1, 1) and (1, —1). Therefore, in order to find the area of the region, 
1 


1 
we need to evaluate the integral J -03 — 2v — y?) dy = J -1(3 – 3у2) 
-1= (ED = (D) CD 


Э 
E E E 
-(-19) 44. 


We find the area of a region bounded by f(y) on the right and g(y) 


d 
on the left at all points of the interval [c, d] using the formula J 
[Ду) — 203) dy. Here f(y) = y — 2 and g(y) = y? - 4y + 2. First, let's 


make a sketch of the region. 


Next, we need to find where the two curves intersect, which will 
be the endpoints of the region. We do this by setting the two 
curves equal to each other. We get y2 – 4y + 2 = y — 2. The 


solutions are (2, 4) and (-1, 1). Therefore, in order to find the area 
4 


of the region, we need to evaluate the integral ! [O -2) - G? – 4y 


+ 2)1 dv = 41 [(-v2 + 3y – 4)] dy. We get +1 [(-у2 + 5y - 4)] dy = 


[-2 422-43] Бонн 


ээ 2 3 2 


We find the area of a region bounded by f(y) on the right and g(y) 


d 
on the left at all points of the interval [c, d] using the formula J 
VO) — g(y)] dy. Here f(y) = 2 — y^ and g(y) =”. First, let's make a 


sketch of the region. 


Next, we need to find where the two curves intersect, which will 


be the endpoints of the region. We do this by setting the two 
2 


3 
curves equal to each other. We get 2 — у4 = J). The solutions are 
(1, 1) and (1, —1). Therefore, in order to find the area of the region, 


TTE 
[ (2-7 -7 |2 


we need to evaluate the integral 2 . We get 


SOLUTIONS TO PRACTICE PROBLEM SET 
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1. 
367 


When the region we are revolving is defined between a curve f(x) 


and the x-axis, we can find the volume using disks. We use the 


b 2 
formula 4: | a |f (x) dr Here we have a region between f(x) = 
NM : and the x-axis. First, we need to find the endpoints of the 


region. We do this by setting f(x)=V9 — x ; equal to zero and 
solving for x. We get x = —3 and x = 3. Thus, we will find the 


"| (Vos) dk nf (9-3) 


3 


d 
volume by evaluating id We 


х? 
Оа юэ 


e 


-3 = 36r. 


27 


When the region we are revolving is defined between a curve f(x) 


and the x-axis, we can find the volume using disks. We use the 


b 2 
formula (Е | a Ё (x) ах Here we have a region between 
f(x) = sec x and the x-axis. We are given the endpoints of the 


Л Л 


region: x = 22 and х= 4. Thus, we will find the volume by 


л 2 2 
Л | : Л | E | E 
evaluating 4 sec? x dx. We get 4 sec? x dx = n(tan x) 4 
= 2л. 
3: 
167 
i 


When the region we are revolving is defined between a curve Ку) 
and the y-axis, we can find the volume using disks. We use the 

b 
formula ас | a B; (y У] ay (see this page and note that when 
g(y) = 0 we get disks instead of washers). Here we have a region 
between f(y) 2 1 — y? and the y-axis. First, we need to find the 
endpoints of the region. We do this by setting f(y) 2 1 — y? equal to 
zero and solving for y. We get y = -1 and = 1. 


1 ENS 2 
Thus, we will find the volume by evaluating al P J ) Ф = 


n| (1-2) +y')dy We set nf (1-25 +y“) dy _ 


oy ae 16л 
т зог m 
x c MEC 
4. 
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When the region we are revolving is defined between a curve Ку) 


and the y-axis, we can find the volume using disks. We use the 


ү-л| | 
formula | a Lf 0 1 dy (see this page and note that when 
g(y) = 0 we get disks instead of washers). Here we have a region 


between Ку) = „Буг and the y-axis. We are given the endpoints of 
the region: y = -1 and y = 1. Thus, we will find the volume by 


evaluating a| (v5y" ) 4 A NO A We get 
af >“) dy=1 (у J. = 2n 


$: 
8л 


When the region we are revolving is defined between curves f(x) 


and g(x), we can find the volume using cylindrical shells. We use 


b 
the formula лс J. «| f(x) E g(x) 0 Here we have f(x) = 


n 
x and g(x) = -2 Thus, the height of each shell is f(x) — g(x) = x — 


EE 
2 2 , and the radius is simply x. The endpoints of our 


region are x = 0 and x = 2. Therefore, we will find the volume by 


2 3 2 
2n| “2 2n| (PE а = эл | х 
evaluating ° 2 = 02 : . We 


When the region we are revolving is defined between curves f(x) 


and g(x), we can find the volume using cylindrical shells. We use 


b 
the formula uis 211, xLf (x) D g(x) dx Here we have f(x) = Ух 
and g(x) = 2х – 1. Thus, the height of each shell is f(x) — g(x) = Ух 


– (2х - 1) = Ух — 2x + 1, and the radius is simply x. The left 


endpoint of our region is x = 0, and we find the right endpoint by 


finding where f(x)2wN intersects g(x) = 2x — 1. We get x= 1. 


Therefore, we will find the volume by evaluating 
3 


мануул 


5 1 


3 2x? 20 х 7m 
E NND Е 
2n | x? —2x^ +x ах 5 3 2 15 
= 0 
7: 
1287 
5 


When the region we are revolving is defined between curves Ку) 
and g(y), we can find the volume using cylindrical shells. We use 
the formula ис Ї 45 Е 152122 Here we have f(y) = Vy 
(which we get by solving y = x2 for x) and g(y) = 0 (the y-axis). 
We can easily see that the top endpoint is y = 4 and the bottom one 


is у = 0. Therefore, we will find the volume by evaluating 


. We get 
ENT 
3 2 128 
2л | ЭС =a m 
0 
8. 
2567 
5 


When the region we are revolving is defined between curves f(x) 


and g(x), we can find the volume using cylindrical shells. We use 


| 4 
the formula us 2n | xLf(x) E £()] * Here we have f(x) 2 2 
Ух and g(x) = 0. Thus, the height of each shell is f(x) — g(x) Nx 
, and the radius is simply x. We can easily see that the left 


endpoint is x = 0 and that the right endpoint is x = 4. Therefore, we 


will find the volume by evaluating 


2л | (х(24х ))dx - 22 EIE 


4 


5 
3 2 
27 Г Ё Jas zum = = = 


. We get 


0 


To find the volume of a solid with a cross-section of an isosceles 
right triangle, we integrate the area of the square (side?) over the 


endpoints of the interval. Here the sides of the squares are found 


by f(x)-g(x) = 16-x^-— 0, and the intervals are found Бу 


setting y 2 J — N 10-27 equal to zero. We get x = —4 and x = 4. 


Thus, we find the volume by evaluating the integral 


f. 6-5 | ах -| (6-«)ё 


. We get 
1 >" 256 
X 

| (16-х )а = 16x-— | = —— 

= 3 JL. 2 9 

10) 
128 

19 
To find the volume of a solid with a cross-section of a square, we 

hypotenuse” 

integrate the area of the isosceles right triangle 4 over 


the endpoints of the interval. Here, the hypotenuses of the 
triangles are found by f(x) — g(x) = 4 — x2, and the intervals are 
found by setting у = x? equal to y = 4. We get x 2 —2 and x = 2. 


Thus, we find the volume by evaluating the integral 


ах 
-2 4 -2 4 - 
х“ 2 
| [4-2 а 4-2х + — dx 
E 4 . We get р = 
í 2x? z) 128 
4x — — + — = —— 
з 20 p» 
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3 
CASOS 


gres 


We solve this differential equation by separation of variables. We 
want to get all of the y variables on one side of the equals sign and 
all of the x variables on the other side. We can do this easily by 
cross-multiplying. We get y?dy = 7x2dx. Next, we integrate both 


sides. 


Now we solve for C. We plug in x = 3 and y = 2. 


16 = 252 + С 
С = -236 


(2206 
Therefore, yi 3 -236. 


= 4 — 236 
Now we isolate y. We get the equation 3 : 
2: 
5x? 
у = бе ? 


We solve this differential equation by separation of variables. We 
want to get all of the y variables on one side of the equals sign and 
all of the x variables on the other side. We can do this easily by 


dividing both sides by y and multiplying both sides by dx. We get 
dy 


У = 5x?dx. Next, we integrate both sides. 


С 


Sac 


ane vaJ E = 


у=е° eG 


Note that we are usiffg the letter C in the last equation. This is to 


ишийг uy 


distinguish it from the Со in the first equation. Now we solve for 


C. We plug in x = 0 and y = 6: 6 = Ce? = peus the 


ys | = 


(p 


We solve this differential equation by separation of variables. We 


want to get all of the y variables on one side of the equals sign and 
all of the x variables on the other side. We can do this easily by 
cross-multiplying. We get y2dy = ехах. Next, we integrate both 


sides. 


Now we isolate y. C 


N+ 2 = — 


Qoae: ын ( 


Therefore, „С.Я is y = Ñ 2-9 


4. 


у = 2x2 


27 eparation of vangrbles. We 
get all of шин S ọn Fé ide of the equals sign and 
e 


all of the x variables on the other sfd e can do this easily by 


dividing both sides by у? and multiplying both sides Бу dx. We get 
dy dx 


RENE. 
Y * . Next, we integrate both sides. 


Now we isolate y. 


Now we solve for C. We plug in x = 1 and y =2. 


O =.) 


Therefore, the equation is 7 247 
у = 2x2, 


= sin-(C-cos x) Д 1) С С 
z i differential equation by т dme of variables. We 


want to get all of the y vari 


, which can be rewritten as 


les on one side of the eqfials sign and 


all of the x variables on the other side. We can do this easily by 


cross-multiplying. We get cos y dy = sin x dx. Next, we integrate 


both sides. 


| cos ydy= | sin х dx 


sin y = —cos x + C 


ЭЛ 
Now we solve for C. We plug in х= 0 апау= 2. 
эл 
sin 2 =-cos0+C 
-1=-1 +С 
С= 0 


Now we isolate y to get the equation y = sin-!(—cosx). 


20,000 (approximately) 


The phrase “grows exponentially” means that we can represent the 
dy 

situation with the differential equation dt = ky, where k is a 

constant and y is the population at a time t. Here we are also told 


that y = 4,000 at t = 0 and y = 6,500 at t= 3. We solve this 
differential equation by separation of variables. We want to get all 
of the y variables on one side of the equals sign and all of the / 


variables on the other side. We can do this easily by dividing both 
dy 


sides by y and multiplying both sides by dt. We get 7 =k dt. 
Next, we integrate both sides. 


Iny=kt+Cp ( 


y = Сек 


I. 2) -4000 ane) to ЗОТУСТОГ СО 
,000 = Ce? (р 
С = 4,000 
Now, we have у = 4,000e*. Next, we plug in y = 6,500 and t = 3 to 


solve for k. 


6,500 = 4,000e3k 
1.18 
k= 3in 8 = 0.162 


Therefore, our equation for the population of bacteria, y, at time, f, 


is y = 4,00069.19; or if we want an exact solution, it is y = 4,000 


2) 

| 8 / . Finally, we can solve for the population at time t= 10: y = 
9l 

4,000е0.162(10) = or 20,212 or y=4,000\ 8 = 20,179. (Notice 


how even with an “exact” solution, we still have to round the 
answer. And, if we are concerned with significant figures, the 


population can be written as 20,000.) 


45 т 


dv 
Because acceleration is the derivative of velocity, we can write dt 
= -9. We are also told that v = 18 and h = 45 when t= 0. We solve 


this differential equation by separation of variables. We want to 
get all of the v variables on one side of the equals sign and all of 
the f variables on the other side. We can do this easily by 
multiplying both sides by dt: dv = —9 dt. Next, we integrate both 


sides: 


Гага | ош 


v=-9+C 


Now we can solve for Со by plugging in v = 18 and = 0: 18 = -9 
(0) + Co so Co = 18. Thus, our equation for the velocity of the rock 


is v=—9t + 18. Next, because the height of the rock is the 
dh 


derivative of the velocity, we can write dt =-9t+18. We again 
separate the variables by multiplying both sides by dt: dh = (—9t + 


18) dt. We integrate both sides: 


| dh = | (-9t + 18) dt 
oe 
h=- 2 +181+ С 


Next, we plug Іп h = 45 and t=0 to solve for Cj: 45 =- 2 + 
18(0)-С1, so Сү = 45 m. 


Therefore, the equation for the height of the rock, Л, at time t is h 
эг 
=— 2 + 187+ 45. 


Finally, we can solve for the height of the rock at time t = 4: h = — 


or (4) 
2 -18:-45,5607-- 2 +18(4) + 45 = 45 п. 
8. 


8,900 grams (approximately) 


dm 


We can express this situation with the differential equation dt = — 
km, where т is the mass at time t. We are also given that m = 


10,000 when г = 0 and т = 5,000 when t = 5,750. We solve this 


differential equation by separation of variables. We want to get ай 
of the m variables on one side of the equals sign and all of the / 


variables on the other side. We can do this easily by dividing both 
dm 

sides by т and multiplying both sides by dt. We get m = —k dt. 

Next, we integrate both sides. 


3-20 = ш 


Now we can solve for C by plugging in т = 10,000 and г = 
0:10,000 = C69, so C = 10,000. This gives us the equation т = 
10,000e-*. Next, we can solve for k by plugging in т = 5,000 and 


Minh + 12/— — 141 Ч] 


5,000 = 10,000е-5,750% 


054“ 
Ї 


1210000=#= 74 
Therefore, the equation for thezmass 177) the ejement at time f is 


1055-28 Е 


Т 
m x 102 Error We anten-exect dblution, it is m = 
1 (5750 Up 
10,000 " 


Finally, we can solve for the mass of the element at time 1 = 1,000: 
1,000 


1 5750 
3228 e 
m = 10,000е-9.0001214,000) = 8.860 gms ог 2 
= 8,864 gms. (And, if we are concerned with significant figures, 


the mass can be written as 8,900.) 


10. 
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We find the area of a region bounded by f(x) above and g(x) below 


at all points of the interval [a, b] using the formula 
b 
J. [/(x)- e(x)] ёс Here f(x) = x3 and g(x) = 3x2 — 4. 


First, let's make a sketch of the region. 


PFN UC A OF WBN CO 


4 
1 8 4 2 


1, -1 ) 


неее 
8 10 


Next, we need to find where the two curves intersect, which will 


be the endpoints of the region. We do this by setting the two 
curves equal to each other. We get 3x2 — 4 = x3. The solutions are 
(-1,-1) and (2, 8). Therefore, in order to find the area of the 


Зх? — 4)) ab - 


2 
3 
region, we need to evaluate the integral J aC ( 


(Ome Y ((=1)' 3 i 227 
E (2) Иа СЕ 
2: 
37 
12 


We find the area of a region bounded by f(y) on the right and g(y) 


on the left at all points of the interval [c, d] using the formula 
d 
| 170) Ч 40) 2 Here Ку) = y? — y? and g(y) = 2y. 


First, let's make a sketch of the region. 


See Ae 


BIR EEE 99 EE EEE EEE 
1 2 3 4 


Next, we need to find where the two curves intersect, which will 
be the endpoints of the region. We do this by setting the two 
curves equal to each other. We get y? — y? = 2y. The solutions are 
(4, 2), (0, 0), and (—2, -1). Notice that in the region from y =-1 to 
y = 0, the right curve is Ку) = y? — y? and the left curve is g(y) = 2y, 
but from y = 0 to y = 2 the situation is reversed, so the right curve 
is f(y) = 2y and the left curve is g(y) = y3 — y2. Thus, we split the 


region into two pieces and find the area by evaluating two 


inf teerals b addine the answers: Г. (5 E 5 2y ) 4) an 
Ї (2y-( y-J 2i dy =| NN + у ee 
Г р 


3 


ipo: 


! 
A Ч 
| 3 
| 
v» | 
| 
р ИВ 
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When the region we are revolving is defined between a curve f(x) 
and g(x), we can find the volume using cylindrical shells. We use 

b 
the formula СЕ 2л], xLf (x) < (x) ёс Here we have a 
region between f(x) = x3 and the line x = 2 that we are revolving 
around the line x = 2. If we use vertical slices, then we will need to 
use cylindrical shells to find the volume. If we use horizontal 
slices, then we will need to use washers to find the volume. Here 
we will use cylindrical shells. (Try doing it yourself using 
washers. You should get the same answer but it is much harder!) 
First, we need to find the endpoints of the region. We get the left 
endpoint by setting f(x) = x? equal to zero and solving for x. We 
get x = 0. The right endpoint is simply x = 2. Next, note that we 
are not revolving around the x-axis but around the line x = 2. Thus, 
the radius of each shell is not x but rather 2 — x. The height of each 
shell is simply f(x) — g(x) = x3 — 0 = x3. Therefore, we will find the 


2 
volume bv evaluating 22 | [e 7 xe } 4 = 
27 f (2х” — xí ) abe We get 27 Ї (2х° — x* )dx 


4 1 
2-7 25122007 
2017: 


4. 
8967 


IE 


When the region we are revolving is defined between a curve f(x) 


and g(x), we can find the volume using cylindrical shells. We use 


2 
2n | [(4-x)442x | 
the formula v = d 0 ( x) 3 ах Here we have f(x) 2 2 
N 2x (which we get by solving y2 = 8x for y and taking the top half 


above the x-axis) and g(x) = 22x (the bottom half). Thus, the 
height of each shell is f(x) — g(x) = AN2x . We can easily see that 
the left endpoint is x = 0 and that the right endpoint is x = 2. Next, 
note that we are not revolving around the x-axis but around the 
line x = 4. Thus, the radius of each shell is not x but rather 4 — x. 
Therefore, we will find the volume by evaluating: 


„риа 5r ( Je 


2 


. We get 


3 5 
2 2 


Я Ñ 3 81-72 8x  2x^ _ 8962 
842 |, аг Ja пу? 3 5 15 


0 


2x 
 A2tan ^ x * Á 
y= 


We solve this differential equation by separation of variables. We 
want to get all of the y variables on one side of the equals sign and 
all of the x variables on the other side. First, we factor the y out of 


the denominator of the right hand expression: 


ау _ 1 Ї 


йл 2 2 
ах Iray 94 1 EK ) Next, we multiply both sides by y 
X 


and by dx. We get y dy = 1 + x^ . Next, we integrate both sides. 


v) E X" = = ML n —7 


uud APOYA = 


y=) 


Therefore, the equation is y = V2tan x+4 


6. 
А yao ge, ULI Ch=C 


dV 
We can express this situation with the differential equation dt = 
kV, where k is a constant and V is the volume of the sphere at time 


t. We are also told that V = 367 when t = 0 and V = 907 when t = 
1. We solve this differential equation by separation of variables. 
We want to get all of the V variables on one side of the equals sign 
and all of the / variables on the other side. We can do this easily 


by dividing both sides by V and multiplying both sides by dt. We 
20 
get V =k dt. Next, we integrate both sides. 


Next, we plug in V = 36л and t = 0 to solve for C: 36r = Ce? so С 
= 367r. This gives us the equation У = Зблек. Next, we plug in V= 


907r and 1 = 1 to solve for k: 90лек. 


9 I 60 for the Uy the ний | V, at time f is 


= 36760916; or if we want xact solution, it is V = 36л2. . 
ml. we can solve for the volume at time t= 3: V = 3611609160) 


1,1252 5 


t 
= 1,766 ft? or V = 2 . (And, if we are concerned with 
significant figures, the volume can be written as 1,800.) 


Part VI 
Practice Tests 2 and 3 


* Practice Test 2 
* Practice Test 2: Answers and Explanations 
* Practice Test 3 
* Practice Test 3: Answers and Explanations 


Practice Test 2 


Click here to download a PDF of Practice Test 2. 


The Exam 


AP® Calculus AB Exam 


SECTION I: Multiple-Choice Questions 


DO NOT OPEN THIS BOOKLET UNTIL YOU ARE TOLD TO DO 
SO. 


At a Glance 


Total Time 
1 hour and 45 minutes 
Number of Questions 


45 

Percent of Total Grade 
5096 

Writing Instrument 
Pencil required 


Instructions 


Section I of this examination contains 45 multiple-choice questions. Fill in 
only the ovals for numbers 1 through 45 on your answer sheet. 


CALCULATORS MAY NOT BE USED IN THIS PART OF THE 
EXAMINATION. 


Indicate all of your answers to the multiple-choice questions on the answer 
sheet. No credit will be given for anything written in this exam booklet, but 
you may use the booklet for notes or scratch work. After you have decided 
which of the suggested answers is best, completely fill in the corresponding 
oval on the answer sheet. Give only one answer to each question. If you 
change an answer, be sure that the previous mark is erased completely. Here 


is a sample question and answer. 
Sample Question 
Chicago is a 


(A) 
state 


(B) 
city 


(C) 


country 


(D) 
continent 


Sample Answer 


Q0 ОО 


Use your time effectively, working as quickly as you can without losing 
accuracy. Do not spend too much time on any one question. Go on to other 
questions and come back to the ones you have not answered if you have 
time. It is not expected that everyone will know the answers to all the 
multiple-choice questions. 


About Guessing 


Many candidates wonder whether or not to guess the answers to questions 
about which they are not certain. Multiple-choice scores are based on the 
number of questions answered correctly. Points are not deducted for 
incorrect answers, and no points are awarded for unanswered questions. 
Because points are not deducted for incorrect answers, you are encouraged to 
answer all multiple-choice questions. On any questions you do not know the 
answer to, you should eliminate as many choices as you can, and then select 
the best answer among the remaining choices. 


CALCULUS АВ 
SECTION I, Part A 
Time—60 Minutes 

Number of questions—30 


A CALCULATOR MAY NOT BE USED ON THIS PART OF THE 
EXAMINATION 


Directions: Solve each of the following problems, using the available space 
for scratchwork. After examining the form of the choices, decide which is the 
best of the choices given and fill in the corresponding oval on the answer 
sheet. No credit will be given for anything written in the test book. Do not 
spend too much time on any one problem. 


In this test : Unless otherwise specified, the domain of a function f is 
assumed to be the set of all real numbers x for which f(x) is a real number. 


1. 
1 
If g(x) = 32x4 – 5x2, find е (4). 
(A) 
—72 
(B) 
-32 
(C) 
24 
(D) 
32 
2: 
2 
lim сан Е 


x20 cosx - 1 


-16 


10 


The limit does not exist. 
4. 
ЕЛ 
Ех) = х +7 , find Го. 


(5x* – 1) 
(207) 


(x + Gx Deu = x + GY) 


(20-27) 


ExT IGra- a -715х"”-1) 


(x3 js T? 


(A) 


(B) 


(C) 


(D) 


(A) 


(B) 


(C) 


(D) 


(A) 


(B) 


(C) 


(D) 


(x! + 7)(5х* –- 1) – (х? - х + 2)(3х°) 


(x 33 Ty 
5А 
їап 2 + 1 -1 
lim 2 
Evaluate 7-0 h 
(A) 
0 
(В) 
1 
(C) 
2 
(D) 
The limit does not exist. 
6. 
y xN3x ах = 
(А) 
243 3 
--Х 
5 +C 
(B) 
54/3 5 
--Х 
2 -С 
(C) 
33s 
2 -С 
(D) 
543 3 
—— х 
2 + С 
Ts 


X 32:4 <1 


For what value of k is f continuous at x = 1 if f(x) = B =k xl 


(A) 


8. 


3 


The graph of f(x) is given below. Evaluate `o f(x)dx. 


-2 


14 
9. 
4у 
Find dx if y = вес(лх2). 
tan(zzx2) 
(2zrx)tanGrx?) 


sec(zzx2)tan(zrx?) 


sec(zr?)tan(zx2)(27rx) 


(B) 


(C) 


(D) 


(A) 


(B) 


(C) 


(D) 


(A) 


(B) 


(C) 


(D) 


10. 


Given the curve у= 5 – (х – 2)3 find dx at x =2. 


эс 
418 


12, 


Let f be the function f(x) = 2bx —8;х>2 


continuous at x = 2 ? 


оо 


(А) 


(В) 


(С) 


(D) 


(A) 


(B) 


(C) 


(D) 


. For what value of b is f 


(A) 


0 
(B) 
Ld 
4 
(C) 
1 
(D) 
4 
13. 
Let f be the function defined by f(x) = xe. What is the absolute 
maximum value of f ? 
(A) 
0 
(B) 
1 
е 
(C) 
1 
(D) 
e 
14. 
p 
Find dx at (1, 2) for y? = xy – 222 + 8. 
(A) 
E 11 
2 
(В) 
нэ 
11 


(C) 


16. 


Ї sec? (1 + x2)dx 


(A) 

1 

2tan(1 + x2) + C 
(B) 


2tan(1 + x2) + C 


(C) 

iid 

2tan(1 + 32) + C 
(D) 


2xtan(1 + x2) + C 


(D) 


(A) 


(B) 


(C) 


(D) 


17, 
Find the equation of the tangent line to 9x2 + 16у2 = 52 through (2, –1). 


(A) 
—9x + 8y - 26 =0 


(B) 
9х – 8y – 26 = 0 


(С) 
9x 8y — 106= 0 


(D) 
8х + 9y - 1720 
18. 
A particle moves along the x-axis. The velocity of the particle at time / 
is given by v(t) = 12t — 32. What is the total distance traveled by the 


particle from time t=0 to 1-2 6? 


(A) 

0 
(B) 

35 
(C) 

64 
(D) 

96 


19. 
If f(x) = 375, then f(x) = 
(A) 


37 
113 


(C) 
л(Зях-1) 


(D) 
л In 3(37х 


20. 


The average value of f(x) = x from x = 1 tox =e is 


(A) 


2]. 
dy 
If y=(x4 + sin x)6, then dx= 
(A) 
6 (x4 + sin x)6 (4x3 — cos x) 
(B) 
6 (x4 + sin x)? (4x3 — cos x) 


(C) 


6 (4x3 — cos x)? 


(D) 
6 (4x3 — cos x)? 


22. 
Find the slope of the normal line to y = x + cos xy at (0, 1). 


(A) 


(C) 


(A) 
2cot Vx -С 


(В) 
—2cot Vx +C 


(C) 
csc? Vx 
34x 4C 
(D) 
csc? Vx 
6/х +C 


-8 

(B) 
2 

(С) 
8 

(D) 


The limit does not exist. 


23; 


A solid is generated when the region in the first quadrant bounded by 
Л 


the graph of y = 1 + sin2x, the line x = 2, the x-axis, and the y-axis is 
revolved about the x-axis. Its volume is found by evaluating which of 


the following integrals? 


(A) 


1 
J, (1 + 5104 x) ах 
(B) 


1 
J, (1 + sin2 x)? dx 
(C) 


T 


i 
mo (1 +104 x) ах 


(D) 


T 


Je 

mo (1 +5102 х)2 dx 

26, 

08) 

‚ find dx at x = 1. 


x 7 


w— 


(A) 


(B) 


(C) 


] — 3 
10(5-х)2-3(5-хр-0 
(D) 
10 2 


Шог 5 
-3 (5-x)2 + 5(5-x)2+C 


28. 
dy 
Given the differential equation dt = -2y, where y(0) = 100, find y(2). 
(A) 
—200 
(B) 


-4 


(C) 


(D) 


29. 
Given y = x4 — 6x3 — 24x2 + 10, for which of the following values of x 


does the graph of y have a point of inflection? 


(A) 
1 
(B) 
2 
(C) 
3 
(D) 
4 
30. 
1 
| 0 tan x dx = 
(A) 
0 
(B) 
In(cos(1)) 
(С) 
In(sec(1)) 
(D) 


In(sec(1)) – 1 
END OF PART A, SECTION I 


IF YOU FINISH BEFORE TIME IS CALLED, YOU MAY CHECK 
YOUR WORK ON PART A ONLY. 


DO NOT GO ON TO PART B UNTIL YOU ARE TOLD TO DO SO. 


CALCULUS АВ 
SECTION I, Part B 
Time—45 Minutes 

Number of questions—15 


A GRAPHING CALCULATOR IS REQUIRED FOR SOME QUESTIONS 
ON THIS PART OF THE EXAMINATION 


Directions: Solve each of the following problems, using the available space 
for scratchwork. After examining the form of the choices, decide which is the 
best of the choices given and fill in the corresponding oval on the answer 
sheet. No credit will be given for anything written in the test book. Do not 
spend too much time on any one problem. 


In this test: 


1. 
The exact numerical value of the correct answer does not always 
appear among the choices given. When this happens, select from 
among the choices the number that best approximates the exact 
numerical value. 


2. 
Unless otherwise specified, the domain of a function fis assumed to be 
the set of all real numbers x for which f(x) is a real number. 


21, 
1 


The graph of y = 2 + cos x has a zero on the interval (0, 77]. What is the 
slope of the tangent line to the graph at that point? 


(A) 


(B) 


(C) 


v2 
-22 
(D) 
v2 
2 
32. 
d fF 
dx J, sin? t dt = 
(A) 
x? sin2(x2) 
(B) 
2x sin?(x2) 
(C) 
sin?(x2) 
(D) 
x? cos?(x2) 
33. 
dy 
Given y = xc954;, find dx. 
(A) 
dy je sin4x) 
dx = хсоѕ 4 x 
(B) 
4 1 А 
ay (cos 4x) —|— Inx(4 sin 4x) 
ах = хсов4, X 
(C) 
dy 


dx = (cos 4x)x(cos 49-1 


(D) 


4у 
dx = [(cos 4x)x(cos 49-11(—4 sin 4x) 
34. 


If fis defined by f(x) = x + e-2 on the interval (0, 10], then f has a point 
of inflection at which of the following values of x ? 


(A) 
0.379 

(B) 
0.5 

(C) 
0.707 

(D) 
0.947 

35. 
2 
Estimate | Зех + 1 dx using a Riemann Sum with n = 4 right hand 
rectangles. 

(A) 
26.357 

(B) 
33.546 

(C) 
52.713 

(D) 
56.713 


36. 
The volume generated by revolving about the x-axis the region above 
the curve y = x3, below the line y = 1, and between x = 0 and x = 1 is 


(A) 
л 


42 
(В) 


(C) 
0.6437 
(D) 
бл 
7 


37: 
in. 
A sphere is increasing in volume at the rate of 20 s . At what rate is 
the radius of the sphere increasing when the radius is 4 in. ? 


| (A) 
1n. 

0.025 S 
| (B) 
1n. 

0.0995 s 
| (C) 
1n. 

0.424 S 
| (D) 
1n. 

0.982 S 


38. 
The function f is given by f(x) = 2x3 — 5 on the interval [1, 5]. Which of 
the following 18 guaranteed by the Mean Value Theorem for some 
value c on the interval (1, 5) ? 


(A) 
3.136 


(B) 
3.215 


(C) 


3.225 


(D) 
4.160 
39. 
Find two non-negative numbers x and y whose sum is 100 and for 
which x2y is a maximum. 
(A) 
x = 50 and y = 50 
(B) 
x = 33.333 and y = 66.667 
(C) 
х = 100 and y=0 
(D) 


x = 66.667 and y = 33.333 


40. 
An object is moving along a line with its velocity given by у(7) = В sint, 
for time / > 0. If the object’s position at time / = 0 is 4, what is its 
position at time t = 2 ? 


(A) 
0.469 

(B) 
2.460 

(C) 
4.469 

(D) 
6.469 

41. 
| sin4(z x)cos(z х)ах = 

(A) 

sin? (zx) 


5л +C 


(B) 
sin’ (zx) 
27 +C 
(C) 
_ cos (zx) 
5л +C 
(D) 
_ cos (zx) 
2m +C 


42. 
dV in? 


A balloon is inflating at the rate dt =300-tlnt s , where tis the 
number of seconds that the balloon has been inflating. If the initial 


volume of the balloon is 100 113, what is the volume of the balloon 


after it has been inflating for 8 seconds, to the nearest 10 in.3 ? 


(A) 
150 in.3 
(B) 
280 in.3 
(C) 
320 11.3 
(D) 
2450 in.3 
43. 
dy 
If x2 + 3x2y + y3 = 13, find dx at (2, 1). 
(A) 
16 
-15 


(В) 


-15 

(C) 
16 
15 

(D) 
19 
15 

44. 
Find the equation of the line tangent to y = xtan x at = 1. 

(A) 
y = 4.983x + 3.426 

(B) 
y = 4.983x – 3.426 

(C) 
y = 4.983x + 6.540 

(D) 


y = 4.983x — 6.540 


45. 


ах 45xx€2 


If f(x) is continuous and differentiable and f(x) — " -3x:x 22, then b 


(A) 
0 

(B) 
2 

(C) 
6 

(D) 


There is no value of b. 


STOP 
END OF PART B, SECTION | 
IF YOU FINISH BEFORE TIME IS CALLED, YOU MAY CHECK 
YOUR WORK ON PART B ONLY. 
DO NOT GO ON TO SECTION П UNTIL YOU ARE TOLD TO DO 
SO. 


SECTION II 
GENERAL INSTRUCTIONS 


You may wish to look over the problems before starting to work on them, 
since it is not expected that everyone will be able to complete all parts of all 
problems. All problems are given equal weight, but the parts of a particular 
problem are not necessarily given equal weight. 


A GRAPHING CALCULATOR IS REQUIRED FOR SOME PROBLEMS 
OR PARTS OF PROBLEMS ON THIS SECTION OF THE 
EXAMINATION. 


You should write all work for each part of each problem in the space 
provided for that part in the booklet. Be sure to write clearly and legibly. 
If you make an error, you may save time by crossing it out rather than 
trying to erase it. Erased or crossed-out work will not be graded. 


Show all your work. You will be graded on the correctness and 
completeness of your methods as well as your answers. Correct answers 
without supporting work may not receive credit. 


Justifications require that you give mathematical (noncalculator) reasons 
and that you clearly identify functions, graphs, tables, or other objects you 
use. 


You are permitted to use your calculator to solve an equation, find the 
derivative of a function at a point, or calculate the value of a definite 
integral. However, you must clearly indicate the setup of your problem, 
namely the equation, function, or integral you are using. If you use other 
built-in features or programs, you must show the mathematical steps 
necessary to produce your results. 


Your work must be expressed in standard mathematical notation rather 


5 


than calculator syntax. For example, | 1 x? dx may not be written ав fnInt 
(X2, X, 1, 5). 


Unless otherwise specified, answers (numeric or algebraic) need not be 
simplified. If your answer is given as a decimal approximation, it should 
be correct to three places after the decimal point. 


Unless otherwise specified, the domain of a function f is assumed to be 
the set of all real numbers x for which f(x) is a real number. 


SECTION II, PART A 
Time—30 minutes 
Number of problems—2 


A graphing calculator is required for some problems or parts of 
problems. 


During the timed portion for Part A, you may work only on the problems in 
Part A. 


On Part A, you are permitted to use your calculator to solve an equation, find 
the derivative of a function at a point, or calculate the value of a definite 
integral. However, you must clearly indicate the setup of your problem, 
namely the equation, function, or integral you are using. If you use other 
built-in features or programs, you must show the mathematical steps 
necessary to produce your results. 


l. 


The temperature on New Year's Day in Hinterland was given by 7(H) 
ЛН 


= -А – В соѕ e where T is the temperature in degrees Fahrenheit 
and Н is the number of hours from midnight (0 « H « 24). 


(a) 
The initial temperature at midnight was —15° F and at noon of 
New Year's Day was 5? F. Find A and B. 


(b) 
Find the average temperature for the first 10 hours. 
(c) 
| 8 
Use the Trapezoid Rule with 4 equal subdivisions to estimate * 6 
Т(Н) dH. 
(d) 


Find an expression for the rate that the temperature is changing 
with respect to H. 


dG 


Sea grass grows on a lake. The rate of growth of the grass is dt = КС, 
where К is a constant. 


(a) 
Find an expression for G, the amount of grass in the lake (in tons), 
in terms of t, the number of years, if the amount of grass is 100 
tons initially and 120 tons after one year. 


(b) 
In how many years will the amount of grass available be 300 tons? 

(c) 
If fish are now introduced into the lake and consume a consistent 
80 tons/year of sea grass, how long will it take for the lake to be 
completely free of sea grass? 


SECTION II, PART В 
Time—1 hour 
Number of problems—4 


No calculator is allowed for these problems. 


During the timed portion for Part B, you may continue to work on the 
problems in Part A without the use of any calculator. 


3, 
The functions f and g аге twice-differentiable and have the following 
table of values: 


(a) 
Let h(x) = f(g(x)). Find the equation of the tangent line to h at x = 
2, 

(b) 
Let jx) = f(x)g(x). Find /(3). 

(c) 


4 
Evaluate 1 3f" (x)dx. 


4. 
Water is being poured into a hemispherical bowl of radius 6 inches at 
the rate of 4 in.3/sec. 


(a) 


Given that the volume of the water in the spherical segment shown 


zi 


above is V = od J where R 18 the radius of the sphere, find 
the rate that the water level is rising when the water is 2 inches 


deep. 


(5) 
Find an expression for r, the radius of the surface of the spherical 
segment of water, in terms of h. 

(с) 
How fast is the circular area of the surface of the spherical 
segment of water growing (in in.2/sec) when the water is 2 inches 


deep? 
2. 
Let R be the region in the first quadrant bounded by y? = x and x? = y. 
(a) 
Find the area of region R. 
(b) 
Find the volume of the solid generated when R is revolved about 
the x-axis. 
(c) 


The section of a certain solid cut by any plane perpendicular to the 
x-axis is a circle with the endpoints of its diameter 

lying on the parabolas y? = x and x? = y. Find the volume of the 
solid. 


6. 


For time t > 0, a particle moves along the x-axis. The velocity of the 


t 


particle at time £ is given by v(t) = 1 - 2 й 
at time ¢t = 0 is x(0) = 8. 


. The particle’s position 


(a) 
Is the particle speeding up or slowing down at time t = 6? Justify 
your answer. 


(b) 
When does the particle change direction in the interval 0 < / < 
6? Justify your answer. 


(c) 


What is the particle's position at time t = 6? 


(d) 


What is the total distance traveled from time t = 0 to time t = 6? 


STOP 
END OF EXAM 


Practice Test 2: Answers and Explanations 


сэ ЗЭ O8 I Ox ла. = 
ооо ae = 
Coan 5-0 гт» 


- 


ANSWER KEY 


Section | 
Al, B 
22. А 
23. В 
24. C 
25. D 
26. A 
27. D 
28. D 

D 
e 


OF SFOS 


Фсоээтошэ( соо 


ANSWERS AND EXPLANATIONS ТО 
SECTION | 


18 
В 


First, take the derivative. 


8 сє 
х01- — = («Os - (es) T = (х), 


Now, plug in 4 for х. 


26--0 “00222 
с. 49) 
2, 


А 
0 


If we take the limit ав x goes to 0, we get an indeterminate form 0, 
so let's use L' Hópital's Rule. We take the derivative of the 

1 8х? 

lim —— —— 

numerator and the denominator and we get *>° cos x - І = 
lim ——— 
Е (= SM J When we take the limit, we again get an 
indeterminate form 0, so let's use L’ Hópital's Rule a second time. 
We take the derivative of the numerator and the denominator and 
16x 1 16 


lim ———— ———— 
we get * (- sin x) = (- cos x). Now, when we take the limit we 
lim 16 
get: ^^ (- cos x) 2 — 16 
3. 
C 


Notice that if we plug 5 into the expressions in the numerator and 
0 


the denominator, we get 0, which is undefined. Before we give up, 


we need to see if we can simplify the limit so that it can be 


evaluated. If we factor the expression in the numerator, we get 
а 


(x —5)  ,which can be simplified to x + 5. Now, if we take 
the limit (by plugging in 5 for x), we get 10. 


4. 
D 


We need to use the Quotient Rule, which is 


g(x) A(x) g(x) — g(x)h'(x) 
Given Дх) = A(x), then f(x) = ЦОЛ 


Here we have 


5, 
C 


There are two ways we could evaluate this limit. First, we could 


recognize that this limit is in the form of the Definition of the 
TEE] 
lim —— — — —— — 


Derivative ^9 2 h . Then the limit is the derivative 
of f(x) = tan x at x = Á . The derivative of f(x) = tan x is Г (x) = sec? 
Л Л Л 


x, and at x = 4, we get f | 4 | зол | 4 | = 2. Second, we have a 


limit of the indeterminate form 0, so we can use L' Hópital' s Rule 
to find the limit. Take the derivative of the numerator and the 


Е + 2 -1 sec? 2 + 2 

l in = E A lor e 

denominator: /^o h = 7-0 1 . Now we take the 
Л 


limit to get M 4 7-2. 


6. 
A 


1 
First, rewrite the integral as | x(V3)x2 dx 

3 

2 
Now, we can simplify the integral to 45] 2 ах 


Next, use the power rule for integrals, which 18 


п+1 


|x" de = о 
n+ l 
5 
x2 
43| 34 Oa: 243 Э?? 
Then, we get 3)х ах 2 mE i] 
T: 
A 


lim 
The simplest thing to do here is to find x—1 of both pieces of the 
function and set them equal to each other. We can do this by 


plugging x = 1 into both pieces: 1 — 3k + 2 = 5 – k. If we solve for 
k, we get = -1. 


8. 

B 

We have to find the areas of the regions between the curve and the 
x-axis on the interval from x = 0 to x = 5. The regions are all 


triangles, so we can easily find the areas. Note that the area of the 


1 1 
region from x = 2 tox = 4 is negative. We get: 2(2)(2) - 2(2)(4) + 
2(1)(2) =. 


9; 
D 


dy 
Use the Chain Rule: dx = sec(zzx2)tan(zx2)(277x). 


10. 
D 
d 2 = 
| Ewe ay 
First, take the, derivative: dx 2-3 , Which can be 
en 


rewritten as 4 34-2 1f we plug in x = 2, we get zero in the 


denominator, so the derivative does not exist at x = 2. 


I 
dx ! 
=— SH |— 
This integral is of ће form v^ ~*~ = aj + C, where a = 
l. 
Thus, we get 
1 2 
= 24ах 2 Л Л 
2225 оч Е TES ME Ed um 
Г 1-2 2 sin (x), 2 sin Я sin o| } o) E 
-x 
12. 


In order for f to be continuous, three conditions must be met. First, 


lim 
f(2) must exist: f(2) = 4 — 6b + 2 = 6 — 6b. Next, x2 f(x) must 


m f(x)=6-66 


li 
exist. The limit from the left is 23x , and the limit 


lim 
from the right is х>2* f(x) = 86-8. We set the two limits equal to 
each other and solve for b: 6 - 6b = 8b — 8. Sob = 1. The final 


— lim lim 
condition is that x52 f(x) = 2). At b = 1, x52 f(x) = f(2)-0. 


Therefore, b equals 1, and the answer is (C), 1. 


13. 
B 


First, we need to take the derivative of f using the Product Rule: f 
(х) = ех — хех. 

Next, we set it equal to zero and solve: e~ — xe~ = 0. Factor: e~ (1 
— х) = 0. Because e~ is always positive, the only solution is x = 1. 
Next, we need to verify that x = 1 is a maximum. Plug in values 
less than and greater than 1 to make sure that the derivative 
changes sign there: /(0)=е0—(0)е0>0 and f'(2)2e?-(2)e?«0. So, x = 
1 is the x-coordinate of the maximum. The maximum value occurs 


at the y-coordinate, which we find by plugging x = 1 into the 
1 
original equation: f'(1)2(1)e = e. 
14. 
B 
dy 
We can use implicit ОВ to find dx. First, differentiate 
У 


with respect to x: 3y2dx = хах + у – Ax. Next, plug in (1, 2) for x 
dy ' dy dy dy 


and у: y: 322) dx = (D dx + (2) – 4(1). Simplify: 12dx = dx - 2. 
dy dy 


And sive for gx on the left and the terms without dx on the 
У 


right: ах =- 11. 
15. 


0 


If we take the limit as x goes (00, we get an indeterminate form 0, 
so let's use L' Hópital's Rule. We take the derivative of the 


AS 


im 
numerator and the denominator, and we get х0 2* -1- 
x 2"In2 +2 


"n2 
р 42 
im ———————— = — 
x0 ТАЙ) In2. 


x0 


r Now: when we take the limit, we get 


We can evaluate this integral using u-substitution. Let u = 1 + x2 


l 
and du = 2xdx, so 2 du = xdx. Substitute into the Interne | xX 


ѕес2(1 + x2)dx = 2| seci u du. Integrate: 2 | sec? и du = 2 tan u + 


C and substitute back: 2 tan u + С = 2 tan(1 + x2) + C. 
17: 


dy 
First, we need to find dx. It’s simplest to find it implicitly. 


2 


Now, Q.z for ‘tp (Се + X8 I 
fot 4% P 
Next, plug ingc- Zand, y ae ip eet the Уре of the tangent line at 


the point. 


Now, use the point-slope formula to find the equation of the 


tangent line. 


If we (рут EX P We Feel sf + + 8 40) 18 or 9x - 8y - 


26 = 0. 


18. 
C 


First, we need to check the sign of the particle’s velocity in the 
time interval. v(t) = 12t — 32 = 31(4 – t) = 0 att=0 and t = 4. Let's 
pick a number between 0 and 4, like 1: v(1) = 12(1) - 3(1)? > 0. 
Next, we pick a number greater than 4, like 5: v(5) = 12(5) — 3(5)? 
< 0. This means that the particle is moving to the right for the first 


four seconds and to the left for the last two seconds. We get the 


4 
distance traveled in the first interval with J 0 12x - 3x2 dx = (6x? – 
x3o232-0z 3. We get the distance traveled in the second 


interval with 1 12x - 32 dx = - (6х? – x3)l4 = —(0 – 32) = 
Therefore, the distance that the particle travels is 32 + 32 = 64. 


19. 


The derivative of an expression of the form au, where u is a 
function of х, 18 
xp a 


V UJ) Y= VY —— 
Here we 7 ( D 


20. 
р 


In order to find the average value, we use the Mean Value 


Theorem for Integrals, ja says that the average value of f (x) 


а DO) 18: 


on the interval (4, b] is 9-4 


i — 22, 


Here we have е —1*! х 


e 


l] =ше- 1 1 = 1. Therefore, 


Evaluating the integral, we get In x 


the answer is e — l. 


21, 
В 


dy 
Use the Chain Rule to find the derivative: dx = 6(x4 + sin x)5 (4x3 
+ COS x). 


22, 
А 


8 


First, we need to find dx using implicit differentiation. 


(p a 
Rather than simplifying this, simply plug in (0, 1) to find ах. 
dy 
We get dx = 1. 


This means that the slope of the tangent line at (0, 1) is 1, so the 


slope of the normal line at (0, 1) is the negative reciprocal, which 
is –1. 


23. 
B 


We can evaluate this integral using u-substitution. Let u = Ух апа 
1 1 


du = 2x , $0 2du = Vx dx. Substituting into the integrand, we 
get 2J csc? и du = —2cot и + C. Now we substitute back: —2cot и + 
C - 2cot Vx + C. 


24. 
C 
| sin x 
im = 
We will need to use the fact that >20 х to find the limit. 


First, rewrite the limit as 


vod х7) 500 С x ur] 


(XZ) ¿S02 E ocx 
шэг үр 
Now, if We multiply the top aed) batten of the first fraction by 8, 


we get 


(X) ,S09 (x) 0cx 
Now, we can an take the Tit the BAM us у) = - 


29, 
р 


First, let’s graph the curve. 


We can find the volume by taking a vertical slice of the region. 
The formula for thé volume of a solid of revolution around the x- 
axis, using a vertical slice bounded from above by the curve f (x) 
and from below by 800), the interval (а, b] is 


p [4698 - Cf] [v 


Here we get 
0 
xp (х 018 + Т) : [v 
26. m 
A 


We use the Chain Rule and the Quotient Rule. 


dy | x 2) [в 1)Gx*) - G? -2)00х) 
& (22-1) ¢ ) 


If we plug in 1 for x, we get 


21 
D 


We can evaluate this integral using u-substitution. Let u = 5 – x 


and 5 — и=х. Then -du = dx. 


Substituting, we get 


The integral can be rewritten as 


“ЭРЧЭЭ ис | |- 
с 


С C 


= 
Finally, ‘sppstifatinghhick-we-fet 77 —— — о 
T T 
- C + Ol 
D+ 974-9 EL 


28. С | с 


This can be simplified to 


dy 
First. separate the variables: 7 = -2dt. Integrate both sides: 
[= = -2| dt . 
, In y 2 -2t + C. We can isolate y by 
exponentiating both sides: y = e?! * € = Ae-2t. Now, plug in the 


initial condition to solve for the constant: 100 = Ae? = A . We get y 


100 
= 100e-2'. Therefore, y(2) = 100e-22) = 100е = 2. 


29, 
D 


In order to find possible points of inflection, we first need to find 


the second derivative: 


Next, we set the second derivative equal to zero and solve: 12x2 — 


36x — 48 = 0. Divide through by 12: x2 – Зх - 4 = 0, which factors 


to (x — 4)(x + 1) = 0. We get x = 4 and x = -1. In order to be sure 
that x 2 4 is a point of inflection, we need to check that the second 
derivative changes sign there. Plug in values less than and great 
than 4 and check the sign of the second derivative: 12(3)? — 36(3) 
— 48 < 0 and 12(5)? – 36(5) — 48 > 0, so x = 4 is a point of 


inflection. 
30. 
C 
1 sinx 
| | | ах 
First, rewrite the integral аз * ° cos x 


Now, we can use u-substitution to evaluate the integral. Let u = 
cos x. Then du = -sin x. We can also change the limits of 
integration. The lower limit becomes cos 0 = 1 and the upper limit 
becomes cos 1, which we leave alone. Now we perform the 


substitution, and we get 


cosT 


Evaluating the integral, we get —In Hh = 


In(cos 1). This log is also equal to In(sec1). 


М 


aking the derivative: 


1 


7 71 slope 13095 


dx= . Next, ЫГ need to find where the, ара has а zero: 2 + 


cos x = 0). cos x = — Dr in the interval at x = 2 . Plug this into the 


2 


, , — = —sin 
derivative: 4х 


dy e 43 


22 
B 


The Second Fundamental Theorem of Calculus tells us how to find 


21004 fot 


the derivative of an integral. It says that dx 
where c is a constant and u is a function of x. 


Here we can use the theorem to get 


21 sin? £ dt = (ѕіп2(х2)) (2х), or 2x sin?(x?) 
2 


23 
B 


Here we have a function raised to another function. The best way 
to find the derivative is with logarithmic differentiation. First, take 


the log of both sides: In y = In x°os4x, Next, use the log laws to 


rewrite the right-hand side: In y = (cos4x)Inx. Now take the 
ld 
cu (cos Áx) (=) 
derivative of both sides: 7 & = x / — |а x(4sin4x). 
d 1 | 
(oo (2) - Inx(4 sin 2) 
X 


dy 
Remember that v = хсоз4х. so the derivative is dx = хоо, 
m 6 - Inx(4sin 2 
X 


Multiply both sides by y: dx = 


34. 
C 


We need to take the second derivative of f: i (x ) -1-2х67 and 


” PME Ave * \ 52€ m 237 НЭЭ 
f"(x)= 2x ane ) 2 хе” -267 =e (42-2). Now 
2 
we set the second derivative equal to zero. Note that ^ is always 


positive, so we get 4х2 — 2 = 0 and x = +0.707. 


Эс 
А 


The width of each rectangle of the Riemann Sum will be 
2-0 1 i | 1 3 
L-- H erorri) ro 
4 2, so the sum is: 2 2 2 . Evaluate 


this with a calculator and we get 26.357. 


36. 
D 


First, make a quick sketch of the region. 


7— 


We can find the volume by taking a-vertical slice of the region. 
x 


The formula for the volu f a solid of revolution around the x- 
с 
axis, using a vertical slice bounded from above by the curve f (x) 
К 
and from below by g(x), on the interval [a, b], is 


хр [4003 - 0694] [v 


Here we get 


0 
o Fd ae 6 ge 
Now we s ба w the ift " | Hirjt, expand ће integrand 


to get 


0 
Next "Ао 172 — 1) IE 
muy 


0 
EUN 
2 


2d, 
B 


We need an equation that relates the volume of a sphere to its 


4 
radius, namely V = 3zr3. If we differentiate both sides with respect 
m d шат аү 

—— —7(3r°)— Али — — 

to f, we get dt = 3 dt = dt. Next plugin dt = 20 
dr dr dr 
and r ES 20 = 474? dt = 64п Е, so dt = 
7 

— = —— А 0.0995 — 
dt | 6Ám 5 
38. 
В 


The Mean Value Theorem states that if a function is continuous on 


the interval [a, b], then there exists a value c in the interval (a,b) 


LORI. pq) 


such that . Here, fis a polvnomial. so it is 
find Р) f (a) 
continuous evervwhere. First, let's find b—a  .Weget 
£6)- fü). 245- (73) 
5-1 4 = 62. Next, we need f (c). We get: Р(х) 


= 6x? so f'(c) = 6c?. Now we set them equal to each other and 
solve: 6c? = 62, so c = +3.215. We don’t use the negative value 


because it is not in the interval. 


29, 
р 


Let's set P = x?y. We want to maximize Р, so we need to eliminate 
one of the variables. We are also given that x + y = 100, so we can 
solve this for у and substitute: y = 100 — x, so Р = x2(100 – х) = 


100x2 — x3. 


Now we can take the derivative. 


X 


И Р 
Set Ape "XO e solve forx. 
| dP 


ee PSP 

0 = (хє = 007)* 4'P 
Now we can use the secon défiVative to find the maximum: dx’ 
= 200 – бх. If we plug in x = 66.667, the second derivative is 


negative, so zris a maximum at x — 66.667. Solving for y, we get y 


= 33.333. 


40. 
р 


First, we need to see if the velocity changes sign in the interval 
from t= 0 to t = 2. If you graph the velocity equation on your 
calculator, you will see that all of the y values are positive, so the 
object will always be moving to the right. Next, let’s see how far 


the object travels in those 2 seconds. We can find this by 
2 


evaluating J 0 £ sin t dt. If you plug this in your calculator, you 
get 2.469. (If you are unsure how to evaluate the integral on your 


calculator, check the Appendix for some tips on using a 11-84 
calculator.) Because the object’s initial position is 4, the position 


at time ¢ = 2 will be 6.469. 


41. 
А 


We can evaluate this integral using u-substitution. Let и = sin(zrx) 


1 


and du = лсоѕ(лх)ах, so Л du = сова 2 into the 


ML 


integrand, we get | sin^(rx)cos( nx)dx — 


ue гаша. 
=] 52 о 

= л. 5 = 57 . Now we substitute back: 
— + C = ‘sin’ (x) + C 
5л 5л . 
42. 
D 


If we want to find the amount that the balloon has inflated in the 


8 
first 8 seconds, we need to evaluate J 0 300 - t In t dt. Use your 
calculator to get 2349.458. (If you have a TI 84 series calculator, 


you can access the integration function by pressing MATH and 
then 9.) Add the original 100 in.? to get 2449.458, which rounds to 
2450 in.3. 


43. 
A 


o» e» 


We can ane dx using implicit differentiation. We get: Iw dx 
У У 


+6xy+3y2dx = 0. Plug іп the point (2, 1) and solve for dx: 


44. 
В 


First, we will need to find the y-coordinate that corresponds to x = 
dy 

1:y=tanl = 1.557. Next, we need to find the derivative: dx = 

tanx + xsec? x. We plug in x = 1 to get the slope of the tangent line: 

dy 

dx =tanl + sec? 1 = 4.983. Now we can plug this into the 

equation of a line: y — 1.557 = 4.983(x – 1) or y = 4.983x - 3.426. 


45. 
C 


In order to solve this for b, we need f (x) to be continuous at x = 2. 
If we plug x = 2 into both pieces of this piecewise function, we get 


оо - wf 
So, we need 1ба +40 2 [o Now, if we take the derivative of 
both pieces of this function and plug in x = 2, we get 


: 322+ 9552 
Рә rane ‚ so we need 324 + 5 = 4b — 3 


1 


Solving the simultaneous equations, we get a= 2 апар = 6. 


ANSWERS AND EXPLANATIONS TO 
SECTION Il 


L. 


The temperature on New Year’s Day in Hinterland was given by 
(5 
T(H) = —A - B cos\ 12 /, where T is the temperature in degrees 


Fahrenheit and H is the number of hours from midnight (0 < H < 


24). 


(a) The initial temperature at midnight was —15? F, and at noon of 
New Year's Day was 5? F. Find a and b. 


Simply plug in the temperature, —15, for T and the time, midnight 
(Н = 0), for Н into the equation. We get —15 = —А - B cos 0, which 
simplifies to -15 = —A - В. 


Now plug the temperature, 5, for T and the time, noon (H = 12), 
for Н into the equation. We get 5 = —A — B cos(z), which 
simplifies to 5 2 —A + B. 


Now we can solve the pair of simultaneous equations for A and B, 
and we get А = 5? F and = 10° Е 


(b) Find the average temperature for the first 10 hours. 


In order to find the average value, we use the Mean Value 
Theorem for Integrals, which says that the average value of f (x) 
on the interval [a, 5] 1s 


Удл0- 


X 4 (sl 52-41 
неа 10 — 0^ J 12 — 


Evaluating the integral, we Я | 
s [on 62] 7 [9| [9 2] - езет 


(c) Use the Trapezoid Rule with 4 equal subdivisions to estimate 


8 
J 6 T(H)dH. 


The Trapezoid Rule enables us to approximate the area under a 
curve with a fair degree of accuracy. The rule says that the area 
between the x-axis and the curve y = f (x) on the interval [a, b], 


with n trapezoids, is 


12241 
2 n [+27 + 25 + 2ys +...+ 2yn 4 + yn] 


Using the rule here, with n = 4, a = 6, and b = 8, we get 


10 oso +2 5 10 cos 9) +2/ 5 10 os + 2( 5 10 cos 15E ) ( 5 10 oss ) 
12 24 12 24 12 
This is approximately —4.890° F. 


(d) Find an expression for the rate that the temperature is changing 
with respect to Н. 


We simply take the derivative with respect to H. 


2, 
dG 


Sea grass grows on a lake. The rate of growth of the grass is dt = 
kG, where k is a constant. 


(a) Find an expression for G, the amount of grass in the lake (in 
tons), in terms of t, the number of years, if the amount of grass is 
100 tons initially and 120 tons after one year. 


We solve this differential equation using separation of variables. 


First, move the С to the left side and the dt to the right side, to get 
dG 
С =kdt. 


Now, integrate both sides. 


Next, solve for G by exponentiating both sides to the base e. We 
get С = ekt+c. 


Using the rules of exponents, we can rewrite this as G = ek ec. 


Finally, because ec is a constant, we can rewrite the equation as G 
= Сем. 


Now, we use the initial condition that С = 100 at time Т = 0 to 
solve for C. 


100 = Ce? = С(1) = С 
This gives us С = 100ем. 


Next, we use the condition that С = 120 at time Т = 1 to solve for 
К. 


120 = 100ex 
1.2 = ek 
In 1.22 k = 0.1823 
This gives us С = 10069-1823; 


(b) In how many years will the amount of grass available be 300 
tons? 


All we need to do is set G equal to 300 and solve for t. 
300 = 10060-1823, 
3 220.1823; 
In 3 = 0.1823f 
t « 6.026 years 


(c) If fish are now introduced into the lake and consume a 
consistent 80 tons/year of sea grass, how long will it take for the 
lake to be completely free of sea grass? 


Now we have to account for the fish's consumption of the sea 
dG 


grass. So we have to evaluate the differential equation dt = kG — 


80. 


First, separate the variables, to get 
Now, integrate both 0 5 2) 4 


Е 2] 
Next, exponentiate m a o her e. We get 


Solving 9^ G, we get 7 


Now, set G en ати 2) 


zd о 
Now, set cog 02410 8 for e 


|| 
< 


а 
100$ — 08 _ 08 


Take the log of both es. > — ' 


1006 — 7 "m 


08 
Now, we plug in the value for k that we got in part (a) above to get 
400€ — 08 


T = 6.313 years. Бин uy = 44 
08 
а 
The functions f and g are twice-differentiable and have the 
following table of values: 


: 
alaq æ laj] o] 


(a) Let h(x) = f(g(x)). Find the equation of the tangent line to A at x 


= 2, 


We can find the derivative of h(x) using the Chain Rule: h'(x) = f 


(gGo)g'(x). At x = 2, we get h'(2) = f (g(2)g' Q2) =f (4)g'(2)= C-6) 
(4) = —24. 


And, at x = 2, h(2) = f(g(2)) = f(4) = -1. 
Therefore, the equation of the tangent line is y + 1 = -24(x - 2). 


(b) Let j(x) = flx)g(). Find (3). 


We can find the derivative of j(x) using the Product Rule: j'(x) = 


FDE) + Р(х) в (х). At = 3, we get: /(3) = f(3)g'3) + 7(3)2(3) = 
(5)(3) + Q)C-1) = 13. 


4 
(c) Evaluate | 1 3f"(x)dx. 


We simply evaluate (ar (x) dx = 37 (х), - 
3/7(4)-3//()7-3(-6)-3(4)--30 
4. 


Water is being poured into a hemispherical bowl of radius 6 inches 
at the rate of 4 in.3/sec. 


. = E d | 
shown above is У = mh? Э /, where R is the radius of the 
sphere, find the rate that the water level is rising when the water is 


2 inches deep. 


First, rewrite the equation as 


Now, take the derivative of the equation with respect to f. 


1р 1 1p 

gu — P ewuz = 222 
ТАЙ АР 

If we plug in dt =4, R=6, and Н = 2, we get 


= = JO — 10С= Ӯ 
(6) Епа ап 4хргезоп forf, the radius of the surface of the 
spherical segment of water, in terms of H. 


UG LOT СА 5 1р 


Notice that we can construct а right triangle using the radius of the 
sphere and the radius of the surface of the water. 


Ч 

Notice that the disténeg frdm the denier of the sphere to the 
surface of the water is-R —h.Now; we can use the Pythagorean 
Theorem to find r. 


R-(R-hpep 


We can rearrange this to get 


d- qu = (4-4) - af =4 


Because R = 6, we get 


(с) Howffaft isthe ci ae f fhe’Surfeee=-of thofspherical 
segment gf water growgne Gp inf2/fec) when the water is 2 inches 


deep? 


The area of the surface of the water is a = zrR?, where г = 
2 
4125 —P Thus, A = (12H — 12). 


Taking the derivative of the equation with respect to t, we get 


1р 1 їр 
We found А7 m] = Vr 


2 
Let R be the region in the first quadrant bounded by y? = x and x? = 


y. 
(a) Find the area of region R. 


First, let’s sketch the region. 


x 
In order to find the area, 
up all of the slices.Nów; 
region between y = f (£y and y 
Á 


хр [093 - (х) | 


We need to rewrite the equation y? 2 x as V X so that we can 


slice" the region vertically and add 
se the formula for the area of the 
= G(x), from x = a to x = b. 


integrate with respect to x. Our integral for the area is 


Pp M ad waget A^ № 


E € 
(b) Find the volumé of the а аа when R is revolved 
about the x-axis. 


In order to find the volume of a region between y = f (x) and y = 
g(x), from x = a to x = b, when it is revolved around the x-axis, we 
use the following formula: 


9 - (2) f] fu 


Here, our We for the area 15 


Evaluating the integral, we get 


(c) The section of a certain solid cut by any plane perpendicular to 
the x-axis is a circle with the endpoints of its diameter lying on the 
parabolas y? = x and x? = y. Find the volume of the solid. 


Whenever we want to find the volume of a solid, formed by the 
region between y = f(x) and y = g(x), with a known cross-section, 
from x = a to x = b, when it is revolved around the x-axis, we use 
the following formula: 


tion 1 sec formed b 

gging it inthe apro area formul In the case 
of a с СЇС, f (x) -X(x) gives us gth of the dia 
following 


(Note: A(x) 1s the (xy of the qross- -section. )We P e area of 


use mula: 


ӯ 
This gives P 20177] 7p) ub = Loy! 


бо 
Expand MORE dr | 


Evaluate the integral. 


For time t > 0, a particle moves along the x-axis. The velocity of 
t 


the particle at time ¢ is given by v(t)=1 PC | The particle’s 
position at time t = 0 is х(0) = 


(a) Is the particle speeding up or slowing down at time t = 6? 
Justify your answer. 


An object is speeding up if its velocity and acceleration have the 
same sign at a given time, and it is slowing down if they have 


opposite signs at a given time. We can find the acceleration by 


Й 
taking the derivative of the velocity: a(t) = Эѕіп\ 3 /, Now we сап 
check the signs using a calculator: v(6) = 1—2cos(2) = 1.832 and 
2 


a(6) = 3sin(2) = 0.606. The acceleration and velocity have the 
same sign at time f = 6, so the particle is speeding up. 


(b) When does the particle change direction in the interval 0 < t 
« 6? Justify your answer. 


The particle changes direction at times when the velocity is zero 
and changes sign. If we graph the velocity using a calculator, we 
can see that the velocity changes sign at t=. To the left of = л, 
the velocity is below the x-axis and to the right it is above, so the 
particle changes direction at the time t = л. (If you are unsure how 
to evaluate the integral on your calculator, check the Appendix for 
some tips on using a TI-84 calculator.) 


(c) What is the particle's position at time t = 6? 


We can find the change in the object's position in the first 6 


6 
| 1-206( | dt. 
seconds by evaluating the integral *° 9 . Although we 
could do this by hand, we are allowed to use a calculator, which 


6 
| 1- дев dt = 0.544 
will make matters easier. We get °° 3 А 


Because the particle started at x = 8, the object's position at time f 
— 6 is 8.544. (If you are unsure how to evaluate the integral on 
your calculator, check the Appendix for some tips on using a 


TI-84 calculator.) 


(d) What is the total distance traveled from time t = 0 to time t = 
6? 

If we want to find the total distance traveled in the first 6 seconds, 
we do something similar to what we did in part (c), but in the time 
between f = 0 and г = л, the particle is moving to the left (in part 
(b) we found that its velocity is negative), so we need to make that 
integral negative. Then we add it to the integral for when the 


particle is moving to the right between f = тапа t = 6. We get: 


= 6 
-| 1264 | dt + | 1 2cos{ =} 

3 P 3 . If we plug this into a 
calculator, we get: 2.055 + 2.599 = 4.654. (If you are unsure how 
to evaluate the integral on your calculator, check the Appendix for 


some tips on using a TI-84 calculator.) 


Practice Test 3 


Click here to download a PDF of Practice Test 3. 


The Exam 


AP® Calculus AB Exam 


SECTION I: Multiple-Choice Questions 


DO NOT OPEN THIS BOOKLET UNTIL YOU ARE TOLD TO DO 
SO. 


At a Glance 


Total Time 
1 hour and 45 minutes 
Number of Questions 


45 

Percent of Total Grade 
5096 

Writing Instrument 
Pencil required 


Instructions 


Section I of this examination contains 45 multiple-choice questions. Fill in 
only the ovals for numbers 1 through 45 on your answer sheet. 


CALCULATORS MAY NOT BE USED IN THIS PART OF THE 
EXAMINATION. 


Indicate all of your answers to the multiple-choice questions on the answer 
sheet. No credit will be given for anything written in this exam booklet, but 
you may use the booklet for notes or scratch work. After you have decided 
which of the suggested answers is best, completely fill in the corresponding 
oval on the answer sheet. Give only one answer to each question. If you 
change an answer, be sure that the previous mark is erased completely. Here 


is a sample question and answer. 
Sample Question 
Chicago is a 


(A) 
state 


(B) 
city 


(C) 


country 


(D) 
continent 


Sample Answer 


Q0 ОО 


Use your time effectively, working as quickly as you can without losing 
accuracy. Do not spend too much time on any one question. Go on to other 
questions and come back to the ones you have not answered if you have 
time. It is not expected that everyone will know the answers to all the 
multiple-choice questions. 


About Guessing 


Many candidates wonder whether or not to guess the answers to questions 
about which they are not certain. Multiple-choice scores are based on the 
number of questions answered correctly. Points are not deducted for 
incorrect answers, and no points are awarded for unanswered questions. 
Because points are not deducted for incorrect answers, you are encouraged to 
answer all multiple-choice questions. On any questions you do not know the 
answer to, you should eliminate as many choices as you can, and then select 
the best answer among the remaining choices. 


CALCULUS АВ 
SECTION I, Part A 
Time—60 Minutes 

Number of questions—30 


A CALCULATOR MAY NOT BE USED ON THIS PART OF THE 
EXAMINATION 


Directions : Solve each of the following problems, using the available space 
for scratchwork. After examining the form of the choices, decide which is the 
best of the choices given and fill in the corresponding oval on the answer 
sheet. No credit will be given for anything written in the test book. Do not 
spend too much time on any one problem. 


In this test : Unless otherwise specified, the domain of a function f is 
assumed to be the set of all real numbers x for which f(x) is a real number. 


L. 


x 


т cos(2t) dt = 


(A) 
cos(2x) 

(B) 
sin(2x) —1 

2 

(C) 
cos(2x)- 1 

(D) 
sin 2(x) 

2 


2; 
Let f be the function given by f(x) = 4x? — 48x + 12. On which of the 
following intervals is the function f(x) increasing? 


(-44/3, 443) 


(72, 2) 


(7 œ, -4V3) and (443, =) 


(D) C% 


and (2, e») 


3. 
E» 


If 3x2 — 2xy + 3y = 1, then when x = 2, dx = 


12 


4. 
Ї Ox 41:24 
X dx= 


x24+4x-2Inx+C 


2 


2x+4-x+C 


(A) 


(B) 


(C) 


(A) 


(B) 


(C) 


(D) 


(A) 


(B) 


(C) 


(D) 
4 3 
лото 
2 3 
x +C 
5. 
= 
The gráph of агрїесёулв ‘linear function f, forO < x < 8, is shown 
І 8 
above. What is the valud of J, f(x) ах? 
(ху 
(А) 
1 
(В) 
4 
(С) 
8 
(D) 
10 
6. 
X= sin x 
li >= 
x0 X 
(A) 
0 
(B) 
1 
(C) 
2 
(D) 


The limit does not exist. 


7. 


dy 
If y = 2xcosx, then dx = 
(A) 
2 + COS х 
(В) 
2-sinx 
(C) 
2cos x — 2x sin x 
(D) 
2cos x + 2x sin x 
8. 
3х-2 
Given f(x) = 2x —3, find f (x). 
(A) 
3 
2 
(В) 
5 
(23 - 3) 
(C) 
5 
(2x - 3) 
(D) 
x 
(2x — 3) 
9. 
if 4 
2 \x-1/dx= 
(A) 


(В) 
4е 


(C) 


(D) 
10. 


x P 4 
A саг 8 velocity is a on the graph above. Which of the following 
gives the total distance traveled from f = 0 to = 16 (in kilometers)? 


(A) 
360 

(B) 
390 

(C) 
780 

(D) 
1,000 

11. 
2 
If f(x) = tan(5x) then f\4/= 

(A) 
-5 

(B) 
0 

(C) 
5 

(D) 


Л 
The derivative does not exist at x = 4 


12. 


What is the equation of the line tangent to the graph of y = sin2x at x = 
Л 


4? 
(A) 
1 Е а 
у-2-1 4 
(В) 
d. Ё H 
y-v2=\ 4 
(C) 
EN + B а 
y = 2 = 2 4 
(D) 
1:208] 
2 811208 
y-2=2\ 4 
13; 
Ё И +3; х < 3 
Given 2x° —3x;x2 3 which of the following statements is 
true? 


(A) 
f(x) is continuous at x = 3. 

(B) 
f(x) is differentiable at x = 3. 

(C) 
f(x) is not continuous at x = 3. 

(D) 


im l 
x3 f(x) does not exist. 


14. 


The graph of y = x4 + 8x3 — 72x2 + 4 is concave down for 


(A) 
-6 <x<2 

(B) 
x>2 

(C) 
x<=6 

(D) 
-3 -345 < x < -3 + 345 

15, 
тэн In(x + 1) E 
75 1727: 

(A) 
SEN 
112 

(В) 
0 

(C) 
1 

(D) 
112 

16. 


23 
y 


The graph of fx) is shown in the figure above. Which of the following 
could be the graph of f'(x) ? 


(A) 


17. 


If f(x) = In(cos(3x)), then f(x) = 


3 sec(3x) 


3 tan(3x) 


-3 tan(3x) 


-3 cot(3x) 


18. 
d 4x 


dxJ3 cos2tdt= 


sin2(4x) 


соѕ2(4х) 


451п2(4х) 


4со82(4х) 


(В) 


(С) 


(D) 


(A) 


(B) 


(C) 


(D) 


(A) 


(B) 


(C) 


(D) 


19. 


A particle moves along the x-axis with its position at time t , where t > 


0, given by x(t) = 28 — 152 + 361 + 4. For which of the following 


values of t is the particle at rest? 


t=Oandt=6 


t=2andt=3 


20. 


T 


2 
| о sin(2x)esim, dx = 


FAR 


The average value of sec?x on the interval ` 


15432:12 


Л 


(А) 


(В) 


(C) 


(D) 


(A) 


(B) 


(C) 


(D) 


(A) 


(B) 


22. 


What is the region in the first quadrant bounded from above by the 


1 


(С) 


(D) 


graph of the line y = 2 and from below by y = sin x on the interval x = 0 


tox= 6? 
LIEN 
12 2 
221228 
12 2 
27728! 
12 2 2 
л NB 
12 2 2 

23, 


(A) 


(B) 


(C) 


(D) 


The function fis given by f(x) = x4 + 4x3. On which of the following 


intervals is f decreasing? 


(73, 0) 


(A) 


(В) 


(0, =) 
(C) 
(73, e) 
(D) 
(- <, 73) 
24. 
її tan(3x) + 3x Е 
x20 — gin(5x) 
(A) 
0 
(В) 
3 
S 
(C) 
6 
(D) 


The limit does not exist. 


23; 


If the region enclosed by the y-axis, the curve у = AN x , and the line y = 


8 1s revolved about the x-axis, the volume of the solid generated is 


(A) 
327 
3 
(B) 
1287 
(C) 
128 
3 


(D) 


1287 


26. 
The maximum velocity attained on the interval O < t < 5, by the 
particle whose displacement is given by 5(1) = 28 — 12£? + 16t + 2, is 


(A) 
286 

(B) 
46 

(C) 
16 

(D) 
0 


ат. 
If f(x) = x? + 2x on the interval (2, 6], find the value of c guaranteed Бу 
the conclusion of the Mean Value Theorem on the interval (2, 6). 


(A) 
3 

(B) 
3.5 

(C) 
4 

(D) 
4.5 

28. 
If f(x) = sinl, then f(x) = 

(A) 
ган 
1—42? 

(В) 

4 


(C) 


MA 
41—16x? 
(D) 
ОЕ Ур 
41-16x? 
29. 
d DX 
dx * 2x cost = 
(A) 
5 cos 5x - 2 cos 2x 
(B) 
5 sin 5x — 2 sin 2x 
(C) 
cos 5x — cos 2x 
(D) 


sin 5x — sin 2x 


30. 


Let g(x) 2 Jo f(t) here f(t) has the graph shown above. Which of 


the following could be the graph of g ? 


ay 
(A) 


(B) 


(C) 


(D) 


END OF PART A, SECTION I 


IF YOU FINISH BEFORE TIME IS CALLED, YOU MAY CHECK 
YOUR WORK ON PART A ONLY. 


DO NOT GO ON TO PART B UNTIL YOU ARE TOLD TO DO SO. 


CALCULUS АВ 
SECTION I, Part B 
Time—45 Minutes 

Number of questions—15 


A GRAPHING CALCULATOR IS REQUIRED FOR SOME QUESTIONS 
ON THIS PART OF THE EXAMINATION 


Directions : Solve each of the following problems, using the available space 
for scratchwork. After examining the form of the choices, decide which is the 
best of the choices given and fill in the corresponding oval on the answer 
sheet. No credit will be given for anything written in the test book. Do not 
spend too much time on any one problem. 


In this test: 


I. 
The exact numerical value of the correct answer does not always 
appear among the choices given. When this happens, select from 
among the choices the number that best approximates the exact 
numerical value. 


2: 
Unless otherwise specified, the domain of a function fis assumed to be 
the set of all real numbers x for which f(x) is a real number. 


31. 
If f(x) is the function given by f(x) = e3x + 1, at what value of x is the 
slope of the tangent line to f(x) equal to 2 ? 


(A) 
-0.366 

(В) 
-0.135 

(С) 
0 

(D) 


0.693 


32. 
The graph of the function y = x3 + 12x2 + 15x + 3 has a relative 
maximum at x = 


(A) 
-10.613 

(B) 
-7.317 

(C) 
-1.138 

(D) 
-0.248 


33. 
The side of a square is increasing at a constant rate of 0.4 cm/s. In 
terms of the perimeter, P, what is the rate of change of the area of the 
square, in cm2/s? 


(A) 
0.05P 

(B) 
0.2P 

(C) 
0.4P 

(D) 
5].2P 


34. 
Let f be the function given by f(x) 2 3x. For what value of x is the slope 
of the line tangent to the curve at (x, f(x)) equal to 1 ? 


(A) 
0.086 

(B) 
0 

(C) 


-0.086 


(D) 
-1.099 


за 
The table below gives values for the functions Ѓапа g and its 
derivatives for certain values of x. If the function h(x) = f(g(x)), what is 
the value of h'(2) ? 


ВЕЛЕ ВЕ ЕВ ee 


(А) 
0 

(В) 
12 

(С) 
24 

(D) 
30 


36. 
Let R be the region in the first quadrant bounded by f(x) = ex + 3 and 
g(x) = In(x + 1), from x = 0 to x = 2. What is the area of R ? 


(A) 
5.547 

(B) 
11.093 

(C) 
13.685 

(D) 
127.032 


37, 
3 


What is the trapezoidal approximation of ~ 0 ex dx using n = 4 


subintervals? 


6.407 


13.565 


19.972 


27.979 


38. 


(A) 


(B) 


(C) 


(D) 


If f(x) = x4 — 3x2 + 5, on which of the following intervals is f concave 


up? 


and 
39. 
li 1- sinx 
Evaluate 3 2085 . 
=] 


(А) 


(В) 


(С) 


(D) 


(A) 


(B) 


(C) 


(D) 
The limit does not exist. 


40. 
The base of a solid 5 is the region enclosed by the graph of 4x + 5y = 
20, the x-axis, and the y-axis. If the cross-sections of 5 perpendicular to 
the x-axis are semicircles, then the volume of S is 


(A) 
5л 
3 
(В) 
107 
3 
(C) 
50л 
3 
(D) 
2257 
3 


41. 
Which of the following is an equation of the line tangent to the graph of 
ysx3-x?aty-23? 


(A) 
у = 33x - 63 

(В) 
у = 33х - 13 

(С) 
у = 6.488х - 4.620 

(D) 


y = 6.488x — 10.620 


42. 
If f(x) = In x — x + 2, at which of the following values of x does f have a 


relative minimum value? 


(A) 
5.146 

(B) 
3.146 

(C) 
0.159 

(D) 
0 


43. 
Find the total area of the region between the curve y = cos x and the x- 
axis from x = 1 to x = 2 in radians. 


(A) 
0 

(B) 
0.068 

(C) 
0.249 

(D) 
1.751 

44. 
3 
Let f(x) "s 0<0<x.Iff=\ 6 /= 1, then КП) = 

(А) 
-1.861 

(В) 
-0.480 

(C) 
0.524 

(D) 


1.521 


45. 
2) 


Given dx = 2xy – and y(0) = 4, which of the following is equal to y ? 


| (A) 
ел? хо 
+4 ши 
ex^ x 
4 (С) 
Tex 
: (D) 
+ exx 


STOP 
END OF PART B, SECTION | 
IF YOU FINISH BEFORE TIME IS CALLED, YOU MAY CHECK 
YOUR WORK ON PART B ONLY. 
DO NOT GO ON TO SECTION П UNTIL YOU ARE TOLD TO DO 
SO. 


SECTION II 
GENERAL INSTRUCTIONS 


You may wish to look over the problems before starting to work on them, 
since it is not expected that everyone will be able to complete all parts of all 
problems. All problems are given equal weight, but the parts of a particular 
problem are not necessarily given equal weight. 


A GRAPHING CALCULATOR IS REQUIRED FOR SOME PROBLEMS 
OR PARTS OF PROBLEMS ON THIS SECTION OF THE 
EXAMINATION. 


You should write all work for each part of each problem in the space 
provided for that part in the booklet. Be sure to write clearly and legibly. 
If you make an error, you may save time by crossing it out rather than 
trying to erase it. Erased or crossed-out work will not be graded. 


Show all your work. You will be graded on the correctness and 
completeness of your methods as well as your answers. Correct answers 
without supporting work may not receive credit. 


Justifications require that you give mathematical (noncalculator) reasons 
and that you clearly identify functions, graphs, tables, or other objects you 
use. 


You are permitted to use your calculator to solve an equation, find the 
derivative of a function at a point, or calculate the value of a definite 
integral. However, you must clearly indicate the setup of your problem, 
namely the equation, function, or integral you are using. If you use other 
built-in features or programs, you must show the mathematical steps 
necessary to produce your results. 


Your work must be expressed in standard mathematical notation rather 
5 


than calculator syntax. For example, J х2 dx may not be written as fnInt 
(X2, X, 1, 5) 


Unless otherwise specified, answers (numeric or algebraic) need not be 
simplified. If your answer is given as a decimal approximation, it should 
be correct to three places after the decimal point. 


Unless otherwise specified, the domain of a function fis assumed to be 
the set of all real numbers x for which f(x) mis a real number. 


SECTION II, PART A 
Time—30 minutes 
Number of problems—2 


A graphing calculator is required for some problems or parts of 
problems. 


During the timed portion for Part A, you may work only on the problems in 
Part A. 


On Part A, you are permitted to use your calculator to solve an equation, find 
the derivative of a function at a point, or calculate the value of a definite 
integral. However, you must clearly indicate the setup of your problem, 
namely the equation, function, or integral you are using. If you use other 
built-in features or programs, you must show the mathematical steps 
necessary to produce your results. 


L. 


Let R be the region in the first quadrant shown in the figure above. 


(a) 
Find the area of R. 

(b) 
Find the volume of the solid generated when R is revolved about 
the x-axis. 

(c) 


Find the volume of the solid generated when R is revolved about 
the line x =-1. 


РА 


А body is coasting to a stop апа the only force acting on it is а 


ds 


resistance proportional to its speed, according to the equation dt = vf = 


m 


Vo € ; 5(0) = 0, where vo is the body's initial velocity (in m/s), vf is 


its final velocity, т is its mass, k is a constant, and f is time. 


(a) 
If a body with mass m = 50 kg and k = 1.5 kg/s initially has a 
velocity of 30 m/s, how long, to the nearest second, will it take to 
slow to 1 m/s? 


(b) 
How far, to the 10 nearest meters, will the body coast during the 
time it takes to slow from 30 m/s to 1 m/s? 


(c) 
If the body coasts from 30 m/s to a stop, how far will it coast? 


SECTION II, PART В 
Time—1 hour 
Number of problems—4 


No calculator is allowed for these problems. 


During the timed portion for Part B, you may continue to work on the 
problems in Part A without the use of any calculator. 


3 
An object moves with velocity v(t) = ЭР + 18t — 7 fort > 0 from an 
initial position of s(0) = 3. 


(a) 
Write an equation for the position of the particle. 

(b) 
When is the particle changing direction? 

(c) 


What is the total distance covered from t = 2 to t= 5? 


Three trains, A, В, and C each travel on a straight track for 0 £ t £ 16 
hours. The graphs above, which consist of line segments, show the 
velocities, in kilometers per hour, of trains A and B. The velocity of C 
is given by 


v(t) = 8t — 0.252 
(Indicate units of measure for all answers.) 


(a) 


Find the velocities of A and C at time t = 6 hours. 


(b) 


Find the accelerations of B and C at time ¢ = 6 hours. 


(с) 
Find the positive difference between the total distance that A 
traveled and the total distance that B traveled in 16 hours. 


(4) 
Find the total distance that C traveled in 16 hours. 
26 
Consider the curve y? + 3xy = 4. 
(a) 
Find an equation of the tangent line to the curve at the point (1, 1). 
(b) 
Find all x-coordinates where the slope of the tangent line to the 
curve is undefined. 
(c) 
d'y 
Evaluate dx^ at the point (1, 1). 
6. 
dy Xy 
Consider the differential equation dx = 2 . 
(a) 
Sketch the slope field at the 9 points indicated below. 
(b) 


Find the particular solution to the differential equation y = f(x) 
with initial condition КО) = 5. 


(c) 


Write an equation for the tangent line to the graph at (2, 1). Use 
the tangent line to estimate y at x = 2.1. 


STOP 
END OF EXAM 


Practice Test 3: Answers and Explanations 
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ANSWERS AND EXPLANATIONS ТО 
SECTION | 


ГВ 
В 
1 
First, take the antiderivative: J а ES EE Next. plug in 
Л Л 


x and 4 for t and take ће difference: 2sin(2x) – 2sin 4 
sin(2x) — 


This can be simplified to 2 


2r 
D 


First, take the derivative: f(x) = 12x2 — 48. Next, set the derivative 
equal to zero and solve: 12x? — 48 = 0. We get: x = +2. Now we 
sign test to find where the function is increasing or decreasing. 
Let's pick a number less than —2, like —3. Plug it into the 
derivative and we get: /(-3) = 12(—3)2 – 48 > 0. Next we pick a 
number between —2 and 2, like 0: /(0) = 12(0)2 — 48 < 0. Finally, 
we pick a number greater than 2, like 3: 7 (3) = 12(3)? — 48 > 0. 
Therefore, f(x) is increasing when x is less than —2 or greater than 
2. In interval notation, we get (— œ , —2) and (2, e). 


3. 
B 
2) 


We need to use implicit differentiation to find dx. 


X 3 
l e+ lt- ат x9 


uiu 9 
dy 


TET NC 
Now, if we wanted (о Solve for dx in terms of x and y, we would 


have to do some algebra to isolate dx. But because we are asked 


dy 
to solve for ах at a specific value of х, we don't need to simplify. 
We need to find the y-coordinate that corresponds to the x- 
coordinate x = 2. We plug x = 2 into the original equation and 
solve for y. 
3(2)2 — 2(2)у + Зу = 12 - у= 1 
у= 11 


Finally, we plug x = 2 and y = 11 into the derivative, and we get 


xp 


(1) ийн 17 


x x 
4. Цагаан 


ze "m por (09 


Simplify the integrand by separating it into three fractions: 


0 


2x? А 4x’ _ 2х 2 
We can simplify this to’ x? x! x dx= | 2x - 4 — хах. 
And integrate: 
2 


| E E ИГТ 


5; 
B 


We need to add the areas of the regions between the graph and the 
x-axis. Note that the area of the region between 0 and 5 has a 
positive value and the area of the region between 5 and 8 has a 
negative value. The area of the former region can be found by 


calculating the area of a trapezoid with bases of 2 and 5 and a 


1 
height of 2. The area is 2(2 + 5)(2) = 7 . The area of the latter 


region can be found by calculating the area of a triangle with a 
] 


base of 3 and a height of 2. The area is 2(3)(2) = 3. Thus, the 
value of the integral is 7 — 3 = 4. 


6. 
A 


0 


If we take the limit as x goes (00, we get an indeterminate form 0, 
so let's use L' Hópital's Rule. We take the derivative of the 


numerator and the denominator to get 

. X-smnx  l-cosx 
linj— — = lim —— —— 

a0 x х—>0 2х, . When we take the limit, we again 
get an indeterminate form 0, so let's use L’ Hópital's Rule a 
second time. We take the derivative of the numerator and the 


ММ... 07010411. 
l lim ————-. = lim 
denominator and to »^9 2х х-0 2 . Now, when we 
” sinx 
8 lim 

take the limit, we get х>0 2 =0. 

y^ 

C 


dy 
Use the Product Rule to find the derivative: dx = 2x(-sin x) + 2 
COS X = — 2x sin x +2 cos x. 


8. 
C 


We can find the derivative with the Quotient Rule: f'(x) 5 
(2х-3)8)-0х-2)2) | 5 — 
(2х-3) = (2x-3) 


dx 


You should know that" x = [| + C. We take the antiderivative 
4 


and we get’ \* ~! J dy=4 ах - 1| + C. Next, plug in e + 1 and 2 
for x, and take the difference: 4 In(e) — 4 In(1). You should know 


that Ine = 1 and ш1 = 0. Thus, we get 4 In(e) — 4 In(1) = 4. 


10. 


We find the total distance traveled by finding the area of the region 
between the curve and the x-axis. Normally, we would have to 
integrate but here we can find the area of the region easily because 
it consists of geometric objects whose areas are simple to 
calculate. The area of the region between t = 0 and t = 4 can be 


found by calculating the area of a triangle with a base of 4 and a 


1 


height of 60. The area is 2 (4)(60) = 120. The area of the region 
between f = 4 and t = 8 can be found by calculating the area of a 


rectangle with a base of 4 and a height of 30. The area is (4)(30) = 
120. The area of the region between t = 8 and t = 16 can be found 
by calculating the area of a trapezoid with bases of 4 and 8, and a 


height of 90 (or you could break it up into a rectangle and a 
1 


triangle). The area is 2 (4 + 8)(90) = 540. Thus, the total distance 
traveled is 120 + 120 + 540 = 780 kilometers. 


11. 


tan(5x)) 2 
Use the. Chain Rule: f'(x) = 2 (sec2(5x))(5). Next, plug 


inx= 4: 


12. 


If we want to find the equation of the tangent line, first we need to 
Л 


find the y-coordinate that corresponds to x = 4. Itis y = sin? 
Л 1 Ї 


4) A427 =2. 


Л 
Next, we need to find the derivative of the curve at x = 4, using 
the Chain Rule. 
d 
dy m = 2sin (Z Jeo a 
222 БЭ ae 4 4 


We get dx = 2 sin x cos x. Atx= 4, 
1 
acea sen 
= zza 
Now we have the slope of the tangent line and a point that it goes 


through. We can use the point-slope formula for the equation of a 


line, (y — yj) = m(x — xı), and plug in what we have just found. We 


CHo 
EE d 
"d 2/-(1) 4 / 


13. 
А 


im 
Let's test whether fis continuous. First, КЗ) = 9 exists. Next, x3" 


lim lim | lim 
f(x) = 9 and x3" f(x) = 9, so хәз f(x) = 9. Finally, because хз f(x) 


= f(3) = 9, f(x) is continuous at x = 3. 


14. 
A 


A graph is concave down where the second derivative is negative. 


First, we find the first and second derivative. 


dy 

dx = 4x3 + 24x2 — 144x 
d'y 

dx? = 12x2 + 48x – 144 


Next, we want to determine on which intervals the second 
derivative of the function is positive and on which it is negative. 


We do this by finding where the second derivative is zero. 
12x2 + 48x - 144 = 0 
x?-4x—1220 
(х+6)(х-2)=0 
x=-6orx=2 

We can test where the second derivative is positive and negative 
by picking a point in each of the three regions — о < < -6, -6 < x 
< 2, and 2 <x < e, plugging the point into the second derivative, 


and seeing what the sign of the answer is. You should find that the 


second derivative is negative on the interval —6 < х < 2. 


15. 


If we take the limit as x goes to со, we get an indeterminate form 


ОО 


оо, so let's use L' Hópital's Rule. We take the derivative of the 
numerator and the denominator to get 


(x1) | 
Їй(х-1 
im lim-X t1. 1 2 
X00 log, x X00 1 Х-эОО x + 1 
xln2 re: When we take the limit, we 


again get an indeterminate form, оо, so let's use L' Hópital' s Rule 
a second time. We take the derivative of the numerator and the 


lim - lim 


denominator to get» x+] >» ] =Ш2. 


16. 


Here we want to examine the slopes of various pieces of the graph 
of f (x). Notice that the graph has a positive slope from x = – о to 
x = —2, where the slope is zero. Thus, we are looking for a graph 
of f (x) that is positive from x = — to x = —2 and zero at x = 2. 
Notice that the graph of f (x) has a negative slope from x = -2 to x 
= 2, where the slope is zero. Thus, we are looking for a graph of f 
(x) that is negative from x = —2 to x = 2 and zero at x = 2. Finally, 
notice that the graph of f (x) has a positive slope from x = 2 to x = 
co, Thus, we are looking for a graph of f (х) that is positive from x 


= 2 tox = œ. The graph in (D) satisfies all of these requirements. 


Le 


d u(x) 
Remember that dxIn(u(x)) = (х). 


We will need to use the Chain Rule to find the derivative. 
—sin(3x) 


f(x) 1 cos(3x) 1, = —3 tan(3x) 


d 4x 


Use the Second Fundamental Theorem of Calculus: dx #3 cos? t 
dt = cos2(4x)(4). 


19. 
D 


The particle is at rest where its velocity is zero. We can obtain the 
velocity from the derivative of the position function. We get: v(t) 
= x'(t) = 62 — 30t + 36. Setting the velocity equal to zero we get: 
622 — 30t + 36 = 0. Divide through by 6: 2 — 5t + 6 = 0. (t — 3)(t- 
2) = 0 So the particle is at rest at t = 2 and t= 3. 


20. 
A 


We can use u-substitution to evaluate the integral. Let u = sin? x 
and du = 2 sin x cos x dx. Next, recall from trigonometry that 2 sin 
x cos x = sin(2x). Now we can substitute into the integral J ev du, 
leaving out the limits of integration for the moment. Evaluate the 
integral to get . Now, we substitute back to get esin2 х, Finally, we 


evaluate at the limits of integration to get 


21, 
В 


In order to find the average value, we use the Mean Value 


Theorem for Integrals, which says that the average value of f (x) 


1 | 
on the interval (4, b] is f — а *^ f(x) dx. 


d 


— | 

т 105 

Неге we have 4 6 sec? x dx. Next, recall that 4х tan x = 
sec? x. 


ajla Aja 


We evaluate the integral. 


z 1 л л 1 V3 
(tanx)í = tan tan 1 
= 4 6 


25 ши 3 
6 4 6 


Get a common denominator for each of the two expressions. 


1 = 


2n 3 л 3 | 12 - 4 3 
We can simplify this to 24 2800. M 
22, 
B 


First, let's make a sketch of the region. 


Л 


Note that the line intersects the curve at x = 6, and that the line is 
above the curve for the whole region. So in order to find the area, 


we need to evaluate the integral 


A function is decreasing on an interval where the derivative 18 
negative. The derivative is f (х) = 4x3 + 12x2. We want to 
determine on which intervals the derivative of the function is 


positive and on which it is negative. We do this by finding where 
the derivative is zero. 


4x3 + 1232 = 0 
4x2(x + 3) =0 


x=-30rx=0 


We can test where the derivative is positive and negative by 
picking a point in each of the three regions - о «x -3, -3 < х < 
0, and 0 € x < ee, plugging the point into the derivative, and 
seeing what the sign of the answer is. Because x? is never 
negative, you should find that the derivative is negative on the 


interval — © < х < 3. 


24. 
C 


sin x 


im 

We will need to use the fact that ^? х = 1 to find the limit. 
sin (3x) 

cos (3x) 


im 
First, rewrite the limit as *”° sin(5x) 


+ 3x 


Next, break the expression into two rational expressions. 


This can be broken up further into 


(xc)um (хє) ѕоо (XG) UTS ос. 
== и 


€ I (хє) urs 


We will evaluate the limit of each separately. 


First expression 


sin (3x) 


NOT NS 
lim sin(5x) 


Divide the top and bottom by x: x 


Then, multiply the top and bottom of the upper expression by 3, 


and the top and bottom of the lower expression by 5: 
3sin (3x) 


А Эх 
lim 5 sin(5x) 


Эх 
3sin (3x) 
іы 22 = a) 
x20 5sin(5x) 50) 3 
Now, if we take the limit, we get Эх = 0 
Second expression 
1 1 


im —— = 
This limit is straightforward: *~° cos(3x) соѕ(0) = 1. 


Third expression 


First, pull the constant, 3, out of the limit: 


| 3x 
lim 1100 er 
x20 sin(5x) x29 sin(5x), 


Now, if we multiply the top and bottom of the expression by 5, we 


alm E 0 
get “> 5sin(5x) 


1 5x 1 3 
3lim ——~— = 3| - |2Z 
Now, if we take the limit, we get *~° 5sin(5x) 5 2. 


3 1)+ 3 = 6 
Combine the three numbers to get 5 > 
25. 
B 


First, we graph the curves. 


We can find the volume Бу fakíng/a Vertical slice of the region. 
The formula or the volume of a soli revolution around the x- 
above by the curve f (x) 


2 is 


axis, using a vertical slice bounded fro 


and from below by g(x), on the interv 


САР a - WF] Ја 


The upper curye is andthe lower É 


Next, we need to fi Be point(s) of interséttion of the two 
curves, which we Kl setting them еара! to each other and 


solving for x. £ 
8-4 x 
2-4х 


хэ4а 
Thus, the limits of integration are x = 0 and x = 4. 


Now, we evaluate the integral. 


«|| 8? - [ave | dx = nf (64-165) de = л(6ёх-8х2) -128л 


26. 
В 


Velocity is the first derivative of position with respect to time. 


The first derivative is 


v(t) = 6f2 — 24t + 16 


If we want to find the maximum velocity, we take the derivative of 
velocity (which is acceleration) and find where the derivative is 
Zero. 


v'(t) = 121 24 


Next, we set the derivative equal to zero and solve for f, in order to 


find the critical value. 
121 24 = 0 


1-2 


Note that the second derivative of velocity is 12, which is positive. 
Remember the second derivative test: If the sign of the second 
derivative at a critical value is positive, then the curve has a local 
minimum there. If the sign of the second derivative is negative, 
then the curve has a local maximum there. 


Thus, the velocity is a minimum at t = 2. In order to find where it 
has an absolute maximum, we plug the endpoints of the interval 
into the original equation for velocity, and the larger value will be 
the answer. At t = 0, the velocity is 16. At = 5, the velocity is 46. 


24. 
C 
f(6)- f (2) 48-8 
First, we need to find (6 Bl 2) Р 10. Next, we take 
the derivative at x = c. We get f(x) = 2х + 2 and f'(c) = 2c +2. 


Setting them equal to each other, we get 2c + 2 = 10 and c = 4. 


28. 
D 


4 l du d 
Remember that dx sin-! u = V1- u? 4х , So here we get dx sin 


1 = 
-1(4x) = 41-(4х) Ул C o 


23 
А 


The Second Fundamental Theorem of Calculus tells us how to find 


dF d {= 


the derivative of an integral: dx dx ~~ f(t) dt. Here we can use 


5x 


the theorem to get Zx 2х cos t dt 5cos 5x — 2cos 2x. 


30. 
B 


х 


The function g(x) = J 0 f(t) is called an accumulation function and 
stands for the area between the curve and the x-axis to the point x. 


At x = 0, the area is 0, so g(0) = 0. From x = 0 to x = 2, the area 
grows, 50 g(x) has a positive slope. Then, from x = 2 to x = 4, the 
area shrinks (because we subtract the area of the region under the 
x-axis from the area of the region above it), so g(x) has a negative 
slope. Finally, from x = 4 to x = 6, the area again grows, so g(x) 
has a positive slope. The curve that best represents this is shown in 


(B). 


21 
B 


The slope of the tangent line is the derivative of the function. We 
get f (х) = 3e3x. Now we set the derivative equal to 2 and solve for 


3e3x = 2 
2 

ex = 3 
2 

3x = | 


1 


х= 313 = -0.135 


Remember to round all answers to three decimal places on the AP 


Exam. 


24. 
B 


dy 
First, let's find the derivative: dx = 3x2 + 24x + 15. 


Next, set the derivative equal to zero and solve for x. 


3x2 + 24x + 15 = 0 


х2 + 8+ 5 = 0 


Using the quadratic formula (or a calculator), we get 


Let’s use the second derivative test to determine which is the 
maximum. We take the second derivative and then plug in the 
critical values that we found when we set the first derivative equal 
to zero. If the sign of the second derivative at a critical value is 
positive, then the curve has a local minimum there. If the sign of 
the second derivative is negative, then the curve has a local 
maximum there. 


d'y 


The second derivative is dx” = 6x + 24. The second derivative is 


negative at x = —7.317, so the curve has a local maximum there. 


33. 
B 


The formula for the perimeter of a square is P = 4s, where s is the 
length of a side of the square. 


dP ds 


If we differentiate this 2 respect to t, we get dt dt. We 
0 


plug in dt = 0.4 to get dt = 4(0.4) = 1.6. 


The formula for the area of a square is A = s2. If we solve the 
perimeter equation for s in terms of P and substitute it into the area 


equation, we get 


217 Ба 
ша d dA P dP 
dt 8 


If we differentiate this with respect to t, we get dt. 
ар» dA Р 

Now we plug in dt = 1.6 to get ҮЛ - 8 (1.6) = 0.2P. 

34. 

C 


The slope of the tangent line is the derivative of the function. 
d 


Recall that dx ax = ax In a. Here we get f'(x) = Зх In 3. Now we set 
the derivative equal to 1 and solve for x. Using the calculator, we 


get 3x In 3 = 1, sox = —0.086. 


23, 
C 


First, use the Chain Rule to find h'(x) = f (gG))g' (x). Next, evaluate 


the derivative at x = 2. We get h'(2) = f'(g(2))g'(2). Use the table to 
find g(2) = 1 and g'(2) = 6. Next, because g(2) = 1, we need to find 
f (1) = 4 (from the table). Therefore, h'(2) = f'(g2))g' (2) = f'(1)g 
'(2) = (4)(6) = 24. 


36. 
B 


First, graph the equations to see which one is on top and which is 
on the bottom. 


Note that f(x) = ех + 3 is always above g(x) = ln(x + 1), so in order 


to find the area, we simply have to integrate J 0 0 3) — In(x + 
1)dx. If you plug this in your calculator, you get 11.093. (If you 


are unsure how to evaluate the integral on your calculator, check 


the Appendix for some tips on using a TI-84 calculator.) 


a: 
C 


The Trapezoid Rule enables us to approximate the area under a 
curve with a fair degree of accuracy. The rule says that the area 


between the x-axis and the curve y = f (x), on the interval [a, b], 
with n trapezoids, is 


Using the rule here, with n = 4, a = 0, and b = 3, we get 


38. 
D 


The function will be concave up where the second derivative is 


positive. We need to differentiate f twice: f(x) = 4x3 — 6x f' (x) = 


12x2 — 6. Now we set the second derivative equal to zero and 


1 
solve. We get x = ЁД Now we just have to sign test the different 


1 
intervals. Pick a number less than 4 say —1, and plug it into 
the second derivative: f’(—1) = 12 (C1)? — 6 > 0, so fis concave up 


1 Ї Ї 
for x less than RH Next try a number between —\ 2 and V 2, say 


0: f*(0) = 12(0)2 – 6 «0, so fis concave down on that interval. 


Finally, pick a number greater than , say 1: ,so fis concave up for 


; ~E 
x greater than V 2. Therefore, fis concave up on 2 J and 
1 
J 5 
39. 
B 
ТМ 0 
7U mo 0 
pond . . . СОЗ-- . . 
If we plug x = 2 into the limit, we get 2 , Which is an 


indeterminate form. This means that we can use L’ H6pital’s Rule. 


Take the derivative of the numerator and denominator: 


Л 
—cos— 
.  —CcCosx 2- 0 
lim — л 
2t SI РА LL 
no . Now if we evaluate the limit, we get 2 
40. 
B 


First, sketch the region. 


The rule for finding the volume о a solid with known cross- 


| b 
sections is V = Ja A(x) dx where 
the cross-section. So x represents the diameter of a semi-circular 


сїѕ. the formula for the area of 


cross-section. 


A? 
JT а. 
The area of a semi-circle in terms of its diameter is A= 8 . Ме 
find the length of the diameter by solving the equation 4x + 5y = 
20 — 4x 


20 for y: 4 >  .Next, we need to find where the graph 


intersects the x-axis. You should get x = 5. Thus, we find the 


volume by evaluating the integral. 


9 0 
This ид 21 can be simpli 1 | 
S 


Л D 
200 *° (20 - 4? dex 200 *^ 160x + 16x2) dx 
ASV 97" 
You can evaluate the integral by hand or with a calculator. You 
should get 
т р 107 
200 49 (400 – 160x + 1632) ах= 3 


41. 
С 


If we want to find the equation of the tangent line, first we need to 
find the x-coordinate that corresponds to y = 3. If you use your 
calculator to solve x? + 32 = 3, you should get x = 1.1746. 


Next, we need to find the derivative of the curve at x = 1.1746. We 


get 


dy 4) 
dx = 3x2 + 2x. At x = 1.1746, | „11746 = 3(1.1746)2 + 2(1.1746) 
= 6.488 


(It is rounded to three decimal places.) 


Now we have the slope of the tangent line and a point that it goes 
through. We can use the point-slope formula for the equation of a 
line, (y — y1) = m(x — xı), and plug in what we have just found. We 
get (y — 3) = (6.488)(х – 1.1746). This simplifies to y = 6.488x — 
4.620. 


42. 
C 


Set the derivative equal to zero and solve for x. Using your 
calculator, you should get шх-х+2=0. 


x = 3.146 or x = 0.159 (rounded to three decimal places) 


Let's use the second derivative test to determine which is the 
minimum. We take the second derivative and then plug in the 
critical values that we found when we set the first derivative equal 
to zero. If the sign of the second derivative at a critical value is 
positive, then the curve has a local minimum there. If the sign of 
the second derivative is negative, then the curve has a local 
maximum there. 


1 


The second derivative is / (х) = x - 1. The second derivative is 
positive at x = 0.159, so the curve has a local minimum there. 


43. 


С 


First, we should graph the curve. 


Note that the curve is above the x-axis from x = 1 to x = 2 and 


below the x-axis from x = 2 to x = 2. Thus, we need to evaluate 
two integrals to find the area. 


л 2, 
2 T 
1 cos x dx +` 2 (— cos x) ах 
We will need a calculator to evaluate these integrals. 
л 2 
| : 
1 cosx dx +‘ 2 (— cos x) dx = 0.249 


44. 
D 


COS X 


dx 


First, we find J cot x dx by rewriting the integral as J sin x 
Then, we use u-substitution. Let и = sin x and du = cos x. 
COS X du 


dx = | — 


Substituting, we can get | sin x и = ШИ |+ C. Then 
substituting back, we get In(sin x) + С. (We can get rid of the 


absolute value bars because sine is always positive on the 


interval.) 


T 


sin — 
Next, we M | = ] to solve for C. We get 1 = al Зр С. 
1 
= 1 2/+С 


1 
2) 
1 =In\2/+ C = 1.693147 


Thus, f (x) = In(sin x) + 1.693147. 


At x = 1, we get f(1) = In(sin1) + 1.693147 = 1.521 (rounded to 


three decimal places). 


45. 
D 


We can solve this differential equation by first separating the 
dy dy 
variables., dx =У(2х-1) У (2x - 1) dx. Next, we integrate both 


sides: J БЖ lox - Бах In|y| = x2 - x + C. Now we 
exponentiate both sides: y = e2-x* c = Сер - x. Finally, plug in the 


initial condition to solve for C: 4 = Ce? = C, so we get 4e2 - x 


ANSWERS AND EXPLANATIONS TO 
SECTION ІІ 


(Р 


Let R be the region in the first quadrant shown in the figure above. 


(a) Find the area of R. 


In order to find the area, we “slice” the region vertically and add 
up all of the slices. We use the formula for the area of the region 


between у = f (x) and y = g(x), from x = a to x = b, 


хр [093 - L] f 


7 
Ч 


We have 


f(x) = 4 х2 and g(x) = ex 


Next, we need to find the point of intersection in the first quadrant. 
Use your calculator to find that the point of intersection is x = 
1.058 (rounded to three decimal places). Plugging into the 
formula, we get 


xP Ё = (.* - x)| | 


х 
Evaluating the integral, we get ~ o | dx = 
: 


|4 22 e” 
3 $7 21957. 


(b) Find the volume of the solid generated when R is revolved 
about the x-axis. 


In order to find the volume of a region between y = f (x) and у = 
g(x), from x = a to x = b, when it is revolved about the x-axis, we 
use the following formula: 


p 
xp| (x5 — X) [| E à 
E — Е х 
Here our integral is Е | 0 | Ü ) ( ) | a 
Evaluating the integral, we get 


1.058 : 2 E 1.058 ) : " 8x3 2 on 1.058 
T | 14-59) -[e] arn (16-82? +x = е? сЕ = 32.629 


(с) Find the volume of the solid generated when А is revolved 
about the line x = -1. 
In order to find the volume of this region, if we want to use 


vertical slices, we will use the method of cylindrical shells. Also, 
because we are revolving about the line x = —1, we will need to 


2л [^ 


add 1 to the radius of the cylindrical shell. We will use the formula 


хр) = 694 145) [c 


We get 


ap [.2-Gr-]as fe 


We suggest that you use your calculator to evaluate the integral. 
1.058 
(x +) )[ (4 - x») магт anf | [4х - x’ - xe” +4- x? — e” |d = 17.059 


2. 
А body is coasting to a stop апа ће only force acting on it is a 


resistance proportional to its speed, according to the equation 


; 5(0) = 0, where vo is the body's initial velocity 
(in m/s), vf is its final velocity, m is its mass, К is a constant, and t 


18 time. 
(a) If a body, with mass m = 50 kg and k = 1.5 kg/s, initially has a 
velocity of 30 m/s, how long, to the nearest second, will it take to 


slow to 1 m/s? 


We simply plug into the formula and solve for t. 


Divide both sides by 30: 30 р 


Hu ES 
Take the log of both sides: In 30- = |. 3j Ё 
шит 
Multiply both sides by 1.5 1.5 B = t= 113 seconds. 


(0) How far, to the nearest 10 meters, will the body coast during 
the time it takes to slow from 30 m/s to 1 m/s? 


ds (Ey 
— — 0, € 
Now we need to solve the differential equation dt : : 
which we can do with separation of variables. 
1) 
First, multiply both sides by dt: ds = voe ^"^ dt. 
e 
Integrate both sides: J ds = | а dt 
k 
MV, (Ey 
Evaluate the integrals: s = k + С. 
Now, plug in the initial conditions to solve for С: 0 = 
_(50)(30) dS Jo 
1.5 + С. 
(30)(50) 
C= 1.5 =1,000 
D 
2 MV, (Ey 
Therefore, 5 = k + 1,000. Now, we plug in the time t = 


113 that we found in part (a) as well as the initial conditions to 
solve for s, which yields the following: 


(50)(30) БЕХ 


S= L5 + 1,000 = 970 meters 


(c) If the body coasts from 30 m/s to a stop, how far will it coast? 


Here, because the braking force is an exponential function, the 
object will coast to a stop after an infinite amount of time. In other 
Words, we need to find 


(* 
lim s(t) = узо = 1,000e is) |- 1,000 meters 


di 
An object moves with velocity v(t) = 92 + 18t — 7 fort > 0 from 
an initial position of s(0) = 3. 


(a) Write an equation for the position of the particle. 


The position function of the particle can be determined by 
integrating the velocity with respect to time, thus 5(7) = Í v(t)dt. 
For this problem, s(t) = | (92 + 18t —7)dt = 3B + 9t2-7t+C. 
Because we are given the initial position, 5(0) = 3, plug that in to 
solve for C. Thus, C = 3 and the equation for the position of the 
particle is s(t) = 38 + 92 — 7t + 3. 


(b) When is the particle changing direction? 


The particle changes direction when the velocity is zero, but the 
acceleration is not. In order to determine when those times are, set 


the velocity equal to zero and solve for t: v(t) = 92 + 181—720 
] 7 


when t = 3 and t= -5, Because the time range in question is t > 
0, we can ignore t = —3. Then, take the безе of the velocity 


function to find the acceleration function, as dt (v(t)) = a(t). For 
the given v(t), a(t) = 181+ 18. Check that the acceleration at time t 
1 


= 3 is not zero by plugging into the acceleration ius a(t) - 


24. Therefore, the particle is changing direction at = 3 because 
v(t) = 0 and a(t) + 0. 


(c) What is the total distance covered from f = 2 to t = 5? 


The distance covered is found by using the position function found 


in part (a). Determine the position at t = 2 and subtract it from the 
position at t = 5. From part (b), we know that the object does not 
change direction over this time interval, so we do not need to find 
the time piecewise. Thus, 5(5)-5(2) = 568 — 49 = 519. 


4. 


Three trains, A, В, and C, each travel on a straight track for 0 < t 
< 16 hours. The graphs above, which consist of line segments, 
show the velocities, in kilometers per hour, of trains A and B. The 
velocity of C is given by v(t) = 8t — 0.2522. 


(Indicate units of measure for all answers.) 
(a) Find the velocities of A and C at time t = 6 hours. 


We can find the velocity of train A at time 1 = 6 simply by reading 
the graph. We get va(6) = 25 kph. We find the velocity of train C 
at time t = 6 by plugging t = 6 into the formula. We get vc(6) = 
8(6) — 0.25(62) = 39 kilometers per hour. 


(b) Find the accelerations of В and C at time t = 6 hours. 


Acceleration is the derivative of velocity with respect to time. For 
train B, we look at the slope of the graph at time t = 6. We get 
ав(6) = 0 km/hr?. For train C, we take the derivative of v. We get 
a(t) = 8 — 0.5t. At time t = 6, we get ac(6) = 5 km/hr?. 


(c) Find the positive difference between the total distance that A 


traveled and the total distance that B traveled in 16 hours. 


In order to find the total distance that train A traveled in 16 hours, 


we need to find the area under the graph. We can find this area by 


adding up the areas of the different geometric objects that are 
under the graph. From time t = 0 to t = 2, we need to find the area 
of a triangle with a base of 2 and a height of 20. The area is 20. 
Next, from time f = 2 to t = 4, we need to find the area of a 
rectangle with a base of 2 and a height of 20. The area is 40. Next, 
from time t = 4 to t= 8, we need to find the area of a trapezoid 
with bases of 20 and 30 and a height of 4. The area is 100. Next, 
from time 1 = 8 to t= 12, we need to find the area of a rectangle 
with a base of 4 and a height of 30. The area is 120. Finally, from 
time £ = 12 to t= 16, we need to find the area of a triangle with a 
base of 4 and a height of 30. The area is 60. Thus, the total 
distance that train A traveled is 340 km. 


Let's repeat the process for train B. From time t = 0 to t= 4, we 
need to find the area of a triangle with a base of 4 and a height of 
40. The area is 80. Next, from time t = 4 to t = 10, we need to find 
the area of a rectangle with a base of 6 and a height of 40. The 
area is 240. Finally, from time f = 10 to = 16, we need to find the 
area of a triangle with a base of 6 and a height of 40. The area is 
120. Thus, the total distance that train B traveled is 440 km. 


Therefore, the positive difference between their distances is 100 


km. 


(d) Find the total distance that C traveled in 16 hours. 


First, note that the graph of train C 's velocity, v(t) = 8t — 0.258, is 
above the x-axis on the entire interval. Therefore, ш order to find 
the total distance traveled, we integrate v(t) over the interval. We 


get 


16 
Ї 


3 
16 |47 2 E 2,048 

Evaluate the integral: | o (8t-0.252 dt = 12703 

km. 

нэ 


Consider the curve y? + 3xy 4. 


(a) Find an equation of the tangent line to the curve at the point (1, 
1). 

dy 
First. we need to use Implicit Differentiation to find dx. We get: 


252 43 xa ty dy 


dx x = 0. Let's isolate dx because we will need 
it in part (c). Otherwise, we would plug in (1, 1) here to solve for 


the slope. 


хс-4 xp 
- dy 3. 3 


С “= = 
Now plug in (1, 1) to dive for the slope: de 2+3 x. 
5, 
| edet 
Therefore, the éguation (Ate PEZ) lide is y - 1 2 -5(x - 1). 
14 
(0) Find all x-coordinates where the slope of the tangent line to the 


curve is undefined. хр хр 
The tangent line will be НЕБА TA the denominator is zero. 


That is, 


2y + Зх = 0 


2y = -3x 


1 бодын? 
= Ао 
Plug — 2 into the original equation: 2 2 /=4. 


/ ( 


(c) Evaluate dx” atthe point, Е -Х 


We need to a Ios of dx that we found in part (a). 


d'y 


2 
Using the Ouotient Rule and Implicit Differentiation, we get: ах 


3% 4,2% 
02+) 22) (223), 


Е 2 LL 


Note that at (1, 1), 2 XL 1), 


ИСЕ E spot) 


(243) 25 125 


6. 
С v oY 
2 | | | 


der the differential equation dx = 2. 


(a) Ketch the slope XG 9 points B d low. 
с c 


Let’s make a table of the slopes at each of the points: 


Now we will graph a line segment with the slope at each of the 


points. 


(b) Find the particular solution to the differential equation y = f(x) 


with initial condition /(0) =5. 


We can solve this differential equation using Separation of 


Variables. Divide both sides by y and multiply both sides by dx: 
2 


ees Ij x 
2 


2 2. Integrate both sides: 7 у= 4 +С. 


2 
х 


а = 
Exponentiate both sides: y = e 4 "264 eC = Ce 4. Now solve for 


C using the initial condition: 5 = Ce? = C. Therefore, the solution 
28 
is y 2 5e4. 


(c) Write an equation for the tangent line to the graph at (2, 1). 


Use the tangent line to estimate y at x = 2.1. 


g 


The slope of the tangent line is dx 2 = 1, зо the equation of 
the tangent line is у – 1 = 1(х- 2) , or y = x — 1. Therefore, at x = 


2.1, у=2.1-1= 1.1. 
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Practice Test 4 


Click here to download a PDF of Practice Test 4. 


The Exam 


AP ® Calculus AB Exam 


SECTION I: Multiple-Choice Questions 


DO NOT OPEN THIS BOOKLET UNTIL YOU ARE TOLD TO DO 
SO. 


At a Glance 


Total Time 
1 hour and 45 minutes 
Number of Questions 


45 

Percent of Total Grade 
5096 

Writing Instrument 
Pencil required 


Instructions 


Section I of this examination contains 45 multiple-choice questions. Fill in 
only the ovals for numbers 1 through 45 on your answer sheet. 


CALCULATORS MAY NOT BE USED IN THIS PART OF THE 
EXAMINATION. 


Indicate all of your answers to the multiple-choice questions on the answer 
sheet. No credit will be given for anything written in this exam booklet, but 
you may use the booklet for notes or scratch work. After you have decided 
which of the suggested answers 18 best, completely fill in the corresponding 
oval on the answer sheet. Give only one answer to each question. If you 
change an answer, be sure that the previous mark is erased completely. Here 


is a sample question and answer. 
Sample Question 
Chicago is a 


(A) 
state 


(B) 
city 


(C) 


country 


(D) 
continent 


Sample Answer 


Q0 ОО 


Use your time effectively, working as quickly as you can without losing 
accuracy. Do not spend too much time on any one question. Go on to other 
questions and come back to the ones you have not answered if you have 
time. It is not expected that everyone will know the answers to all the 
multiple-choice questions. 


About Guessing 


Many candidates wonder whether or not to guess the answers to questions 
about which they are not certain. Multiple-choice scores are based on the 
number of questions answered correctly. Points are not deducted for 
incorrect answers, and no points are awarded for unanswered questions. 
Because points are not deducted for incorrect answers, you are encouraged to 
answer all multiple-choice questions. On any questions you do not know the 
answer to, you should eliminate as many choices as you can, and then select 
the best answer among the remaining choices. 


CALCULUS АВ 
SECTION I, Part A 
Time—60 Minutes 

Number of questions—30 


A CALCULATOR MAY NOT BE USED ON THIS PART OF THE 
EXAMINATION 


Directions : Solve each of the following problems, using the available space 
for scratchwork. After examining the form of the choices, decide which is the 
best of the choices given and fill in the corresponding oval on the answer 
sheet. No credit will be given for anything written in the test book. Do not 
spend too much time on any one problem. 


In this test : Unless otherwise specified, the domain of a function fis 
assumed to be the set of all real numbers x for which f(x) is a real number. 


1, 
. Sin2x 
lim = 
хэд 008 X 
(A) 
1 
(В) 
2 
(C) 
0 
(D) 


The limit does not exist. 


2: 
2х-л 


lim - 
Em cos| 2m-x | 
2 


The limit does not exist. 


3; 
At what point does the following function have a removable 
discontinuity? 


я 
Кх) = х? +7х +10 


(<2, -1) 
(-2, 1) 
(1,1) 


(,-4) 


4. 
Which of the following functions is continuous at x = 3 2 


X 45x41) x <3 
fix) = 8x + 2; x23 


X =9 


g(x) = х? -4х+3 


(A) 


(B) 


(C) 


(D) 


(A) 


(B) 


(C) 


(D) 


(A) 


(B) 


(C) 


X0 


h(x) = x! - Ax 43 


(D) 
X 45x04 Ek x3 
јо) = 8х+1; x>3 
8. 
Which of the following is the equation of the tangent line to y = 35102 x 
Л 
atx= 4? 
(A) 
ES е - а 
y — 2 = 3 4 
(B) 
33 | Е а 
y+ 2= 12 4 
(C) 
з з | " а 
у-2- 42 4 
(D) 
3 | Е a 
у-2-3 4 
6. 
E + 2 - (т | 
2 2 
lim 
What is ^9 h ? 
(A) 


2 
2 


The limit does not exist. 


7. 
If fo) = (2x3 33) = 2х), then f(x) = 


1 
22 
(2x3 + 33) E 1 6x2 (х – 2х) 


а), 6x3 Ax — 2x) 


(2x3 + 33) 


Б 


1 
(2x3 + 33) 5 + 6x2 (х - 23) 


5A x* zl 6632 (х — 2x) 


E: 
| 
Ї 
n 


(2x3 + 33) 
I =] 
Ify=\* tX) then me 
CoA 3х? (x? + х) (x9 -1)(2x+1) 
ЕН (x? +x) 


(B) 


(C) 


(D) 


(A) 


(B) 


(C) 


(D) 


(A) 


(B) 


ax [o + x) - (> -1 (2х + 1) 


(x? + x) 
(C) 
3x? Ёл + x) — (x° - 1 (2х + 1) 
1 22 + x) 
(D) 
| x'-1 ) Эс (х? + x) —(x° - 1)(2x +1) 
А Хо Ca " х) 
9. 
Find the second derivative of x2y? = 2 at (2, 1). 
(A) 
-2 
(В) 
Е 
2 
(C) 
2 
(D) 
L 
22 


10. 
If the line y = ax? + bx + c goes through the point (2, 1) and is normal to 


y 2 3 x + 2 at the point (0, 2), then a = ? 
(A) 
2 
-4 


(В) 


|o 


л | > 


11. 


If f(x) = sec x + csc x, then f(x) = 


csc x — sec х 
sec x tan x + csc x cot x 


sec x tan x — csc x cot x 


12. 
E n(x? $ 2x) А 
х-»0" Inx 


(C) 


(D) 


(A) 


(B) 


(C) 


(D) 


(A) 


(B) 


(C) 


(D) 


(A) 


0 
(B) 
л 
(C) 
27 
(D) 
2 
14. 
9 
4 
fax? E - 6 
3 dx= 
: (A) 
E + 6 
мэт 
10 -С 
(В) 
4 8 
ЁО + 6 
9 +C 
" (C) 
Ю + 6 
10\3 +C 
А (D) 
ЁО + 6 
+C 
15. 
Find the average value of f(x) = 3х2 sin x3 on the interval 2 Е 
(А) 


S 


3 


м [а 


16. 
а 3x? 
Find dx £ + 4tdt. 
9x4 + 12x2 
6x(9x3 + 12x2) 


6x2(9x4 + 12x2) 


54x5 + 72x3 


17. 
[= 


CSC X dx = 
-In|cos х|+ C 
In|sin x|- C 
In|sec x + tan x|+ С 


-In|esc x + cot x|+ С 


18. 


(B) 


(C) 


(D) 


(A) 


(B) 


(C) 


(D) 


(A) 


(B) 


(C) 


(D) 


The average value of the function f(x) = (x —1)? on the interval from x = 
] tox 2 51s 


(A) 
16 
3 
(B) 
Of 
3 
(O 
66 
3 
(D) 
256 


19. 
Find the volume of the region bounded by y = (x — 5)3, the x-axis, and 
the line x = 10 as it is revolved around the line x = 2. Set up, but do not 
evaluate the integral. 


” (A) 
2л | x(x — 5)3 dx 
" (B) 
2л | (x – 2)(x — 5 dx 
10 d 
2л | x(x — 5)3 dx 
(0) 


10 
2742 (хХх-2ХХх-5) ах 
20. 


= —3)’dx= 


803 — 3) + С 


(22) 


8 


-С 


(х3 – 3)8 + С 


x3 – 3) + С 


21. 


Find the equation for the normal line to y = 3x2 — 6x at (2, 0). 


24. 


lim 


x70 


Х 


2 


sin X cos x + sin X Е 


(А) 


(В) 


(C) 


(D) 


(A) 


(B) 


(C) 


(D) 


(A) 


(B) 


23 
d үс 


d з (2-f2dt- 


6x2 + 3x8 


MG 
9 гап 3/4 C 


23. 


(C) 


(D) 


(A) 


(B) 


(C) 


(D) 


(A) 


(B) 


(C) 


(D) 


Find f(x) for f(x) = x3 + 2x when x = 1. 


(A) 
2 
(В) 
3 
(C) 
4 
(D) 
5 
26. 
8 
If x2 — 2xy + 3у2 = 8, then dx = 
(A) 
Bg 2y 2x 
Gy 2x 
(B) 
3y =x 
Vax 
(C) 
1 
3 
(D) 
у-хХ 
Ay x 
2T; 


Find the absolute maximum on the interval [-2, 2] for the curve y = 4x5 
— 10x2 - 8. 


(A) 


(B) 


(C) 


(D) 
2 
28. 
dy 
Find dx^ ас(-1,-2) if 338 — 2x2 + x 2 3 + 2y2 + 3y. 
(A) 
10 
Ч 
(В) 
2 
(C) 
10 
0 
(D) 
22 


29. 
Find the value of c that satisfies Rolle's Theorem for f(x) = 2x4 — 16x 
on the interval (0, 2]. 


(A) 
2 
(B) 
1 
23 
(C) 
1 
(-2)3 
(D) 
1 
23 


(А) 
4 
3 

(В) 
43 

(C) 
0 

(D) 
3 
4 


END OF PART A, SECTION I 


IF YOU FINISH BEFORE TIME IS CALLED, YOU MAY CHECK 
YOUR WORK ON PART A ONLY. 


DO NOT GO ON TO PART B UNTIL YOU ARE TOLD TO DO SO. 


CALCULUS АВ 
SECTION I, Part B 
Time—45 Minutes 

Number of questions—15 


A GRAPHING CALCULATOR IS REQUIRED FOR SOME QUESTIONS 
ON THIS PART OF THE EXAMINATION 


Directions : Solve each of the following problems, using the available space 
for scratchwork. After examining the form of the choices, decide which is the 
best of the choices given and fill in the corresponding oval on the answer 
sheet. No credit will be given for anything written in the test book. Do not 
spend too much time on any one problem. 


In this test: 


I. 
The exact numerical value of the correct answer does not always 
appear among the choices given. When this happens, select from 
among the choices the number that best approximates the exact 
numerical value. 


2: 
Unless otherwise specified, the domain of a function fis assumed to be 
the set of all real numbers x for which f(x) is a real number. 


3j: 
If fx) = x3 + 3V x + 57- e? , then f(x) = 
(A) 
3 
2x - 3x4 
(B) 
Е 2 
3x4 4 2d x 
(C) 
3 
e 


(D) 


3 
3x2 + 24 x 
32. 
2 
Find the absolute maximum of y = 3 x3 — 32 — 7x on the interval [-2, 2]. 
(A) 
10 
3 
(B) 
14 
9 
(C) 
0 
(D) 
15 


33. 
Approximate the area under the curve у = х2 + 2 from x = 1 tox =2 
using four right-endpoint rectangles. 


(A) 
3.969 

(B) 
4.328 

(C) 
4.344 

(D) 
4.719 


34. 
Approximate the area under the curve y = х2 + 2 from x = 1 tox =2 
using four inscribed trapezoids. 


(A) 


3.969 
(B) 
4.328 
(C) 
4.344 
(D) 
4.719 
35. 
2 
| XCOSX p 
Evaluate*-7 4 
(A) 
1 
(B) 
2 
(C) 
E 
(D) 
0 
36. 


Use differentials to approximate the change in the volume of a sphere 
when the radius is increased from 10 to 10.02 cm. 


(A) 

1,261.669 
(B) 

1,256.637 
(C) 

25.233 
(D) 

25.133 


21: 
In the xy-plane, 2x + y =k is tangent to the graph of y = 2x2 — 8x + 14. 


What is the value of k ? 


(A) 
15 

(B) 
2 

(C) 
1? 

(D) 
25 
2 

36. 
Е -бх,ї x<1 
If the function f(x) is differentiable and f(x) = (ВХ +4 х>1 
then а = 

(А) 
0 

(В) 
1 

(С) 
-14 

(D) 
-24 


39. 
21 


When is the particle whose path is described by x(t) = 28 — 2 2 + 97 — 
16, from t > 0, slowing down? 


(A) 
О <71<3 


(В) 


2 
4 <1<3 
(C) 
л l 
25154 
(D) 
[3 
40. 


What is the area enclosed by the curve f(x) = 4x? — x4 and the x-axis? 


(A) 
128 
15 
(B) 
& 
15 
(C) 
& 
3 
(D) 
bn: 
3 
41. 
ЭХ 
Which of the following is an asymptote for the curve y= х +7 ? 
(A) 
x= 7 
(B) 
yc? 
(C) 
ув 


(D) 


2 Inlx2 - 7] + С 
Inp? - 7| - C 
1 


2 шрд-7|-С 
43. 


(A) 


(B) 


(C) 


(D) 


What is the area between the curves y = x3 – 2х2 – 5х + 6 and y = х2 – х 


— 6 from x = —2 юх=3? 


44. 
3 


If the definite integral J 1 (x? + 1) ах is approximated by using the 


Trapezoid Rule with n = 4, the error is 


(A) 


(B) 


(C) 


(D) 


(A) 


(B) 


(C) 


(D) 


45. 
The curve y = ax? + bx + c passes through the point (1, 5) and is normal 
to the line — + 5y = 15 at (0, 3). What is the equation of the curve? 


у = 7x2 – 0.2х +3 i 
у = 7х2 + 5х + 3 = 
y=7x-5x+3 Е 
у= 522 – 7х + 3 = 


STOP 
END OF PART B, SECTION | 
IF YOU FINISH BEFORE TIME IS CALLED, YOU MAY CHECK 
YOUR WORK ON PART B ONLY. 
DO NOT GO ON TO SECTION П UNTIL YOU ARE TOLD TO DO 
SO. 


SECTION II 
GENERAL INSTRUCTIONS 


You may wish to look over the problems before starting to work on them, 
since it is not expected that everyone will be able to complete all parts of all 
problems. All problems are given equal weight, but the parts of a particular 
problem are not necessarily given equal weight. 


A GRAPHING CALCULATOR IS REQUIRED FOR SOME PROBLEMS 
OR PARTS OF PROBLEMS ON THIS SECTION OF THE 
EXAMINATION. 


You should write all work for each part of each problem in the space 
provided for that part in the booklet. Be sure to write clearly and legibly. 
If you make an error, you may save time by crossing it out rather than 
trying to erase it. Erased or crossed-out work will not be graded. 


Show all your work. You will be graded on the correctness and 
completeness of your methods as well as your answers. Correct answers 
without supporting work may not receive credit. 


Justifications require that you give mathematical (noncalculator) reasons 
and that you clearly identify functions, graphs, tables, or other objects you 
use. 


You are permitted to use your calculator to solve an equation, find the 
derivative of a function at a point, or calculate the value of a definite 
integral. However, you must clearly indicate the setup of your problem, 
namely the equation, function, or integral you are using. If you use other 
built-in features or programs, you must show the mathematical steps 
necessary to produce your results. 


Your work must be expressed in standard mathematical notation rather 


5 
than calculator syntax. For example, J x? dx may not be written as fnInt 
(X2, X, 1, 5). 


Unless otherwise specified, answers (numeric or algebraic) need not be 
simplified. If your answer is given as a decimal approximation, it should 
be correct to three places after the decimal point. 


Unless otherwise specified, the domain of a function fis assumed to be 
the set of all real numbers x for which f(x) is a real number. 


SECTION II, PART A 
Time—30 minutes 
Number of problems—2 


A graphing calculator is required for some problems or parts of 
problems. 


During the timed portion for Part A, you may work only on the problems in 
Part A. 


On Part A, you are permitted to use your calculator to solve an equation, find 
the derivative of a function at a point, or calculate the value of a definite 
integral. However, you must clearly indicate the setup of your problem, 
namely the equation, function, or integral you are using. If you use other 
built-in features or programs, you must show the mathematical steps 
necessary to produce your results. 


1; 
A cylindrical drum is filling with water at a rate of 257 in.3/sec. 


(a) 
If the radius of the cylinder is 1/3 the height, write an expression for 
the volume of water in terms of the height at any instance. 


(b) 
At what rate is the height changing when the height is 10 in.? 


(c) 
What is the height of the water when it is increasing at a rate of 12 
in./sec? 


2: 
The function fis defined by 0050). Гог -3 x < 3. 


(а) 
Find f'(x). 


(b) 
Write an equation for the line tangent to the graph of fat x = –2. 


(с) 


f(x), for-3< x <2 


Let g be the function defined by g(x)= А +9, 0г-2<х53 Isg 
continuous at x = —2? Use the definition of continuity to explain your 


answer. 


(d) 


3 
3 
Find the value of Jo 3x(9-x2)zdx. 


SECTION II, PART В 
Time—1 hour 
Number of problems—4 


No calculator is allowed for these problems. 


During the timed portion for Part B, you may continue to work on the 
problems in Part A without the use of any calculator. 


ЕЯ 
A particle moves with velocity v(t) = 92 + 18t — 7 for t > 0 from an 
initial position of s(0) = 3. 


(а) 
Write an equation for the position of the particle. 
(b) 
When is the particle changing direction? 
(c) 
What is the total distance covered from t = 2 tot = 5? 
4. 
Let f be the function given by f(x) = –2х + 6x2 + 2. 
(a) 
Find the equation for the line normal to the graph at (1, 6). 
(b) 
Find the x- and y-coordinates of the relative maximum and minimum 
points. 
(c) 
Find the x- and y-coordinates of the points of inflection. 
5. 
Consider the curve given by х3у2 - 5x + y = 3. 
(a) 
dy 
Find dx. 


(b) 


dy 
Find dx’. 
(c) 


Find the equation of the normal lines at each of the two points on the 
curve whose x-coordinate is —1. 


6. 
Let f be the function given by f(x) = 3x3 — 6x2 + 4x. 


(a) 


Find an equation for the normal line at x = 2. 


(b) 
Where are the relative maxima and minima of the curve, if any exist? 
Verify your answer. 


(c) 
Where are the points of inflection? Verify your answer. If there are 
none, explain why. 


STOP 
END OF EXAM 


Practice Test 4: Answers and Explanations 
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ANSWER KEY 


Section | 
21. 
22. 
23. 
24. 
25. 
26. 
24, 
28. 
29. 
30. 
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3L 
32. 
33. 
34. 
39. 
36. 
37. 
38. 
39. 
40. 


puoouodgggaooudtu 


4]. 
42. 
43. 
44. 
45. 


оос оӘ 


ANSWERS AND EXPLANATIONS ТО 
SECTION | 


L. 
C 


Use the double angle formula for sine, sin26 = 2 sin 0 cos 0, to 


rewrite the limit and then solve: 


ых 22 2sinxcosx 0. 1 
lim = lim ————— = lim 2 sin x = 0 
х-Э0 COS X x0 COS X x0 


2. 
B 


Л, 0 


If we take the limit as x goes to 2, we get an indeterminate form 0 
‚ SO let's use L’ H6pital’s Rule. We take the derivative of the 
2х-л 


42 08|27-0Х 
numerator and the denominator to get ^ - 


ити) 
5I —sin| 27 - x || -1 20 
2250 d . Now, when we take the limit we get 


. 2 

lim — 

d —sin| 2л – х} -1 Io: 
3. 

A 


A removable discontinuity occurs when a rational expression has 
common factors in the numerator and the denominator. The 
reduced function has the factor (x + 2) in the numerator and 
denominator, hence there is a removable discontinuity when x = — 


2. The y-coordinate of the discontinuity is found by plugging x = — 
т 


2 into the reduced function, f(x)=x +5. Thus, the point where а 


removable discontinuity exists is (—2, —1). 


4. 
C 


: lim 
In (A), if you take the limit from both sides, you get х-э f(x) and 


= f(x) = 26. The two limits don’t match, so f(x) is not 

continuous at x — 3. In (B), first factor the numerator and the 
(х+3)(х-3) 

denominator: g(x) = (x - 1)(x -3). Note that Hou plug 3 into the 


numerator and the denominator, you will get 0, so g(x) is not 
continuous at x — 3. In (C), first factor the numerator and the 


(х+3)(х-3) 


denominator: h(x) = (x+1)(x+3)_ Note that if you plug 3 into the 
numerator and the denominator, you will get 0. The problem with 


the function is at x = -3, where it is not continuous. So h(x) is 
continuous at x = 3. In (D), the function is not defined at x = 3, so 


10018 not continuous at x = 3. 


Ds 
D 


In order to find the equation of the tangent line, we use the 


equation of a line y - y; = m(x - x!). We are going to need to find 
Л 


Ут, which a get by plugging x = 4 into the equation for y: y = 
л 
3sinA Á / = 2. Next, we ag m by taking the derivative, and then 
34 


plugging іп x 4. We get dx = 3(2sinx)(cosx) and thus m = 3 


Ё sin өв? 
4 4 / = 3. Therefore, the equation of the tangent line is 


3 Ол 
у-4-3 4 
6. 

р 


su fe!) FG) 
Recall the definition of the derivative says: ^9 h - 
fx and the derivative of sec х is tan x sec x. Thus, 


АЈ аа) уа 


Therefore, the limit does not exist. 


T. 
A 
dv du 
гор нэ 
Using the Product Rule, dx dx, take the derivative of f (x) 
and you get (A). 


dy dy dv 
Using the Chain Rule, dx - dv ах, take the derivative of f(x) and 
you get (D). 


Ч. 
B 

dy 
First, use implicit differentiation to find dx: 


dy 
2x2y dx -2xy? = 0 


dy 
Isolate dx and simplify: 
dy x -y 


de 2x" y y 


Next, take the second derivative via implicit differentiation: 


dy d 

dy 1-2» 22 

а ялт ин 
X X xX 


dy 
Plug in dx: 


22122 
d'y ( x E 
x 
There is no need to simplify, just plug in the point (2, 1): 


-1 
21-11 
e, AG) us 


2 
yx 22 "NR s 


10. 
B 


Start by plugging (0, 2) into y = ax? + bx + с. Then, c = 2. Next, 
dy 


take the derivative of y = ах? + bx + с: dx = ax + b. Given that y = 


3 p 2 is normal to y = ax? + bx + с, the signe of у = ах + bx + с, 
dà 
or dx, is -3. Thus, by plugging x = 0 into dx = 2ax + b, b = —3. 
Finally, plug the point (2, 1) and the values of c and b into y 2 ax? 
3 


+ bx + с. Therefore, а = 4. 


11. 
D 


This question is testing whether you know your derivatives of 
trigonometric functions. If you do, this is an easy problem. The 
derivative of sec x is sec x tan x, and the derivative of csc x is —csc 


x cot x. That makes the derivative here sec x tan x — csc x cot x. 


12, 


If we take the limit ав х goes to 0 from the right, we get ап 


0 


indeterminate form 0, so let's use L' Hópital's Rule. We take the 


derivative of the numerator and the denominator and we get 


2х+2 
2 
М +2x 
In(x^ +2) lim 1 . 2x*2 x . 2х-42 
T = SET їр 
x—0* Inx = X =x>0 x +2x l= x-2. 


2x+2 


im 
Now, when we take the limit we get »20* x+2 =1. 


13. 
C 


You should recognize this integral as one of the inverse 


trigonometric integrals. 


| ах 
Step 1: As you should recall,“ 1 + x^ = tan-l(x) + C. The 4 is no 
big deal. Just multiply the integral by 4 to get 4tan-!(x). Then we 


just have to evaluate the limits of integration. 


Л 7 
Step 2: 4ап (01 = 4tan- (1) – 4tan-!(-1) = 4 | 4 | -4 | 4 1 


2л. 


4 


Use u-substitution. Here, и = 3x? -6 and du = 4x2 dx. Then, 


9 10 
| (5. -6| | Jédu- +С 
Ax2\ 3 dx=J и аи = 10 . Replace и for 


a +6 
p NEM 
the final solution: 10 4 C. 
15. 
A 


1 b 
Use the Mean Value Theorem for Integrals, f(c) = b — a J а Кх)ах. 
1 he 

0 


Л, 
01-- 52 
Thus, for this problem, f(x) = "В 3x2sinx3 dx = H . 


16. 
D 


— 


dF dp 


Use the Second Fundamental Theorem of Caleulys: dx = х 
3x 
fitt = f(x). Thus. for this problem, dx = dx4o £ + 4tdt = 6x 
2 
(3x? ) (3x? ) 
+4 = 54x5 + 72x. 


17. 


| COS X . 
1 | sin x 
First, rewrite the integral: sinx dx=* cosx ах = J tan x dx. 
sin x 


You can either derive the integral from cos x using u-substitution, 


or you should have memorized that J tan x dx = -In | совх-С. 


18. 
A 


Step 1: If you want to find the average value of f (x) on an interval 
1 b 

[a, b], you need to evaluate the integral P — 2^ f(x) dx. 
| 5 


So here we would evaluate the integral 5 — 1°! (x - 1)? ах. 


1 5 à ] $5. 
2182) d = 2) - 2x 4 1) dx 


3 ? 3 
23-22, 28 шан ($2181 
4\ 3 12112 3 


Step 2: а 


3 3 
19. 


Since you are not told which method to use to find the volume you 
must decide, a big hint is the answer choices. However, if you 
didn’t have this hint, then you can use the rule of thumb that it is 
TYPICALLY (but not always) better to use cylindrical shells, if 
the region is bound by more than two curves (including an axis) or 


if one or more curves are given as y = and the others are given as x 


=. Both conditions are satisfied in this problem, so cylindrical 


shells is probably best. The general formula for cylindrical shells 


b 
18 Я | а X[x(x) - g(x)]dx. First, the points of intersection between all 
these curves must be found, where the region is bound, to establish 


the limits of integration. The bounds are x = 5 and x = 10. Next, 
determine which curve is “on top” or “more positive.” In this case, 
the curves in question are y = (x — 5)? and y = 0. Since y = (x — 5)3 
is always more positive than у = 0, у = (x 5)3 = f(x) and y = 0 = 
g(x). Finally, the general formula is for a region that is rotated 
about the y-axis, or x = 0. Since our curve is shifted to be rotated 


around x = 2, the radius of the cylinder, x, is now x — 2 to account 
10 


for the shift. Thus, the final integral 18: E 5 (x- 2)(x - 5)3dx. 
20. 

B 

Use u-substitution in which и = x? — 3 and du = 3x2 dx. Thus, the 


integral is: 


In order to determine the equation for the normal line, take the 
dy 

derivative with respect to x at (2, 0): dx = 6x - 6, which is 6 at (2, 

0). Since this is the slope of the tangent line, and the slope of the 


normal line is the opposite reciprocal, the slope of the normal line 


1 


is - 6. Plug this information into the pointeslone formula of 4 "nr 


and simplify to slope-intercept form: y - 0 = -6(x-2) or y = - 6x43. 


22. 
D 
EE Gr: 
| іт 
Either use L' Hópital's rule or recall Цаг”? х = 1 апа 
. cosxt+] . sinxcosx + sin x 
im — — — l lim IIS LX 
ges xX = 1. In this case. х>> X can be 
. sinx cosxt+l 
lim Е 
rewritten as 59” х А О" 
23. 
C 


Following the Second Fundamental Theorem of Calculus, 


“Г (002) а 2-07 Tox) (2-8) (3) 


dx”? Е - : 


бх? – Зх? 


24. 
А 


Use u-substitution and recognize that the solution will Бе an 
d 1 
x 


eR 
PS) “85 ны 


inverse sine function. 
the final solution is: ad 2 1 С. 


, 


25. 
D 


f 092332 «2andf (1) = 5. 


26. 

D 

Whenever we have a polynomial where the x's and y's are not 
easily separated, we need to use implicit differentiation to find the 


derivative. 


Step 1: Take the derivative of everything with respect to x. 


Remember that dx = 1! 
dy 
Step 2: Simplify, and then put all of the terms containing dx on 
one side, and all of the other terms on the other side. 


Factor out the dx, and then isolate it. 


dy 
— (бу – 2x) = 2y - 2x 
dx 


dy 2y-2x grey 


dx (бу-2х) 3у-х 


21, 


For an absolute maximum, find the first derivative and set it equal 
dy 

to zero to determine the critical points: dx = 20x4 - 20x = 0. The 

critical points are at x = O and x = 1. Find the second derivative to 


determine which of these points are maxima and which are 


minima. Maxima are located where the second derivative is 

718) 
negative; minima where the second derivative is positive: dx” = 
80x3 - 20. From here, x = 0 corresponds with maximum points. 


Finally, plug in this value into the original equation to determine 
which has a higher y-value. At x = 0, y = -8. However, you must 
remember when determining absolute maxima and minima on a 

closed interval to always check the endpoints. So, plug in x = —2 
and x = 2 into the original equation and determine if they have y- 
values that are more positive than at x = 0. At x = 22, у = –176, 


and at x 2 2, y 2 80. Therefore, x 2 2 is the absolute maximum. 


26. 
А 


Using implicit differentiation, find the first derivative of the 
dy dy 9x? —4x +1 


equation and solve for dx : dx = 27 *+4y+3 Next, determine the 
second derivative, but don’t simplify the equation: 


(Зу + 4y +3)(18x — 4) - (9x? =) 672449 | 


dx dx 


(372 +4y+3) 


Finally, evaluate the first and second derivative at (-1, —2). The 


first derivative at (–1, —2) is 2. The second derivative at (—1, —2) is 
10 
(2 


29, 
р 


Rolle’s Theorem states that if y = f(x) is continuous on the interval 
[a, b], and is differentiable everywhere on the interval (a, Р), and if 
f(a) = f(b) = 0, then there is at least one number c between a and b 


such that f'(c) = 0. f (x) = 0 at both x = 0 and x = 2. Then, solve 
1 


f(c) = x3 - веб. со”. 


30. 
A 


This may appear to be a limit problem, but it is actually testing to 


see whether you know the definition of the derivative. 


Step 1: You should recall that the definition of the derivative says 


Thus, if we replace f (x) with tan (x), we can rewrite the problem 


as 


2 2 a 4 
Step 3: Because sec \ 6 / = NES sec2\ 6 /=3. 


Note: If you had trouble with this problem, you should review the 
units on the definition of the derivative and derivatives of 


trigonometric functions. 


a. 
D 


Using the Power and Addition Rules, take the derivative of f(x) 


and you get (D). Remember that 7 and e are constants. 


22. 
р 


An absolute maximum ог minimum occurs when the derivative of 
a function is zero or where the derivative fails to exist or at an 
endpoint. First, find the derivative of y, set it equal to zero and 


dy 7 


solve for x: dx = 5x2 - 2x - 7 = 0, then x 2-1 and x = 5. 
Determine the y-values corresponding to each of these x-values 


and at the endpoints, x = —2 and x = 2. The resulting points are 


(55) 2:55105:5).40 5) 
2211) 2 ‚\ 3 Лапа 3 / The maximum 


Е = 
is occurs M 29. 


33: 
D 


The formula for the area under a curve using right-endpoint 


rectangles is: A = п Ду + yo + уз +...+ Yn), where a and b are 
the x-values that bound the area and n is the number of rectangles. 


Since we are interested in the right-endpoints, the x-coordinates 
5 3 7 


аге xy- 4, x2 = 2, x4 = 4, and x4 = 2. The y-coordinates are found 
by plugging these values into the equation for y, so у; = 3.5625, y; 
251 


= 4.25, уз = 5.0625, and y4 = 6. Then, A = | 4 ҮР” + 4.25 + 
5.0625 + 6) = 4.71875. 


34. 
С 


The formula for the area under а curve using inscribed trapezoids 


5155 
is: A =\2 п Nyo + 2yi + y2 +...+ 2yn-1 + ув), where a and b 
are the x-values that bound the area and и is the number of 


5 3 2 


rectangles. The x-coordinates are хо = 1, м = 4, о = 2, x3 = 4, 
and x4 = 2. The y-coordinates are found by plugging these values 


into the equation for у, so yo = 3, y = 3.5625, y2 = 4.25, уз = 


13(2-1 
5.0625, and уд = 6. Then, A = Bl 4 lo + 2(3.5625)+ 2(4.25) 
+ 2(5.0625) + 6)= 4.34375. 


a 
D 


b 
Use the Fundamental Theorem of Calculus: J a f(x)dx = Еф) - 
F(a) and u-substitution. For this problem, u = x? and du = 2x ах. 


Then: 


2 r Л 2 2 л 5 02 Я 2 
л X COS X л COS U Sin и Sin x sin 7 sin (-x) 
f M = В NEN р 
= 0 4 RU 8 —л 9 -7 9 8 
36. 
D 
4 


The volume of a sphere is V = 3 xR? . Using differentials, the 
change will be dV = 4лК2 dR. 


Substitute in R = 10 and dR = 0.02 to get 


dV = 4л(102)(0.02) 


dV = 8л» 25.133 cn? 


ty» 
C 


First, rewrite 2x + y = k in slope-intercept form: y = —2x + k; thus, 


the slope of the tangent, or the first derivative of y, is 2. Next, 
dy 
take the derivative of y = 222 — 8x + 14 and set it equal to 22: dx = 


4x - 8 = -2. Use this equation to solve for the x-value that 


3 


corresponds to the first derivative of —2; the x-coordinate is 2. Use 
this x-coordinate to solve for the corresponding y-coordinate; plug 


3 13 
x= 2 into the equation for the curve y. The y-coordinate equals 2 
. Finally, go back to the equation for the tangent line and plug in 


19 
the x- and y- values found. Solve for k: k= 2. 


38. 
C 


This question is testing your knowledge of the rules of continuity, 


where we also discuss differentiability. 


Step 1: If the function is continuous, then plugging 1 into the top 


and bottom pieces of the function should yield the same answer. 


a(13) - 6(1) = b(12) + 4 


a-6=b+4 


Step 2: If the function is differentiable, then plugging 1 into the 
derivatives of the top and bottom pieces of the function should 


yield the same answer. 


3a(12) - 6 = 2b(1) 


За-6-25 


Step 3: Now we have a pair of simultaneous equations. If we 


solve them, we get a = —14. 


39. 

B 

The particle slows down when the velocity and acceleration have 
different signs. First, take the first derivative of x(t) and set it equal 


to zero to solve for the times when the velocity is changing sign: x 


1 


(0 = 6f2 - 211+ 9 = 0 when t= 2 and г = 3. Next, take the second 
derivative of x(t), and determine when that is changing sign: x"(f) 


7 


= 121-21 = 0 when x = 4. Since there are three different values 
for which either the velocity or acceleration equals zero, there are 


four intervals to check the signs of both the velocity and 


acceleration: 


— M HÀ шан || 


Since the velocity and acceleration have different signs over the 
1 7 

intervals 0 < t < 2 and 4 < t <3, the correct answer is (B). 

40. 

А 

First, determine where f(x) and the x-axis intercept, i.e., solve f(x) 


= 0 for x. Thus, x = 0, x = —2, and x = 2. In order to determine the 


area under the curve, we must set up and solve two integrals: 


Г (4x? + x* )dx Ч, (4x 4 x* )dx = "d 
4]. 
B 


The line y = с is a horizontal asymptote of the graph of y = f(x) if 
the limit of the function as x approaches positive and negative 


infinity equals c. Similarly, the line x = k is a vertical asymptote of 


the graph of y = f(x) if the limit of the function as x approaches k 
from the left and right is positive or negative infinity. First, check 


Эх ям. 
lim lim 
for a horizontal asymptote, ° x + 7 = 3 and *?? x +7 23, so 
there is a horizontal asymptote at y = 3. Next, check for a vertical 


asymptote; always check the point where the denominator is 


3x А 3x 


lim lim 
undefined, in this case, x = 7: *27- x +7 = e» and *^7* x +7 = 


- co, Thus, there is a vertical asymptote at x = -7. 


42. 
D 


Use u-substitution in which u = x? — 7 and du = 2x dx. Thus, the 


integral is: 


| 528 PEE The 


43. 
B 


The formula for the area between two curves is J a(f(x) - g(x))dx, 


where a and b are the x-coordinates that bind the region and f(x) is 
the more positive curve. Be careful to check if the curves cross the 
x-axis because multiple integrals will be required if this happens. 


In this case, the curves intersect on the x-axis at x = 2. Therefore, 


the area between the curves will be: E -2 (x3 - 2x2 - 5x + 6)- (x2 - x - 


518 367 
аша (2-x-6)-(3-2x2- 5x + 6)4х= 32 + 12 = 12. 


44. 


С 


This problem will require you to be familiar with the Trapezoid 
Rule. This is very easy to do on the calculator, and some of you 
may even have written programs to evaluate this. Even if you 
haven’t, the formula is easy. The area under a curve from x = a to 
x = b, divided into n intervals, is approximated by the Trapezoid 


Rule, and it is 


НЕ 
2 п Дуо + 2у + 25у + 25з...+ 2yn-2 + 2yn- 1 + Val 


This formula may look scary, but it actually is quite simple, апа 


the AP Exam never uses a very large value for n anyway. 


b-a 3-1 
Stepl: » = 4 


1 
4[(12 + 1) + 2(1.52 + 1) + 2(22 + 1) + 2(2.52 + 1) + (32+ 1] 


1 
= 2. Plugging into the formula, we get 


This is easy to plug into your calculator, and you will get 10.75 or 
43 
4. 


Step 2: In order to find the error, we now need to know the actual 


value of the integral. 


3 x? 22 
J боа duds Diane 
43 32 1 
Step 3: The error is 4 - EJ = 12. 
45. 


С 


Plug in the given point, (0, 3), into the equation for the curve, y = 


ax? + bx * c, thus c = 3. Next, rewrite the equation for the normal 
1 

line in slope-intercept form, y = 5 x + 3. Since this line is normal 

to the curve, the slope of the tangent line is the opposite reciprocal 


to the slope of the normal line. The slope of the tangent line is —5 


to evaluate it at (0, 3). Take the derivative of y and set it equal to — 
dy 4) 

5: dx = 2ax + b and 4% |,=0 = 2(a)(0) + b = -5. Therefore, b = —5. 

Finally, solve for a by plugging the second point (1, 5) into the 

equation for the curve. Also, plug in b and с: 5 =a+b+cora= 


7, when b = —5 and с = 3. Finally, the equation of the curve is у = 


7х2 — 5x + 3. 


ANSWERS AND EXPLANATIONS ТО 
SECTION ІІ 


19 
A cylindrical drum is filling with water at a rate of 257 in.3/sec. 


1 


(a) If the radius of the cylinder is 3 the height, write ап expression 
for the volume of water in terms of the height at any instance. 


h 


И dli and r = 3. Thus, the volume can be found by solving V = 
Л 


ЭЎ, 


(b) At what rate is the height changing when the height is 10 ш.? 


The rate the height is changing can be found by taking the first 
dV E лі? dh 


derivative with respect to time. dt 7 3 dt Plu in the values 
P - 


given and solve for dt dt Дап вес. 


(с) What is the height of the water when it is increasing at a rate of 


12 in./sec? 


Use the derivative from part (b) and plug in the values to solve for 


2 
h, so h 2 2in. 
2, 


3 
The function f is defined by f(x) = (9 – 32)2 for -3 < x < 3. 


(a) Find f' (x). 


(b) Write an equation for the line tangent to the graph of f at x = — 


2 


Use the equation for f (x) from part (a) to find the slope of the 


tangent at x = —2: f(-2) = AS . Determine the y-coordinate that 
corresponds with x = —2 by plugging it into f(x): К-2) = 54/5 А 
Finally, the equation for the tangent line 18: у -54/5 = -645 (x + 2). 


f(x) for-3€xs-2 


(c) Let g be the function defined by g(x) - | 2x*9,for-2«x <3 
Is g continuous at x = —2? Use the definition of continuity to 


explain your answer. 


The definition of continuity states a function is continuous if three 
т . lim . lim 

conditions are met: Кс) exists, х-эс f(x) exists хэс f(x) = fc). The 

first condition is met, f(—2) exists, from part (b). The second 

condition is violated; the left and right hand limits as x approaches 

—2 are not equal, so the limit does not exist and the function is not 
lim 45 lim 

continuous: x-2- g(x) = 5 5 and х-э42- px)s». 


d 3 


(d) Find the value of Jo 3x(9 — x2)2 dx. 


Solve using u-substitution, in which и = 9 — x? and du = 2x dx. 


: 3 


Thus, | 3х(9 — х2)2 dx = 145.8. 


СА 
A particle moves with velocity v(t) = ЭР + 187 — 7 fort > 0 from 
an initial position of s(0) = 3. 


(a) Write an equation for the position of the particle. 


The position function of the particle can be determined by 


integrating the velocity with respect to time, thus s(t) = J v(t)dt. 


For this problem, s(t) = J (92 + 18t — 7)dt 2 ЗВ + 92 — 7t + С. 


Since we are given the initial position, 5(0) = 3, plug that in to 
solve for C. Thus, C = 3 and the equation for the position of the 


particle is s(t) = 38 + 90 — 7t + 3. 
(b) When is the particle changing direction? 


The particle changes direction when the velocity is zero, but the 


acceleration is not. In order to determine when those times are, set 
the velocity equal to zero and solve for t: v(t) = 92 + 181-720 
1 7 


when t 2 2 and t = 5 3. Since the time range in question is t > 0, 
we can ignore t = —3. Then, take the 07 of the velocity 


function to find the acceleration function, as dt(v(f)) = a(t). For 
the given v(t), a(t) = 181+ 18. Check that the acceleration at time t 
l 


= 3 is not zero by plugging into the acceleration ошо а(1) = 


30. Therefore, the particle is changing direction at t = 3 because 
v(t) = 0 and a(t) # 0 


(c) What is the total distance covered from f = 2 to t = 5? 


The distance covered is found by using the position function found 
in part (a). Determine the position at t = 2 and subtract it from the 
position at t = 5. From part (b), we know that the object does not 
change direction over this time interval, so we do not need to find 
the time piecewise. Thus, 5(5)-5(2) = 568 — 49 = 519. 


4. 
Let f be the function given by f(x) = -2x* + 6x? + 2. 


(a) Find the equation for the line normal to the graph at (1, 6). 
The line normal to the graph will have a slope that is the opposite 


reciprocal of the tangent line at that point. Therefore, begin by 


finding the slope of the tangent line, i.e., the first derivative. f(x) = 


1 
—8x3 + 12x and f'(1) = 4. The slope of the onmia line is —4. So, 


the equation of the normal line is: y – 6 = —4(x – 1) 


(b) Find the x- and y-coordinates of the relative maximum and 


minimum points. 


The relative maximum and minimum will occur at the points when 
the first derivative 1s zero or undefined. In this case, set the first 


derivative to zero and solve for x: Р(х) = —8x3 + 12x = 0, and x = 0, 


B 5 


x= 2 ,andx=-— 2 .To determine which of these is a relative 
maximum and which is a relative minimum, find the second 


derivative at each of these critical points. f" (х) = 24x? + 12, and f 


i) шал 0) 
"(0) = M = — 24, and f" 2 ) = 24. Ву (ће ѕесопа 


derivative test, х = 0 corresponds with a relative minimum because 


“З КА 


f'(0)>Oandx= 2 ,andx= ЇГ with relative 


maximums because M: Ч. and f” Ё D < 0. To determine the y- 
coordinates of these points, plug them back into f(x): KO) = 2, f 


2)-2 and f 2/22 . So, a relative minimum occurs at (0, 


313) (| [3 13 
2) and relative maximums occur at 2 2 апі 2 2 


(c) Find the x- and y-coordinates of the points of inflection. 


Points of inflection occur when the second derivative equals zero. 


Take the second derivative from part (b) and solve for the x-values 
v2 v2 

when f'(x) = 24x2 + 1220. So, х= 2 апах=- 2 . To 

determine the y-coordinates for these points of inflection, 


3) 9 E 9 
determine f(x) at each of these points: / 2 = 2 апа К_ 2 J=2 
Ne | эг 2) 
. So the points of inflection occur at 2 2/and 2 2 
X: 
Consider the curve given by х3у2 - 5х + y = 3. 
dy 
(a) Find dx. 
dy dy 
Use implicit differentiation: 2x3v dx  332y? — 5 + dx = 0. 
dy dy 573x y 
3 
Simplify and isolate dx : dx = 2x y +1 
718) 
(b) Find dx’. 
Use the derivative from part (a) and differentiate again using 
d'y 
implicit differentiation: dx” = 
(2x* y + 1) Еу — бху? |- (5 — 3х? у? (ae а + 20 
ах ах 
(2x? +1) . Replace the 


dy 


value for dx from part (a) for the final solution: 


(28 у+1) бх? y А — бху? -(5-3x!y') 2x" ши T6x y 
d'y 2x! +у+1 2x! + y+] 


dx? (2x? +1) 


No need to simplify. 


(c) Find the equation of the normal lines at each of the two points 


on the curve whose x-coordinate is —1. 


From the original equation, at x = –1, y = —2 or y= 1. Plug those 
dy 

values into dx yom part (a) to get the slope of the tangents at 

those points: —5 and —2, respectively. The slopes of we шон 


lines are the opposite reciprocals of those slopes, so 7 and 2, 
respectively. The equations for the normal lines are then found by 


5 


using the Poy stope formula. The equations are y + 2 = 7(x + 1) 


naa): 


6. 
Let f be the function given by f(x) = 3x3 — 6x2 + 4x. 


(a) Find an equation for the normal line at x = 2. 


First, determine what f(2) equals: /(2) = 8. Next, take the first 


derivative of f(x): f(x) = 9x2 — 12x + 4. At x = 2, f(x) = 16. The 
1 


slope of the normal line vould then be -16. The equation of the 
normal line is y - 8 = -16(x - 2). 


(b) Where are the relative maxima and minima of the curve, if any 


exist? Verify your answer. 


Relative maxima and minima exist where the first derivative is 


zero or does not exist. Set the first derivative equal to zero and 


2 


solve or x, f (x) = 0 at = 2. To determine whether this point is a 
maximum or minimum, check the second derivative. If the second 


derivative is negative, the point is a maximum. If the second 
derivative is positive, the point is a minimum. However, if the 


second derivative is zero, the point is a point of inflection. At x = 


2 


3, f(x) = 0, so the point is a point of inflection. This curve has no 
maxima or minima. 


(c) Where are the points of inflection? Verify your answer. If there 
are none, explain why. 

2 
It was discovered in part (b) that the point of inflection is at x 8 3. 
Plug that into f(x) to find the сера P u which is 9, 


Thus, the point of inflection is located at Ё E. | Justification is 
the same as the justification in part (b). 


Practice Test 5 


Click here to download a PDF of Practice Test 5. 


The Exam 


AP® Calculus AB Exam 


SECTION I: Multiple-Choice Questions 


DO NOT OPEN THIS BOOKLET UNTIL YOU ARE TOLD TO DO 
SO. 


At a Glance 


Total Time 
1 hour and 45 minutes 
Number of Questions 


45 

Percent of Total Grade 
5096 

Writing Instrument 
Pencil required 


Instructions 


Section I of this examination contains 45 multiple-choice questions. Fill in 
only the ovals for numbers 1 through 45 on your answer sheet. 


CALCULATORS MAY NOT BE USED IN THIS PART OF THE 
EXAMINATION. 


Indicate all of your answers to the multiple-choice questions on the answer 
sheet. No credit will be given for anything written in this exam booklet, but 
you may use the booklet for notes or scratch work. After you have decided 
which of the suggested answers 18 best, completely fill in the corresponding 
oval on the answer sheet. Give only one answer to each question. If you 
change an answer, be sure that the previous mark is erased completely. Here 


is a sample question and answer. 
Sample Question 
Chicago is a 


(A) 
state 


(B) 
city 


(C) 


country 


(D) 
continent 


Sample Answer 


Q0 ОО 


Use your time effectively, working as quickly as you can without losing 
accuracy. Do not spend too much time on any one question. Go on to other 
questions and come back to the ones you have not answered if you have 
time. It is not expected that everyone will know the answers to all the 
multiple-choice questions. 


About Guessing 


Many candidates wonder whether or not to guess the answers to questions 
about which they are not certain. Multiple-choice scores are based on the 
number of questions answered correctly. Points are not deducted for 
incorrect answers, and no points are awarded for unanswered questions. 
Because points are not deducted for incorrect answers, you are encouraged to 
answer all multiple-choice questions. On any questions you do not know the 
answer to, you should eliminate as many choices as you can, and then select 
the best answer among the remaining choices. 


CALCULUS АВ 
SECTION I, Part A 
Time—60 Minutes 

Number of questions—30 


A CALCULATOR MAY NOT BE USED ON THIS PART OF THE 
EXAMINATION 


Directions: Solve each of the following problems, using the available space 
for scratchwork. After examining the form of the choices, decide which is the 
best of the choices given and fill in the corresponding oval on the answer 
sheet. No credit will be given for anything written in the test book. Do not 
spend too much time on any one problem. 


In this test: Unless otherwise specified, the domain of a function f is assumed 
to be the set of all real numbers х for which f(x) 18 a real number. 


1. 
Find the second derivative of х2у = 2. 
(A) 
бу 
228 
x 
(B) 
x 
y 
(C) 
РД 
y? 
(D) 
бу 


2: 
If y = In(6x3 — 2x2), then f(x) = 


(A) 
9x+2 
ax x 
(B) 
Ox -2 
3x Ex 
(C) 
0x —2 
ея 
(D) 
18x? - 4x 
Ox =x" 
3. 
. Ши 
Find x 3xe-x. 
(A) 
3 
(B) 
-1 
(C) 
1 
(D) 
0 
4. 
The radius of a sphere is measured to be 5 cm with an error of + 0.1 
cm. Use differentials to approximate the error in the volume. 
(A) 
+7 cm? 
(B) 


+1007 cm? 


(С) 


+107 cm? 
(D) 
+407 cm? 
5. 
A side of a cube is measured to be 10 cm. Estimate the change in 
surface area of the cube when the side shrinks to 9.8 cm. 
(A) 
+2.4 cm2 
(B) 
—2.4 cm2 
(C) 
-120 cm2 
(D) 
—24 cm2 
6. 
dy 
Find dx if x3y + xy3 = –10. 
(A) 
(3x2 + 3xy2) 
(B) 
(3x y +y") 
(3xy^ x^) 
| (С) 
x^ y y) 
Gy Е) 
(D) 
G^ yy) 
(ху? +?) 


T: 
J 7хеЗх2 dx = 


6 
Tex + С 


7 
6e3o -С 


Te32 + С 


42e3x + C 


8. 
Í x2 sin(3x3 + 2)dx = 


—9cos(3x3 + 2) + C 
cos(3x° 4 2) 
— 9 -С 


cos(3x° +2) 
9 +C 


9cos(3x3 + 2) + C 


9. 


Зах’ + bx +6; x <1 


If fx) = ec -2bx^ +4x, x > —l and is differentiable for all real 


values, then b =? 


45 


(A) 


(B) 


(C) 


(D) 


(A) 


(B) 


(C) 


(D) 


(A) 


(B) 


(C) 


55 
(D) 
110 
10. 
If f(x) = x? cos 2x, find f (x). 
(A) 
—2x cos 2x + 2x? sin 2x 
(B) 
—4x sin 2x 
(C) 
2x cos 2x — 2x? sin 2x 
(D) 
2x —2 sin 2x 
11. 
4 4 
1 1-1) 
| 2 2 
lim 
Evaluate ^0 h 
(A) 
5 
2 
(В) 
5 
16 
(C) 
160 
(D) 
The limit does not exist. 
12. 


Find the point on the curve х2 + y2 = 9 that is a minimum distance from 
the point (1, 2). 


(V5, 2) 
(-V5, -2) 
(V5, -2) 
(-45, 2) 


is 


Find dx if y = log3(2x3 + 4x2). 


6x? +8x 
С +2x)In3 


3x +4 
(25 +4х? JIn3 


3x+4 
(X +2x)In3 


Ox 48x 
(3x° + 2x" )In3 


What curve is represented by x = 28 and y = 4f? ? 


у= 2x2 


у= ж 


yer 


(A) 


(B) 


(C) 


(D) 


(A) 


(B) 


(C) 


(D) 


(A) 


(B) 


(C) 


(D) 


у = 2x3 


15. 
- 0x =3sin x 
| ть 
Find »9 x 
(A) 
1 
-2 
(В) 
0 
(C) 
1 
2 
(D) 
1 
16. 
J 18x?sec?(3x3)dx = 
(A) 
2 tan2(3x3) + C 
(B) 
cot(3x3) + C 
(C) 
tan(3x3) + C 
(D) 
2 tan(3x3) + С 
17. 


What is the equation of the line normal to the curve y = x3 + 2x2 — 5x + 
7atxz1? 


(A) 
1 ll 


зы 


у-2х-3 p 
L Il ан 
уз ын 
] 1i ши 


y=-2x- 2 


18. 
1-sinx 


rot 1+cos2x 
2 


(A) 


(B) 
(C) 


(D) 


19. 
dy 
If cos? x + sin? y = y, then dx. 
| (A) 
2cosxsin x 
2cosysin y 4] 
(B) 
2cosxsin x 


2cosysin y -1 


sin y cos y 


]—cosxsinx 


2cos ysin y 
2cosxsinx —1 


20. 
If f(x) = e3x, then f'(In 3) = 


27 
81 


243 


21: 
2» 


Find dx if 2у2 – 6y = x^ + 2x3 - 2x — 5 at (1, 1). 


21 
-8 
-4 
E 


23. 
1+2secx 
ЇПй1-----П--- 


z l-—tanx 
TS 


(C) 


(D) 


(A) 


(B) 


(C) 


(D) 


(A) 


(B) 


(C) 


(D) 


(A) 


23. 
je x 


The limit does not exist. 


X 


24. 
Find the volume of the region formed by the curve y = x? the x-axis, 
and the line x 2 3 when revolved around the y-axis. 


dx = 


In?x + C 


In4x + C 


27 
AUT 


(B) 


(C) 


(D) 


(A) 


(B) 


(C) 


(D) 


(A) 


(B) 


(C) 


29. 


4 

los - 
16 
32 
48 


64 


26. 


Find k so that f(x) = k ; X = 4 is continuous for all x. 


16 


There is no real value of k that makes f(x) continuous for all x. 


21. 
An equation of the line tangent to y = 4x3 — 7x? at x 2 3 is 


y +45 = 66(x + 3) 


(D) 


(A) 


(B) 


(C) 


(D) 


(A) 


(B) 


(C) 


(D) 


(A) 


(В) 
у — 45 = 66(х – 3) 


(С) 
у = 66x 
(D) 
-1 
y+ 45 = 66 (x - 3) 
28. 
J (x2 + 2x)cos(x3 + 3x2)dx = 
(A) 
1 
—3 ѕіп(х3 + 3x2) + С 
(В) 
—sin(x3 + 3x2) + C 
(С) 
sin(x? + 3x2) + C 
(D) 
1 
З sino? + 332) + C 
29. 
What is the distance traveled from 1 = 0 to t = 4 given the position 
function, x(t) = 28 — 92 + 121+ 13? 
(A) 
30 units 
(B) 
32 units 
(C) 
33 units 
(D) 
34 units 


30. 


| ex(e3x)dx = 
L 
Зезх + С 


1 
4etx + C 


1 
Де5х + С 


4e^x + C 


END OF PART A, SECTION I 


(A) 


(B) 


(C) 


(D) 


IF YOU FINISH BEFORE TIME IS CALLED, YOU MAY CHECK 


YOUR WORK ON PART A ONLY. 


DO NOT GO ON TO PART B UNTIL YOU ARE TOLD TO DO SO. 


CALCULUS АВ 
SECTION I, Part B 
Time—45 Minutes 

Number of questions—15 


A GRAPHING CALCULATOR IS REQUIRED FOR SOME QUESTIONS 
ON THIS PART OF THE EXAMINATION 


Directions: Solve each of the following problems, using the available space 
for scratchwork. After examining the form of the choices, decide which is the 
best of the choices given and fill in the corresponding oval on the answer 
sheet. No credit will be given for anything written in the test book. Do not 
spend too much time on any one problem. 


In this test: 


I. 
The exact numerical value of the correct answer does not always 
appear among the choices given. When this happens, select from 
among the choices the number that best approximates the exact 
numerical value. 


2: 
Unless otherwise specified, the domain of a function fis assumed to be 
the set of all real numbers x for which f(x) is a real number. 


31. 
An open top cylinder has a volume of 1257 in.3. Find the radius 
required to minimize the amount of material to make the cylinder. 


(A) 
3 

(B) 
4 

(C) 
5 

(D) 


32. 
If the position of a particle is given by x(t) = 28 — 52 + 4t + 6, where t 
> 0. What is the distance traveled by the particle from t= 0 tot 2 3? 


(A) 
28 
21 

(В) 
20 

(С) 
21 

(D) 
569 

27 


33. 
At what times, t, are the x- and y-components of the particle's velocity 
equal if the curve is represented by x = 2P + 32 — 5 and y = t4 — AP + 
712) 


(A) 
1 
t=2 
(B) 
t=4 
(C) 
1 
t=Oandr=2 
(D) 


34. 
2 


Find the equation of the line tangent to the graph of y = 2x – Зх 3+5at 
хээ 


(A) 


ЭЭ 


—х+ 
у= 16 


33. 


Which point on the curve y = 5x3 — 12x2 + 64 has a tangent that is 


a 
15 


parallel to y 2 3 ? 


(2, 32) 


36. 


(B) 


(C) 


(D) 


(A) 


(B) 


(C) 


(D) 


A 50 foot ladder is leaning against a building and being pulled to the 
ground, so the top is sliding down the building. If the rate the bottom of 
the ladder is being pulled across the ground is 12 ft/sec, what is the rate 
of the top of the ladder sliding down the building when the top 15 30 ft 
from the ground? 


-12 ft/sec 


-9 ft/sec 


-20 ft/sec 


-16 ft/sec 


B. 


(A) 


(B) 


(C) 


(D) 


The tangent to a curve described by x = ЗВ — 5t + 2 and y = 72 — 16 is 


what at і = 1? 


—7х + 2y = -18 
2x — Ty =18 
7x + 2y 218 


2x + Ту = -18 


38. 
J sin?(2x)cos(2x) dx = 


sin? 2x 
12 +C 


(A) 


(B) 


(C) 


(D) 


(A) 


(B) 


(C) 


(D) 


39. 
Approximate the area under the curve y = х2 + 2 from x = 1 tox =2 
using four midpoint rectangles. 


(A) 
3.969 

(B) 
4.328 

(C) 
4.344 

(D) 
4.719 

40. 
Find the area under the curve у = х2 + 2 from x = 1 to x = 2. 

(A) 
3.969 

(B) 
4.328 

(C) 
4.333 

(D) 
4.344 


4]. 
The side of a cube 18 increasing at a rate of 3 inches per second. At the 
instant when the side of the cube is 6 inches long. What is the rate of 
change (in inches/second) of the surface area of the cube? 


(A) 
108 


(B) 
216 


(C) 


324 


(D) 
648 


42. 
If the position of a particle is given by x(t) = 38 — 22 — 16, where t > 0. 
When does the particle change direction? 


(A) 
2 
3 

(B) 
E 
3 

©) 
2 

D) 
3 


43. 
A 20-foot ladder slides down a wall at 5 ft/sec. At what speed is the 
bottom sliding out when the top is 10 feet from the floor (in ft/sec)? 


(A) 
0.346 

(B) 
2.887 

(C) 
0.224 

(D) 
5.774 


44. 


Find an equation of the line tangent to the curve represented by x = 4 
Л 


cos t -- 2and y 22 sintatt- 3. 


(A) 


43543 
y= 6 3 
(B) 
43 
— XT N3 
YS se 
(C) 
22353 
y= 6 3 
(D) 
44333 
y= 6 3 
45. 


A particle's height at a time г > 0 is given by A(t) = 100t — 162. What 
is its maximum height? 


(A) 

312.500 
(B) 

156.250 
(C) 

6.250 
(D) 

3.125 


STOP 
END OF PART B, SECTION I 
IF YOU FINISH BEFORE TIME IS CALLED, YOU MAY CHECK 
YOUR WORK ON PART B ONLY. 
DO NOT GO ON TO SECTION П UNTIL YOU ARE TOLD TO DO 
SO. 


SECTION II 
GENERAL INSTRUCTIONS 


You may wish to look over the problems before starting to work on them, 
since it is not expected that everyone will be able to complete all parts of all 
problems. All problems are given equal weight, but the parts of a particular 
problem are not necessarily given equal weight. 


A GRAPHING CALCULATOR IS REQUIRED FOR SOME PROBLEMS 
OR PARTS OF PROBLEMS ON THIS SECTION OF THE 
EXAMINATION. 


You should write all work for each part of each problem in the space 
provided for that part in the booklet. Be sure to write clearly and legibly. 
If you make an error, you may save time by crossing it out rather than 
trying to erase it. Erased or crossed-out work will not be graded. 


Show all your work. You will be graded on the correctness and 
completeness of your methods as well as your answers. Correct answers 
without supporting work may not receive credit. 


Justifications require that you give mathematical (noncalculator) reasons 
and that you clearly identify functions, graphs, tables, or other objects you 
use. 


You are permitted to use your calculator to solve an equation, find the 
derivative of a function at a point, or calculate the value of a definite 
integral. However, you must clearly indicate the setup of your problem, 
namely the equation, function, or integral you are using. If you use other 
built-in features or programs, you must show the mathematical steps 
necessary to produce your results. 


Your work must be expressed in standard mathematical notation rather 
5 


than calculator syntax. For example, | | X? dx may not be written as fnInt 
(X2, X, 1, 5). 


Unless otherwise specified, answers (numeric or algebraic) need not be 
simplified. If your answer is given as a decimal approximation, it should 
be correct to three places after the decimal point. 


Unless otherwise specified, the domain of a function fis assumed to be 
the set of all real numbers x for which f(x) 16 a real number. 


SECTION II, PART A 
Time—30 minutes 
Number of problems—2 


A graphing calculator is required for some problems or parts of 
problems. 


During the timed portion for Part A, you may work only on the problems in 
Part A. 


On Part A, you are permitted to use your calculator to solve an equation, find 
the derivative of a function at a point, or calculate the value of a definite 
integral. However, you must clearly indicate the setup of your problem, 
namely the equation, function, or integral you are using. If you use other 
built-in features or programs, you must show the mathematical steps 
necessary to produce your results. 


1. 
Water is dripping from a pipe into a container whose volume increases 
at a rate of 150 cm3/min The water takes the shape of a cone with both 
its radius and height changing with time. 


(a) 
What is the rate of change of the radius of the water at the instant the 
height is 2 cm and the radius is 5 cm? At this instant the height is 
changing at a rate of 0.5 cm/min. 


(b) 
The water begins to be extracted from the container at a rate of E(t) = 
751925, Water continues to drip from the pipe at the same rate as 
before. When is the water at its maximum volume? Justify your 


reasoning. 


(c) 
By the time water began to be extracted, 3000 cm? of water had 
already leaked from the pipe. Write, but do not evaluate, an 
expression with an integral that gives the volume of water in the 
container at the time in part (b). 


2. 
ат 
The temperature іп a room increases at a rate of dt = KT, where k isa 
constant. 


(a) 
Find an equation for T, the temperature (in °F), in terms of t, the 
number of hours passed, if the temperature is 65°F initially and 70°F 
after one hour. 

(b) 
How many hours will it take for the temperature to reach 85?F? 

(c) 
After the temperature reaches 85°F, a fan is turned on and cools the 
room at a consistent rate of 7°F/hour. How long will it take for the 
room to reach 0°F? 


SECTION II, PART B 
Time—1 hour 
Number of problems—4 


No calculator is allowed for these problems. 


During the timed portion for Part B, you may continue to work on the 
problems in Part A without the use of any calculator. 


3. 
2 


Let А be the region enclosed by the graphs of y = x +1, y = x2 and the 
lines x = 0 and x= 1. 


(a) 
Find the area of R. 

(b) 
Find the volume of the solid generated when R is revolved about the 
X-axis. 

(c) 
Set up, but do not evaluate, the expression for the volume of the solid 
generated when R is revolved around the line x = 2. 


4. 
Consider the equation x? + 2x2y + 4у2 = 12 

(a) 

Write an equation for the slope of the curve at any point (x, y). 
(b) 

Find the equation of the tangent line to the curve at x = 0. 
(c) 

If the equation given for the curve is the path a car travels in feet 


а? у 
over Е seconds, find dx? at (0, NED and explain what it represents with 
proper units. 


2. 
Water is filling at a rate of 647r in? into a conical tank that has а 
diameter of 36 in. at its base and whose height is 60 in. 


(a) 
Find an expression for the volume of water (in in.3) in the tank in 
terms of its radius. 


(b) 
At what rate is the radius of the water expanding when the radius is 
20 in. 


(c) 
How fast in (in./sec) is the height of the water increasing in the tank 
when the radius is 20 in.? 


6. 
If a ball is accelerating at a rate given by a(t) = —64 ft/sec?, the velocity 
of the ball is 96 ft/sec at time 1 = 1, and the height of the ball is 100 ft at 
t = 0, what is 


(a) 
The equation of the ball’s velocity at time 1? 


(b) 


The time when the ball is changing direction? 


(c) 
The equation of the ball’s height? 


(d) 


The ball’s maximum height? 


STOP 
END OF EXAM 


Practice Test 5: Answers and Explanations 
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ANSWER KEY 


Section | 
21. 
22. 
23. 
24. 
25. 
26. 
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32. 
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31, 
38. 
39. 
40. 
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41. 
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43. 
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ANSWERS AND EXPLANATIONS TO 
SECTION | 


19 
А 
dy 
First, use implicit differentiation to find dx: 
dy 
x2 dx + 2ху = 0 
dy 
Isolate dx and simplify: 
X X X, 
- Р 
Next, Ёс адаг fe 
ce = XM 
dy 
Plug in dx and simplify: 
2. 
C 
bidu du 


When y=Inu, dx u dx. For this problem, u = 6x3 — 2x2 and dx 
dy 18x -4x 9х-2 
= 18x2 – 4x. Then, dx бх? -2x Зх? -x. 


ОО 


When you insert œ for x, the limit is OO, which is indeterminate. 
x 


im 
First, rewrite the limit as => e°" . Then, use L'Hópital's Rule to 


im 
evaluate the limit: *^? 3&^* , This limit exists and equals 0. 


C 


In order to approximate the error in the volume of the sphere use 


the approximation formula: dy = f(x)dx. For this problem, f(x) = V 
4 dV 


= 3x73, f(x) = dr = Ал? = 1007, and dx = dr = +0.1. When these 
values are input, the equation is dy = dV = 100л(40.1) = +107 стз. 


5. 
D 


In order to approximate the change in the surface area of the cube, 


use the approximation formula: dy = f'(x)dx. For this problem, f(x) 
dA 


= A = 652, f(x) = ds = 125 = 120, and dx = ds = -0.2. When these 
values are input, the equation is dy = dA = 120(-0.2) = —24 cm2. 


21 


We need to use implicit differentiation to find dx. 


0 ду 
332y + х3 dx + y3 + 3xy? dx = 0 
Фу 


Now, in Quiet to isolate dx, we move all of the terms that do not 
У 


contain dx to the right side of the equals sign. 


з 8 
x3 dx + 3xy? dx =-3x2y – y 
2 


Factor out dx. 


dy 
dx (x3 + 3xy2) = -3x2y — y3 
dy 
Divide both sides by (x? + 3xy2) to isolate dx. 


AXE + x xp 


T: 
в 41(-40(х f 
1 хе Р 
We can use u-substitution to evaluate the integral. Let и = 3х2 and 


du = 6x dx. If we solve the second term for x dx, we get 


1 
б du=xdx 


Now we can rewrite the integral ав 
7 
6 Геи du 


Evaluate the integral to get 


Ї 
6 eu+C 


Now substitute back to get 


7 
6 ex2 + С 


8. 
В 


Use u-substitution. Неге, и = 3x3 + 2 and du = 9x2 dx. Then, J x2 


1 1 — COS u 

sin(3x5 + 2) dx= 9 sinxdx=9(-cosw+C= 9 +С. 
cos(3x° +2 

Replace u for the final solution: + С. 


С 


дах +, х<-1 


2 
First, take the derivative of f(x): и -40х44,х2-1 ty order 
for f(x) to be differentiable for all real values, both pieces of f(x) 


must be equal at x = –1 and both pieces of f (x) must be equal at x 


= —]. Therefore, plug x = -1 into both f(x) and f(x): f(-1) = 
| 2a—b+6 | —Áatb 


-3a - 2b - 4 and f(-1) = 4 * 4b +4 When the two parts of f(-1) 
are set equal to each other, 10 = —5a - b, and when the two parts 


of f (—1) are set equal to each other, —4 = 13a + 3b. When this 


system is solved, а = —13 and b = 55. 


10. 
C 


Here we need to use the Product Rule, which is 


If f(x) = uv, where u and v are both functions of x, 
dv du 
then f(x) = udx + vdx 


Here we get 


f(x) = x2(—2 sin 2x) + 2x(cos 2x) 


11. 
A 


Notice how this limit takes the form of the definition of the 


derivative, which is 


| Tipo ни 022) 
11-----2-- 
f(x) = 850 р 


Here, if we think of f(x) as 5х4, then this expression gives фе 


1 


derivative of 5x4 at the point x = 2. 


1 
The derivative of 5x* is f(x) = 20x3. At x = 2, we get 


2) ==) = 


12. 
A 


Use the distance formula (D? = (x — x1)? + (y — y1)?) to determine 
the distance between the curve and the point: D2 = (x –1)2 + (y – 


2? 2x? — 2x + 1 + y? — 4y +4. From the equation of the curve, 


2 
you can solve for y2 and : у2 = 9 — x2 and y = 9-х ) 


Substitute these back into the formula for distance: D? = x? – 2x + 
2 
149-32 - ANO 7 ) +4. 


To simplify calculations, recall that the functions D? and D will be 
minimized at the same point, so instead of solving for D, continue 


calculations with D2, which will now be called L: D2 = L. Thus, L 


-14-2x-4N9-x : . To minimize the distance, take the first 


e 


derivative of L and set it equal to zero: dx yJ9—-x^ =0. 
Solve this equation for x: +\5. Find the corresponding y-values: y 


= +2. The point closest to (1, 2) would then be (45, 2). You can 


verify this with the second derivative test. 


13, 
С 


dy 1l du dy бх? + 8x 


dx (28 + 4х? )In3 


If v = log., и. then dx ulna dx. In this case, 
3x+4 


= (x? + 2x)In3_ 


14. 
B 


When dealing with parametric functions, your task is to eliminate 


t. In this case, notice y = 42 = (283). Since x = 28, y = x2. 


15. 


Use L’ H6pital’s Rule. 


. 2x? —3 sin x 
lim 7 = 
x0 x 


6x'-3cosx , 12x+3sinx 
m 3 - lim 


23 12x? 


М 2 39D 
= lim = lim = 
x30 24x x30 


16. 
D 


Use u-substitution where и = 3x3 and du = 9х2. Therefore, 


Лена анг sechudueD sanus Cs iC 


LA 
A. 


First, plug x = 1 into the equation and solve for y; y = 5. Next, take 
dy dy 


the first derivative of y: dx = 332 + 4x — 3 . Solve for dx at x = 1: 
У ын 


dx = 2. The slope of the шон line is -2. Thus, the equation of 
tie normal line is y — 5 = -2(х - 1). The equation simplified is y = 
-2x« 2. 

18. 
B 


Л 


If we take the limit as x goes to 2, we get an indeterminate form 


0, so let's use L'Hópital's Rule. We take the derivative of the 


numerator and the denominator to get 


. ]l-sinx | —COS X | COS X 
lim ————— = lim ———— | 
24514608245 22-24 2Х ..22sin Ax 
2 2 = 0 . Now we сап use the 


im 
double angle formula to simplify the limit. We get n 2510 2X - 


22:02:21 lim : 
222 sinxcosx]  ,.74si ЭР” 
2 1 1 Бог Now, when we take the limit, we 


lim — 
„Z 45іпх 4 
get 2 : 


19, 
В 


Using implicit differentiation, you can evaluate this equation: —2 
dy dy dy 


cos x sin x + 2 sin y cos y dx = dx. After simplifying, dx = 
COS X sin X 


2605 ysin у=, 


20. 
D 


Via the Chain Rule, f(x) = 3e3x and f" (x) = 9e3x. Plugging in In 3 


for x, results in f’(In 3) = 9e3 3) = Qeln 33 = 9е 27 = 9 . 27 = 243. 


21. 
С 


Use implicit differentiation and plug in for ће point (1, 1): 


22. 


Л 


If we take the limit ag x goes to 2 from the left, we get an 


indeterminate form ОО), so let's use L’ Hôpital’ s Rule. We take the 


derivative of the numerator and the denominator to get 


1+25есх 2secxtanx 


lim — — — 2 ИХ 
шил lv 0х sec x нэ . 
2 = secx . We can simplifv this 
sinx 
t 2tanx lim —COS*~ = lim 2sinx 
im x | a 
a SECS e re. 
. . . . . Х-э»-- 
using trig identities: 2 = COS X 


lim 2sinx = 2 


Л 
Now, when we take the limit, we get ^ 2 


23. 
B 
In? x In^ x 
Using u-substitution, J x СЕ 4 +С. 
24. 
С 


Because the region is bound by three curves given in ће form у = 


and x =, it is likely better to use the cylindrical shells method to 
81л 


3 3 
solve this problem: m ox(x? — 0) dx = эл) Ox dx= 27, 


23. 


р 


Follow the First Fundamental Theorem of Calculus: 


In order for f(x) to be continuous at a point c, there are three 


conditions that need to be fulfilled. 


(1) f (c) exists. 
lim 
(2) хэс f(x) exists. 


lim 
(3) xe f(x) = Ќо). 


First, let's check condition (1): f(4) exists; it's equal to k. Next, 


let's check condition (2). From the left side, we get 


. x -16 | (x-4)x-*4) 
lim - lim 


lim (x + 4)28 
хэс х-4 x4 х-4 x4 


From the right side, we get 


. x'-16 20 (x-4)(x + 4) 
lim = lim 


= lim (x + 4)=8 
хэ4 х-4 x34" х-4 x34" 


x^ —16 
У В > 
Therefore, the limit exists, and 24 x — 4 = 8. Now, let's check 
condition (3). In order for this condition to be fulfilled, К must 


equal 8. 


2n 
B 


If we want to find the equation of the tangent line, first we need to 


find the y-coordinate that corresponds to x = 3. 


у = 4(3)3 - 7(3)2 = 108 – 63 = 45 


Next, we need to find the derivative of the curve at x = 3. 

dy dy 

dx = 1232 - 14x and at x = 3, #l.-5 = 12(3)2 — 14(3) = 66 

Now, we have the slope of the tangent line and a point that it goes 
through. We can use the point-slope formula for the equation of a 
line, (y — у) = m(x — xı), and plug in what we have just found. We 


get 


(y — 45) = 66(x – 3) 


28. 
D 


Solve the integral using u-substitution: u = x3 + 3x2 and du = (3x2 


+ 6x) dx. 


| 1 


1 
Thus, [oe + 2x) cos(x3 + 3х2) dx = З сс: udu=3sinu+C=3 
sin(x? + 3x2) + C. 


20. 


р 


When determining the distance traveled, first determine whether 
the velocity changes sign over the specified time interval. If it 
does, then the distance traveled will need to be found piecewise. 
Thus, to begin, differentiate x(t) with respect to time to get v(t): 6Р 
- 181+ 12. Set v(t) equal to zero and determine when the velocity 
is zero. In this case, the velocity is zero att = 1 and = 2. To 
confirm that the particle is changing directions at those times, 
differentiate the velocity with respect to time and determine 
whether the acceleration is zero at t = 1 and = 2. a(t) = 12t — 18, 
a(1) = —6, and a(2) = 6. Since the acceleration is not zero at either 
of those times, the particle is changing directions. Therefore, the 
distance traveled must be found by adding the distance traveled 
from t=O tot=1,t=1tot=2, and t = 2 to t = 4. The equation 
should look like this: |х(1) — x(0)| + |x(2) — x(1)| + lx(4) – x(2)| = 
total distance. Absolute values are used so the directions will not 


affect the final result, so the total distance is 34 units. 


30. 
B 


First, add the exponents to get | efx dx. Evaluating the integral, we 


1 
get 4 e^: + C. 


ЭЛ, 


С 


The amount of material required to make this cylinder corresponds 
with the surface area of the cylinder found by S = zr? + 2zrrh. As 
the problem gave the volume of the cylinder and only asked for 


the radius, use the volume to eliminate A: V = лр = 125z. Thus, Л 
125 


=r. Plug thig opression for h into the equation for the surface 
Л 


area: 5 = л + т .Next, to minimize the amount of material, 
take the first derivative of S and set it equal to zero to determine 


45 2507 


the critical points for r: dr r^ =0. Thus, the critical 


point is at r = 5. To verify that this value of r minimizes the 


material, take the second derivative and ensure that the second 


AS 5007: 
5 А А ИА 2 =2л + 3 
derivative is positive at = 5: dr r” Абг=5, 
2 = ол "OS : 
dr , SO r=5 minimizes the amount of material. 
32. 
D 


To determine the distance traveled by the particle, we need to 
know the position of the particle at those two times. However, we 
first need to know whether the particle changes direction at any 
time over the interval. In other words, we need to know if the 
velocity is zero over the interval at all. Since the velocity is the 


first derivative of the position function, we take the first derivative 


and set it equal to zero: x(t) = 62 — 107 + 4 = 0. Solving for t, the 
2 


particle changes direction at t = 3 ang t= ion the positions at 


x = —— 
the four times аге found: х(0) = 6, Ё 27 ,x(1) = 7, and x(3) 
= 27. To determine the distance traveled, take the absolute value 


of the distance traveled over the smaller time intervals and add 


them together. 


33. 
D 


Take the derivative of the x- and y-components of the position 


ах dy 


functions with respect to t: dt = 62 + 6t and dt = 48 — 122 + 14t. 
Set those two derivatives equal to each other and solve for t: 62 + 


6t = A — 122 + 14t or 0 = 48 — 1822 + 81. Solving for t, t = 0, t = 
1 


2,andt=4. 

34. 

A 
dy 22 
T 3 


First, col lote the derivative of y at x 2 8: dx =2 + 2X =2+2 


P RU 16. шиг шинэ yatx28:yz2x -3X 23 2(8) 


-3(8) 1 -5 22 Finally, plug these values into the point-slope 
и seh j 


formula: y — 4 - iea - 8), thus, y = 6х + 4. 


39. 
A 


Take the derivative of y = 5x3 — 12x2 — 12x + 64 and set it equal to 


0, because the slope of y = 3 is 0. Thus, 0 = 15x? — 24x - 12 = (3x 
2 


— 6)(5x + 2) and x = 2 or — 5. Plug these values into the equation 
and solve for y. The two possible points are then (2, 32) and 


The ladder makes a right triangle with the building and the 
ground, so the relationship between the three can be found using 
the Pythagorean Theorem, in which we will call x the distance the 
bottom of the ladder is from the building across the ground and y 
the distance the top of the ladder is from the ground up the 
building, so x? + y? = 502. Since we want to find the rate that the 


top of the ladder is sliding, we need to differentiate this equation 
dx dy dx 

with respect to t: 2xdt + 2ydt = 0. We already know dt = 12 ft/ 

sec and our y at the time of interest is 30 ft. In order to determine x 


at that time, plug 30 into x? + y2 = 502 and solve for x. Thus, x = 


40 feet. Plug these values into the differentiated equation and solve 
dy dy dy 
for dt: 2(40)(12) + 2(30)dt = 0, so dt = –16 ft/sec. 


37. 


A 
dy 
The slope of the tangent is dx, which is represented 
dy _ dyldt | dt dy ax 
parametrically by dx dx I dt. dt = Mtand dt 292 — 5, 80 
dy 14 2 
227 942 —5. Att=1, the slope is 2. At t = 1, х= 0, and y = -9. 


2 


Therefore, the equation of the tangent to the curve is у + 9 = 2(x — 


0) ог-7х + 2y =-18. 


38. 
A 


We can evaluate this integral using u-substitution. Let u = sin(2x). 


1 


Then du = 2cos(2x) dx, which we can rewrite as 2 du = cos(2x) 
dx. Substituting into the integrand, we get 


Evaluating the integral gives us 


cl А Ос 
Substitute Bick wei M p ө, КС I 


ЭЭ. 


The formula for the area under a curve using midpoint rectangles 


b-a 
: Vi tJ Tg F.t Yoni 
isA = n io ds E 2 7, Where a and b are the x- 


values that bound the area and n is the number of rectangles. Since 


we are interested in the midpoints, the x-coordinates are 
9 11 13 15 
NI. nc. — X, = — 
; 9 3. 9 2, 8,and 2 8 The y-coordinates are found 
1 
by plugging these values into the equation for y, so 2 = 3.26563, 


Уз Iz J'o Ca 
2 = 3.89063, 2 = 4.64063, and 2 = 5.51563. Then, A=\ 4 
(3.26563 + 3.89063 + 4.64063 + 5.51563) = 4.32813. 


40. 
С 


b 
Use the Fundamental Theorem of Calculus: J a f(x) dx = F(b) — 


X 2 


заа 


2 
— + 
а For this problem, | (х2 + 2) 4х = 3 
c 
3 = 3 = 4.333. 
41. 


B 


This is a related rates problem. The surface area of the cube is 


given by A = 652. If you differentiate with respect to time, the 


ал 12 ds ds 
aio ip nd ша 
function becomes а) dt. We аге given s = бапа dt = 3. 


We must soe for dt . When everything is plugged into the 
equation, dt = 216. 


42. 
A 


Recall, a particle changes direction when its velocity equals zero 

but its acceleration does not, and recall that v(t) = x'(f) and a(t) = x 

"(t). First, take the derivative of x(t), set it equal to zero, and solve 
2 

for t: x (t) 202 — 4 = О and = 8. To determine whether the 


particle changes at that time, take the second derivative and 
2 
цайг the value of the second derivative at t = 3: x(t) -18/ 


ro 
and \3/= 12. Since, 21 t) is not zero when х (7) is, the particle is 


changing direction at t = 3. 


43. 
B 


First, let's make a sketch of the situation. 


We are given that dt = 


S (it’s negativ 
sliding down and 178 си а 


because the ladder is 
to make the upward direction 


ах 


positive), and we want to find dt when y = 10. We can find a 
relationship between x and y using the Pythagorean Theorem. We 


get x? + y? = 400. Now, taking the derivative with respect to t, we 


get 
dx dy dx dy 
2x dt + 2y dt =0, which can be simplified to x dt = —y dr 


Next, we need to find x when y = 10. Using the Pythagorean 


Theorem, 


x2 + 102 = 400, so x 2300 = 17.321 


Now, plug into the equation above to get 


ax ax 
17.321 dt --10(-5) апа dt = 2.887 
44. 
C 
dy _ Чу 2cost |. Cost л dy. 43 


dx dxldt--—Ásint  2sint.Att=3' dx 6. Atthis 
time, x = 4 and y= 43. Thus, equation for the tangent line is (y — 


v3 43543 
Des. 


№)= 6 (х-4)огу= 6 


First, let's take the derivative: h'(t) = 100 — 32t. Now, we set it 


equal to zero and solve for t: 100 — 32t = 0. 


100 
t= 32 
100 


Now, to solve for the maximum height, we simply plug t= 32 
back into the original equation for height. 


By the way, we know that this is a maximum not a minimum 
because the second derivative 18-32, which means that the critical 
value will give us a maximum not a minimum. 


ANSWERS AND EXPLANATIONS TO 
SECTION ІІ 


in 
Water is dripping from a pipe into a container whose volume 
increases at a rate of 150 cm?/min. The water takes the shape of a 


cone with both its radius and height changing with time. 


(a) What is the rate of change of the radius of the container at the 
instant the height is 2 cm and the radius is 5 cm? At this instant the 


height is changing at a rate of 0.5 cm/min. 


The rate in the question stem refers to volume, so use equation for 


volume of a cone to relate radius and height. The volume of a cone 


1 
is: V = Злюй. Differentiate this equation with respect to time to 
determine the rate of change of the radius: 
dV 1 
—= Laf 21 + 202 


dt 3 dt dt | Now, plug in the given values, r 2 5 


av 2 

cm. A 22cm. dt = 150.cm3/min, and dt = 0.5 cm/min, so 150 = 
or y dr dr 

—m| 5° (0.5) - 2(5)(2)— — — 

3 dt ). Finally, solve for dt: dt = 6.53697 сш/ 
min. 


(b) The water begins to be extracted from the container at a rate of 
E(t) = 751925. Water continues to drip from the pipe at the same 
rate as before. When is the water at its maximum volume? Justify 
your reasoning. 


The rate of the volume of water now has to be adjusted because 
dV 
water is being extracted, so B = 150 - E(t) = 150 - 751925. To 


maximize the volume, set dt equal to 0 and solve for t: 150 — 
751925 = 0, thus t = 16. To confirm this is a maximum, use the first 


dV dV 


derivative test. Since dt > 0 when0<t<16and dt < 0 when t 
> 16, t = 16 is when the volume will be at a maximum. You can 


dV 
also go a step further and take the derivative of dt and use the 
M D 
second derivative test. dt” 4 , which is negative at t = 


16, so t = 16 is a maximum. 


(c) By the time water began to be extracted, 3000 cm? of water 
had already leaked from the pipe. Write, but do not evaluate, an 
expression with an integral that gives the volume of water in the 
container at the time in part (b). 


The volume of water in the container can be found by integrating 
dV dV 

the new expression for dt from part (b): di = 150 - 751925, over 

the interval 1 = 0 to t= 16, from part (b). In this part, we are given 


an initial volume that must be added to the volume found by the 


integral. Therefore, the expression for the total volume is V(t) = 


16 
3000 + J, 150 — 751925 dt. 


dT 
The temperature in a room increases at a rate of dt = KT, where k 
is a constant. 


(a) Find an equation for T, the temperature (in °F), in terms of f, 
the number of hours passed, if the temperature is 65°F initially and 


70?F after one hour. 


First, solve the differential equation for the rate of the temperature 
ат 


increase, dt = КТ, by separating the variables and integrating. 
When that is done, T(t) = Сем. You are given that T = 65 at t = 0, 


so insert those values into the equation for T and solve for C: 65 = 


Cex), so С = 65. 


Finally, you are given a second temperature and time point, (1, 


70); use those values in the new formula for T, 7(t) = 65e*, and 
14 

solve for k: 70 = 65ек0, so k = Inl3 = 0.07411. Therefore, the 

equation for Т is T(t) = 65e0.07411;, 


(b) How many hours will it take for the temperature to reach 


85°F? 


Use the formula from part (a): T(t) = 65e9-97411;, Insert 85 for T(t) 


and solve for t: 85 = 65е0.07411,, thus t = 3.6199 hours. 


(c) After the temperature reaches 85°F, a fan is turned on and 
cools the room at a consistent rate of 7°F/hour, how long will it 


take for the room to reach 0°F? 


With the introduction of the fan cooling the room, the rate the 
dT 
temperature increases changes to dt = kT — 7. Solve this 
differential equation by separating the variable and integrating: 
2 

T(t) = Cet = k. At t = 0, the temperature is 85°F, so C = 85 — 
Use the value of k from part (a), k = 0.07411 and solve the 

(s E 7 Jon 2 d 
equation for t when T = 0?F: 0 = 0.07411 0.07411, 
Therefore, the time to get to O?F is 31.0548 hours. 


2 
k 


2 


Let R be the region enclosed by the graphs of y= x +1, y = x2, 
and the lines x = 0 and x= 1. 


(a) Find the area of R. 


First, determine which curve is more positive (f(x)), and set up 


b 
your integral for area between curves: A — J a(f(x) — g(x)) dx. For 


this problem. x +1, i the integral is A = 


Ца) 


X — 
х+1 -21np|- 3 = 1.05296. 


(0) Find the volume of the solid generated when R is revolved 


about the x-axis. 


You can use the washer method to find the volume: V = 


“(1097-8090 |,, aya val 2527 


dx. Thus, V = хал 
= 1.87. 


(c) Set up, but do not evaluate, the expression for the volume of 


the solid generated when R is revolved around the line x = 2. 


b 


Here, use the cylindrical shells method: У = оті aX(f(x) — g(x)) ах. 


Adjust the axis of rotation, since we are revolving around the line 
x = 2. Because x = 2 is more positive than the x-axis, we set up the 


integral with (2 — x), not x. Thus, the integral is V = 
1 2 
211 [= Ех | dx 
J 0 ( ) | x4l . 


4. 


Consider the equation x? + 2x2y + 4у2 = 12. 
(a) Write an equation for the slope of the curve at any point (x, y). 


Use implicit differentiation to find the first derivative, which is the 


slope of the curve at any point (x, y): 


8+ xt xp 
бр xe dp 


бу xg- = (Cg e) А 
(5) Find the equation of the tangent line to the curve at x = 0. 
Ong tert ete 2х 


Е 
обе 


First, plug in x = 0 to the original equation to solve for y: 03 + 


2(07 у + 4у2 = 12, so y = 43. Now, plug x = 0 and y= 43 into the 
dy _~3(0) ~4(0)(V3) 


2 
equation for slope from part (a): a 2(0) + 8(43) = 0. Use 
the point-slope form of a line to get your equation for the tangent 


line to point (0, V3): y - V3 = 0(х — 0), so y = V3. 


(c) If the equation given for the curve is the path a car travels in 
d'y 

feet over t seconds, find dx’ at (0, NED and explain what it 

represents with proper units. 


dy d'y 
Use dx from part (a) to find dx’ via implicit differentiation. 2 
y 


not simplify; p plug in 0 for x, 43 for y, and 0 for dx, 
from part (b): dx” represents the cars acceleration. At the 
position (0, 3), the acceleration is —16 ft/sec?. 


5. 
Water is filling at a rate of 6477 in.3 into a conical tank that has a 


diameter of 36 in. at its base and whose height is 60 in. 


(a) Find an expression for the volume of water (in in.3) in the tank 
in terms of its radius. 


| 


The volume of а cone is V = 3zrh. The height and radius of a 
cone are constantly proportionate at any point, so given the values 


р _ 60 10 
for the height and diameter, 2 Е 18 апал = 3 г. Thus, in terms 
of r, the volume of the water in the tank will be found from 
10 
evaluating: V= 9 лю. 


(b) At what rate is the radius of the water expanding when the 


radius is 20 in. 


We can differentiate the formula for volume from part (a) with 


respect to time. Then we can plug in the rate the volume is 
dV dV 10 ,dr 
— —— = — Tr -- 


changing, dt = 647. and the radius given. 20 т. dt 3 dt 
BUE 10 dr dr 6 in. 


‚ зо 647 = 3a(202)dt. Then, dt 125 sec. 
(c) How fast in (in./sec) is the height of the water increasing in the 


tank when the radius 185 20 in.? 


In order to find how fast the height is changing, we must go back 
to the relationship between height and radius in part (a) and 


rewrite the formula for volume with respect to height, not radius. 
3 3 


Thus, r = 10/ and V = 100лй3. If we differentiate this equation 
with respect to time, as in part (b), the rate will be found from the 


dV 9 p% 
equation dt 100 dt . We can use the relationship between 
radius and height to solve for the height when the radius is 20 in., 
200 


so the heişht is 3 in. Plugging in this value for h and the given 


value of dt = (647). The equation to evaluate is 647r = 


9 420) dh dh 4 
100 3 Ј dt. From this, dt 25 in/sec. 


6. 
ft 


If a ball is accelerating at a rate given by a(t) = —64 sec’, the 
velocity of the ball is 96 ft/sec at time t = 1, and the height of the 


ball is 100 ft at t = 0, what is 
(a) The equation of the ball’s velocity at time 1? 


The velocity of the ball can be found by integrating the 
dv 


acceleration function: a(t) = dt = —64. So, J dy = J —64 dt orv= 
—64t + C. Plug in the condition that the velocity is 96 at t= 1 to 


solve for C: C = 160, so v(t) = —64t + 160. 
(b) The time when the ball is changing direction? 


The ball changes direction when the velocity is zero, but the 


acceleration is not. Set v(t) equal to zero and solve for such times, 
5 


t: v(t) = —64t + 160 = 0 when г = 2. Since a(t) is a constant, (—64), 
the ball is changing direction at 2.5 sec. 


(c) The equation of the ball’s height? 


To determine the equation of the ball’s height, repeat the 


procedure in part (a), but integrate the velocity function to get the 
dh 
position function: у(В = dt = —64t + 160. So Їаһ =1 (647 + 


160)dt or h(t) = —322? + 160t + C. To find C, plug in the ball’ s 
height at time 1 = 0, 100 ft, and C = 100. Thus A(t) = –322 + 160t 


+ 100. 
(d) The ball’s maximum height? 


The maximum height occurs when the velocity of the ball is zero 
—when it is changing direction from rising to falling. In part (b), 
we found that time to be t = 2.5 sec. Plug 2.5 into the position 
function to solve for the maximum height: h(2.5) = –32(2.5)2 + 


160(2.5) + 100 = 300 ft. 


Appendix 


DERIVATIVES AND INTEGRALS THAT YOU 
SHOULD KNOW 


LEN a 
dx dx 
2. 
4 
dx [k] = 0 
3. 
4 dv du 
[м ] = u— + v— 
d dx dx 
4. 
y” 
4 H dx а 
dx | v v? 
5 
аг.) „аи 
E» |e ] ны dx 
6. 
А | In и | = шиг 
dx u ax 
7. 
d du 
dx [sin и] = cos udx 
8. 
4 du 
dx [cos и] = -sin и dx 
9. 
d du 


хап и] = sec? и ЭХ 


10. 
d du 


E [cot и] = –сѕс2 и Ж 


11. 
4 2 
dx [sec u] = sec u tan u ах 
12. 
4 du 
dx [csc и] = — csc и cot u ах 
13. 


L. 
Їсарг ал 


2. 
Ju’ du = 


n+l 


u 


п+1+С;п #-1 


3: 
du 
и =ln |u| + C 
4. 
Jeu du =е + С 
5. 


өт со, 


6. 


ПРУ ПРЕТРЕС. 


7. 
[ tan u du = -In|cos u| + C 


8. 


[сов и du 2 № |sin u| + C 


9. 


[sec u du = 1n [sec u + tan u| + C 


10. 


| esc и du = 10 [сзс и + cot ul + С 


11. 


Isec2 ийн = tan u + С 
12. 

Їсвс2 и du =—cotu+C 
13. 


lee pisnmdpedeou ee 


14. 


оби 


PREREQUISITE MATHEMATICS 


One of the biggest problems that students have with calculus is that their 
algebra, geometry, and trigonometry are not solid enough. In calculus, you'll 
be expected to do a lot of graphing. This requires more than just graphing 
equations with your calculator. You'll be expected to look at an equation and 
have a “feel” for what the graph looks like. You'll be expected to factor, 
combine, simplify, and otherwise rearrange algebraic expressions. You'll be 
expected to know your formulas for the volume and area of various shapes. 
You'll be expected to remember trigonometric ratios, their values at special 
angles, and various identities. You'll be expected to be comfortable with 
logarithms. And so on. Throughout this book, we spend a lot of time 
reminding you of these things as they come up, but we thought we should 
summarize them here at the end. 


Powers 
When you multiply exponential expressions with like bases, you add the 
powers. 


xae xb = xatb 


When you divide exponentiated expressions with like bases, you subtract the 
powers. 


When you raise an exponentiated expression to a power, you multiply the 
powers. 


(ха)ь = хар 


When you raise an expression to a fractional power, the denominator of the 
fraction is the root of the expression, and the numerator is the power. 


When you raise a don n ре power Of Zero, you get XG. 
[ume 


When you raise an expregsion to the power of one, you get the expression. 


хі = х 7 


When you raise an expression to a negative power, you get the reciprocal of 
the expression to the absolute value of the power. 


Хоа = Хх 


Logarithms 

A logarithm is the power to which you raise a base, in order to get a value. In 
other words, log,x = a means that ра = x. There are several rules of 
logarithms that you should be familiar with. 


When you take the logarithm of the product of two expressions, you add the 
logarithms. 


log(ab) = log а + log b 


When you take the logarithm of the quotient of two expressions, you subtract 
the logarithms. 


a 
"UM 


When you take the logarithm of an expression to a power, you multiply the 
logarithm by the power. 


log(a^) = b log a 


The logarithm of 1 is zero. 


108 1-0 


The logarithm of its base is 1. 


logy b= 1 


You cannot take the logarithm of zero or of a negative number. 


In calculus, and virtually all mathematics beyond calculus, you will work 
with natural logarithms. These аге logs with base e and are denoted by In. 
Thus, you should know the following: 


Inl=0 


Ine=1 


In ex =x 
ешх=х 
In x 


The change of base rule is: log, x = In 6 


Geometry 


The area of a triangle is 2(base)(height). 
The area of a rectangle is (base)(height). 
1 
The area of a trapezoid is 2(base, + basez)(height). 


The area of a circle is 772. 
The circumference of a circle is 2zz. 


The Pythagorean Theorem states that the sum of the squares of the legs of a 
right triangle equals the square of the hypotenuse. This is more commonly 
stated as a? + D? = c?, where c equals the length of the hypotenuse. 


The volume of a right circular cylinder is zr? h. 


The surface area of a right circular cylinder is 2zzrh. 


1 
The volume of a right circular cone is 3772 Л. 


4 


The volume of a sphere is 3773. 


The surface area of a sphere is 472. 


Trigonometry 
Given a right triangle with sides x, у, and r and angle 0 below: 


y | 
410-7 n 
L 
csc 0= J 
1 
Thus, sin 0 = csc 
x 
С080-7 
7 
secü- X 
1 
Thus, cos 0 = sec 
DA 
tand= X 
d 
cot eJ 
1 


Thus, tan 0 = согӨ 


sin 20 = 2sin@ сов0 

cos 20 = 1 — 2sin2 0 
sin? 0 + cos? 0 = 1 

cos 20 = cos? 0 — sin? 0 
cos 20 = 2с052 0 – 1 


1 + tan? 0 = sec? 0 


1+ соѕ 20 


соѕ2 0 = 2 
1— cos 20 
sin? 0 = 2 


1 + cot? 0 = csc2 0 


sin(A + B) = sin A cos В + cos A sin B 
sin(A — B) = sin A cos B — cos A sin B 
cos(A + B) 2 cos A cos B — sin A sin B 
cos(A – B) = cos A cos В + sin A sin B 
You must be able to work in radians and know that 277 = 360°. 


You should know the following: 


sin 0 =0 
оло! 
sin— = — 
6 2 
T 1 
sin— = — 
47-42 
, X 3 
Sin— = — 
3 2 
sin — 
= | 
sin 7 = 0 
РОЛ 
sin— = – ] 
2 
sin 277 = 0 


cos 0 = 1 


л 43 
СОЅ — = — 
6 2 
T 1 
cos— = —= 
4 42 
T 1 
cos— = — 
3 2 
TT 
cos— = 0 
2 
С087--1 
Зл 
cos— = 0 
2 
cos 27 = 1 
tan 0 = 0 
1 
tan— = —= 


TT 
tan— = © 
tan 77 = со 

Л 
tan— = © 

2 


tan 277 = 0 
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